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Abstract

Graph products have gained attention in recent years. It has been discovered that
multiple notable classes of graphs are subgraphs of the product of simpler graphs.
In this thesis, we focus on the Cartesian and strong product of two path graphs,
referred to as grids and strong grids. We investigate the computational complexity
of several well-known NP-complete problems when constrained to arbitrary and
induced subgraphs of grids and strong grids. We show that MINIMUM VERTEX COVER,
MAXIMUM CUT and 3-COLORABILITY remain ANP-complete on induced subgraphs
of strong grids, and that FEEDBACK VERTEX SET is N/P-complete even on induced
subgraphs of grids. We provide proof that 3-EDGE-COLORABILITY is N/P-complete
on subgraphs of strong grids, and that the problem 3-EDGE-COLORABILITY on planar
graphs is polynomially equivalent to 3-EDGE-COLORABILITY on induced subgraphs
of strong grids. It is a famous open problem, whether 3-EDGE-COLORABILITY on
planar graphs is N'P-complete.

Furthermore, we investigate whether subgraphs G of strong grids with maximum
degree A(G) are always Class I or can be Class II. We prove that for A(G) € {2, 3,4}
there exist Class II subgraphs G of strong grids. We also show that for A(G;) € {2,3}
there exist Class II induced subgraphs G; of strong grids. It is open whether there
exist Class II subgraphs G of strong grids with A(G) € {5,6,7}, and Class II
induced subgraphs of strong grids G; with A(G;) € {4,5,6,7}. We present structural
properties of subgraphs of strong grids, which are relevant to these open problems.

Deutsche Zusammenfassung

Produkte von Graphen haben in den letzten Jahren an Aufmerksamkeit gewonnen.
Dazu beigetragen hat die Entdeckung, dass mehrere nennenswerte Graphklassen
Teilgraphen vom Produkt von Graphen mit einfacherer Struktur sind. In dieser
Arbeit liegt der Fokus auf dem Kartesischen Produkt und dem Strong Product zweier
Pfade, auch Grids und Strong Grids genannt. Wir erkunden die Komplexitit von
einigen bekannten N P-vollsténdigen Problemen, eingeschrankt auf Teilgraphen von
Grids und Strong Grids. Wir zeigen, dass MINIMUM VERTEX COVER, MAXIMUM CUT
und 3-COLORABILITY auf induzierten Teilgraphen von Strong Grids weiterhin N'P-
vollstédndig sind, und dass FEEDBACK VERTEX SET auch auf induzierten Teilgraphen
von Grids N'P-vollstéindig ist. AuBerdem beweisen wir, dass 3-EDGE-COLORABILITY
NP-vollstandig auf Teilgraphen von Strong Grids ist, und dass das Problem 3-
EDGE-COLORABILITY von planaren Graphen polynomiell dquivalent ist zu 3-EDGE-
COLORABILITY von induzierten Teilgraphen von Strong Grids. Es ist ein bekanntes
offenes Problem, ob 3-EDGE-COLORABILITY von planaren Graphen N P-vollstindig
ist.

Zusétzlich tiberpriifen wir, ob Teilgraphen G von Strong Grids mit Maximalgrad A(G)
immer Class I sind oder Class II sein kénnen. Wir zeigen, dass es fiir A(G) € {2, 3,4}
Class II Teilgraphen G von Strong Grids gibt, jedoch nicht fiir A(G) € {1,8}.
Dariiber hinaus zeigen wir fiir A(G;) € {2, 3}, dass es Class II induzierte Teilgraphen
G; von Strong Grids gibt. Es ist offen ob es Class I Teilgraphen G von Strong Grids
gibt, sodass A(G) € {5,6,7}, und ob es Class II induzierte Teilgraphen G; von Strong
Grids gibt, sodass A(G;) € {4,5,6,7}. Wir erldutern strukturelle Eigenschaften von
Teilgraphen von Strong Grids, die von Bedeutung fiir diese offenen Probleme sind.
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1. Introduction

In this thesis we examine the computational complexity of algorithmic problems on
subgraphs of different products of path graphs. We also discuss some structural properties
of these subgraphs, which are relevant to their chromatic index.

Recent results on product structure have shown that several notable graph classes are
isomorphic to subgraphs of the strong product of simpler graphs [DMW23| [UWY21]
[DHHW?22, [DJM™*20]. For instance, Dujmovié et al. show that every planar graph is a
subgraph of the strong product of a path and a graph with bounded treewidth .

