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Strong Odd Coloring

Def: A vertex-coloring ®: V(G) — []
of a graph G is strong odd if

m  is proper
m foreach i € [k] and each v € V(G):

IN(v) N ®~1(i)] is odd or zero
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Strong Odd Coloring e Rt
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

m foreach i € [k] and each v € V(G):
IN(v) N ®~1(i)] is odd or zero
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of a graph G is strong odd if strong odd k-coloring?}
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=foreachic [k]and each v € V(G):  Example: Paths
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Strong Odd Coloring e Rt
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths

IN(v) N ®~1(i)] is odd or zero
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Strong Odd Coloring e Rt
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths
IN(v) N ®~1(i)] is odd or zero

NN\ Xso(Pn) > 3
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths
IN(v) N ®~1(i)] is odd or zero

AN el =3
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Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths
IN(v) N ®~1(i)] is odd or zero

AN Xl =3

Example: Subdivision of K,
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths
IN(v) N ®~1(i)] is odd or zero

AN Xl =3

Example: Subdivision of K,
u

! Yu,v e V(K,):
o(u) # O(v)
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring?}
m  is proper

=foreachic [k]and each v € V(G):  Example: Paths
IN(v) N ®~1(i)] is odd or zero

AN Xl =3

Example: Subdivision of K,

! . Yu,v e V(K,):
o(u) # O(v)
w (K) > n
, e ()
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring}
m  is proper

m for each i € [k] and each v € V(G): Example: Paths
IN(v) n®~1(i)| is odd or zero

AN el =3

Question: Is x, bounded for all

planar graphs? Example: Subdivision of K,

. Yu,v e V(K,):

®(u) # O (v)

Xso (Kr(71)> > n
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring}
m  is proper

m for each i € [k] and each v € V(G): Example: Paths
IN(v) n®~1(i)| is odd or zero

AN Xl =3

Question: Is x, bounded for all

planar graphs? Example: Subdivision of K,

. Yu,v e V(K,):

®(u) # O (v)

Xs0(G) < 1.000.000 Yeo (Kr(71)> >
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of a graph G is strong odd if strong odd k-coloring}
m  is proper

m for each i € [k] and each v € V(G): Example: Paths
IN(v) n®~1(i)| is odd or zero

AN Xl =3
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Strong Odd Coloring ~ =OALL
Def: A vertex-coloring ®: V(G) — [k]  Xso(G) = min{k | G admits
of a graph G is strong odd if strong odd k-coloring}
m  is proper

m for each i € [k] and each v € V(G): Example: Paths
IN(v) n®~1(i)| is odd or zero

AN el =3

Question: Is x, bounded for all

planar graphs? Example: Subdivision of K,

. Yu,v e V(K,):

O(u) # O(v)
Exists ¢ € R such that

Xs0(G) < ¢ Xso (Kr(71)> >n

for all planar graphs?
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Product Structure —

Theorem [J. ACM 2020] Every planar graph is a subgraph of P, X H for
® some path P,
m some graph H with tw(H) < 8
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Product Structure = s s

Theorem [J. ACM 2020] Every planar graph is a subgraph of P, X H for
® some path P,
m some graph H with tw(H) < 8

What does P, X H look like?
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Theorem [J. ACM 2020] Every planar graph is a subgraph of P, X H for
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Product Structure = s s

Theorem [J. ACM 2020] Every planar graph is a subgraph of P, X H for
® some path P,
m some graph H with tw(H) < 8

Example What does P, X H look like?

Pn ® Pn ®
NI
‘ inter-level-edges
/NG NE NN
([ ([
NN
/NN
( (
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Idea: 1) Bound xso(Pn X H) in xso(H)
2) Bound xso(G) in Xso(Pr X H) for G C P, X H
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2) Bound xso(G) in Xso(Pr X H) for G C P, X H

Question: Is xs(G) < xso(H) if G C H?

Recall: strong odd if proper and
foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero
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Idea: 1) Bound xso(Pn X H) in xso(H)
2) Bound xso(G) in Xso(Pr X H) for G C P, X H

Question: Is xs(G) < xso(H) if G C H?