These discoveries raise the question whether product structure can be exploited to construct
more efficient algorithms for some important graph problems.

This thesis focuses on subgraphs of Cartesian and strong products of two path graphs. We
refer to the Cartesian product of paths as grids, and to the strong product as strong grids
(also known as King’s graphs). We consider both arbitrary and induced subgraphs of grids
and strong grids. We refer to arbitrary subgraphs as partial (strong) grids and to induced
subgraphs as (strong) grid graphs.

Because grids and their subgraphs are bipartite and planar, most of the problems investi-
gated in this thesis are known to be solvable in polynomial time on these graphs. In the
chapters on problems where that is the case, we exclusively consider subgraphs of strong
grids.

We investigate the problems FEEDBACK VERTEX SET, MINIMUM VERTEX COVER, MAXIMUM
CUT, 3-COLORABILITY and 3-EDGE-COLORABILITY. Other than 3-EDGE-COLORABILITY,
these are all part of Karp’s well-known set of 21 AP-complete problems [Kar72].

All of the chosen problems have a high degree of practical relevance. The computation of
minimum feedback vertex sets has been applied to multiple fields, including regulatory
networks in biology [MFKS13], or Bayesian inference [BYGNRO98]. The minimum vertex
cover problem has several applications, for example in wireless sensor networks [KUD14].
Applications of the computation of maximum cuts in graphs include VLSI chip design
and spin glass models in physics [BGJR88]. Graph coloring problems have been
applied to use cases such as machine register allocation , scheduling of courses in
a timetable [GR17], and frequency assignment in signal transmission [Hal80].

In this thesis we show that FEEDBACK VERTEX SET, the only one of the problems which is
not already known to be in P on subgraphs of grids, is N'P-complete on grid graphs. We



1. Introduction

Problem ‘ Grid graphs ‘ Partial grids ‘ Strong grid graphs ‘ Partial strong grids

Feedback Vertex Set | NPC (*) NPC (*) NPC (*) NPC (*)
Minimum Vertex Cover | P (bipartite) | P (bipartite) | NPC (*) NPC (*)
Maximum Cut | P (planar) P (planar) NPC (*) NPC (*)
3-Vertex-Colorability | P (bipartite) | P (bipartite) | NPC (*) NPC (*)
3-Edge-Colorablity | P (bipartite) | P (bipartite) | Open NPC (*)

Table 1.1: Summary of computational complexity results

A(G) | Strong grid graphs | Partial strong grids
1| Class I Class I
2 | 4 Class IT example 3 Class IT example
3 | 3 Class II example 3 Class II example
4 | Open 3 Class IT example
5 | Open Open
6 | Open, has A-Matching | Open
7 | Open, has A-Matching | Open, has A-Matching
8 | Class 1 Class I

Table 1.2: Summary of Class I / Class II results

provide proof that FEEDBACK VERTEX SET, MINIMUM VERTEX COVER, MAXIMUM CUT, 3-
COLORABILITY and 3-EDGE-COLORABILITY are all N'P-complete on partial strong grids, and
all but 3-EDGE-COLORABILITY are N'P-complete on strong grid graphs. Additionally, we
show that the problem 3-EDGE-COLORABILITY on planar graphs is polynomially equivalent
to 3-EDGE-COLORABILITY on strong grid graphs. Whether 3-EDGE-COLORABILITY on
planar graphs is NP-complete is a famous open problem.

Finally, we attempt to classify subgraphs of strong grids in relation to Vizing’s Theorem,
based on their maximum degree. Vizing’s Theorem states that, for a graph G with maximum
degree A(G), the chromatic index X'(G) is in {A(G), A(G) + 1} [Viz64]. If X'(G) = A(G)
holds, G is Class I, else G is Class II. We investigate whether there exist Class I partial
strong grids and strong grid graphs, for every possible maximum degree ({1,...,8}). In
some cases where no conclusion could be drawn, we discuss relevant structural properties.

Table provides a summary of the computational complexity of the studied problems on
subgraphs of (strong) grids. The contributions of this thesis are marked with ™.

Table summarizes our findings on the existence of Class II partial strong grids and
strong grid graphs.