G =K

Recall: xs(K") > n.
Recall: strong odd if proper and

foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero
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Idea: 1) Bound xso(Pn X H) in xso(H)
2) Bound xso(G) in Xso(Pr X H) for G C P, X H

Question: Is xs(G) < xso(H) if G C H?
coloring is proper
G =K H

AN
<D
</
Recall: strong odd if proper and

foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero

Recall: xs(K") > n.
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2) Bound xso(G) in Xso(Pr X H) for G C P, X H

Question: Is xs(G) < xso(H) if G C H?
coloring is proper
G =K H and strong odd for:

y //\\ N - orginal vertices of K,: v/

Recall: strong odd if proper and
foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero

Recall: xs(K") > n.
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coloring is proper
G =K H and strong odd for:

y //\\ N - orginal vertices of K,: v/

- new vertices of H: v

\V}\\(// - Subdivision vertices: v

Recall: strong odd if proper and
foreach i € [k] and each v € V(G):
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2) Bound xso(G) in Xso(Pr X H) for G C P, X H

Question: Is xs(G) < xso(H) if G C H?
coloring is proper
G =K H and strong odd for:

y //\\ N - orginal vertices of K,: v/

- new vertices of H: v

\V}\\(// - Subdivision vertices: v

Recall: Xso(Kr(71)) > n. Xso(H) = 2.
Recall: strong odd if proper and

foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero
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Idea: sii=BeownemmERmitei (i

2%) Find proper coloring of P, X H that is strongoddon G C P, X H

Question: Is xs(G) < xs(H) if G C H? No!
coloring is proper
G = Ky H and strong odd for:

y //\\ N - orginal vertices of K,: v/

- new vertices of H: v

\V}\{/ - Subdivision vertices: v

Recall: XSO(K,(,”) > n. Xso(H) = 2.
Recall: strong odd if proper and

foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero
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2%) Find proper coloring of P, X H that is strongoddon G C P, X H

Question: Is xs(G) < xs(H) if G C H? No!
coloring is proper
G = K; H and strong odd for:

D
y //\\ N / //\\ N - orginal vertices of K,: v

- new vertices of H: v

v/,\\ / / \v}\ \)(/ - subdivision vertices: v’

Recall: XSO(K,(,”) > n. Xso(H) = 2.
Recall: strong odd if proper and

foreach i € [k] and each v € V(G):
|N(v) N ®~'(i)| is odd or zero
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Idea: 1*) Find proper coloring of H that is strong odd on G’ C H

1
2*) Find proper coloring of P, X H that is strongoddon G C P, X H
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Idea: 1*) Find proper coloring of H that is strong odd on G’ C H

1
2*) Find proper coloring of P, X H that is strongoddon G C P, X H

Suppose we can color H with few colors
Idea: Color single layer L; such that:

Vveli_1UL;ULjy
each color class of Ng(v) N L; is odd
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Idea: 1*) Find proper coloring of H that is strong odd on G’ C H
2*) Find proper coloring of P, X H that is strongoddon G C P, X H
Suppose we can color H with few colors
Example: Idea: Color single layer L; such that:
Vveli_1UL;ULjy
H each color class of Ng(v) N L; is odd
@ L @ @ L]
P,e
L
®

GCP,XH

Miriam Goetze, Kolja Knauer, Fabian Klute, Irene Parada Juan Pablo Pefa, and Torsten Ueckerdt — Strong odd coloring in minor closed classes



AT

Karlsruher Institut fur Technologie

Idea: 1*) Find proper coloring of H that is strong odd on G’ C H
2*) Find proper coloring of P, X H that is strongoddon G C P, X H
Suppose we can color H with few colors
Example: Idea: Color single layer L; such that:
VveliiUL;ULjty
H each color class of Ng(v) N L; is odd
@ L @ @ L]
P, e ° °
® o o
® [ [ L [ L
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2*) Find proper coloring of P, X H that is strongoddon G C P, X H
Suppose we can color H with few colors

Example: Idea: Color single layer L; such that:

VveliiUL;ULiy
H each color class of Ng(v) N L; is odd
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Idea: 1*) Find proper coloring of H that is strong odd on G’ C H
2*) Find proper coloring of P, X H that is strongoddon G C P, X H
Suppose we can color H with few colors
Example: Idea: Color single layer L; such that:
VveliiUL;ULjt
H each color class of Ng(v) N L; is odd
@ L @ @ L]
P,e
Ci g
.
®
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Idea: 1*) Find proper coloring of H that is strong odd on G’ C H
2*) Find proper coloring of P, X H that is strongoddon G C P, X H
Suppose we can color H with few colors
Example: Idea: Color single layer L; such that:
VveliiUL;ULjt
H each color class of Ng(v) N L; is odd
@ L @ @ L]
P,e
Ci g
.
¢ Lemma:
Ci,Ai,BiCH
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Idea: 1) Find proper coloring of H that is strong odd on G’ C H
2*) Find proper coloring of P, X H that is strongoddon G C P, X H

L 4
e e e e e
>
=

. M\ I\ Theorem: For every k we have xs(G) < 3¢k for
every G with G C P, X H for some H and P,.
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