1.1 Related Work

We investigate the computational complexity of a selection of well-known algorithmic
problems on subgraphs of (strong) grids. A lot of research has been carried out on the
computational complexity of the problems we chose to investigate.

A finding that is of great relevance for the strong and Cartesian products of paths, where at
least one of the paths has a constant length, is Courcelle’s Theorem. Courcelle’s Theorem
states that all graph properties that can be expressed in monadic second order logic are
decidable in linear time on graphs with bounded treewidth [Cou90]. Subgraphs of both
the strong and Cartesian product of two paths have bounded treewidth, if one of the paths
has bounded length. Since all of the problems discussed in this thesis can be expressed
in monadic second order logic, Courcelle’s Theorem implies they can be decided in linear
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time on this class of graphs. We investigate a more general case, by considering subgraphs
of the Cartesian and strong product of two path graphs with unbounded length.

While the chosen problems have long been known to be AP-complete on general graphs, a
lot of research has been done on their computational complexity on restricted graph classes.

Polynomial-time algorithms on superclasses of subgraphs of grids, such as planar or
bipartite graphs, are known for all of the chosen problems other than FEEDBACK VERTEX
SET. Takaoka, Tayo and Ueno prove the AN'P-hardness of FEEDBACK VERTEX SET on
grid intersection graphs, which implies A'P-hardness on bipartite graphs [TTU12]. Garey,
Johnson and Stockmeyer have shown that MINIMUM VERTEX COVER and 3-COLORABILITY
are N'P-complete on planar graphs of maximum degree 3 [GJS76]. FEEDBACK VERTEX
SET has been shown to be N'P-complete on planar graphs of maximum degree 4 [Spe83].
Other research finds that MAXIMUM CUT and 3-EDGE-COLORABILITY are N P-complete on

cubic graphs [BK99| [Hol81].

The classification of graphs with respect to Vizing’s theorem has also been covered exten-
sively in literature, especially regarding planar graphs. Vizing proved that all planar graphs
with a maximum degree A > 8 are Class I, and conjectured that the same holds for planar
graphs with A > 6 [Viz64]. The A = 7 case has since been proven true by Sanders and
Zhao [SZ01]. Class IT examples are known for planar graphs with 2 < A < 5. It remains
open whether there exist Class II planar graphs with A = 6. In this thesis we attempt to
perform a similar classification, on arbitrary and induced subgraphs of strong grids.

Another problem that is related to this thesis is the embedding of graphs in grids. An
embedding of a graph G into a graph H is an injective function, that maps the vertices of G
to the vertices of H and the edges of G to the edges of H. Efficient embedding algorithms
could be applied to identify whether an arbitrary graph is a subgraph of a (strong) grid.
This is relevant to the application of algorithms whose runtime relies on input graphs being
subgraphs of grids or strong grids. However, it has been shown that it is AN/P-complete to
embed tree graphs, both into grids and strong grids [Gre89, [BEU23|

1







2. Preliminaries

In this thesis we only consider undirected graphs without loops, and without multiple edges
between the same vertices.

2.1 Definitions
2.1.1 Induced Subgraphs

Let G = (V, E) be a graph, and S C V. We call the graph G[S] := (S, {e = (u,v) € E |
u,v € S} the subgraph of G induced by S. Furthermore, we say that G[S] is an induced
subgraph of G.

2.1.2 Intersection, Union and Difference of Graphs

Let G1 = (V4, E1),Gy = (Va, E2) be two not necessarily disjoint graphs. We define the
graph G1 NG as (V1 NVy, E1N EQ) Analogously G1 U Gy = (V1 UVs, Eq U EQ)

We define the graph G \ G2 := G1[Vi \ V2.

2.1.3 Products of graphs

We use two different definitions of graph products: the Cartesian product and the strong
product. We only consider products of two graphs.

Let G1 = (V4, E1),Go = (Va, E3) be two graphs. We denote the Cartesian product of Gy
and G as G100 G, and the strong product as G1 X Gs.

The vertex set of G1[0 G4 is the Cartesian product of the vertex sets of G; and Ga, Vi X Va.

To avoid confusion, we denote a tuple of two vertices u,v as (u,v), and an edge between
u,v as (u,v). If (v1,v9) € Vi x Vo, then v; € V} and vy € V. For our purposes, the order
of vertices does not matter when defining edges: (u,v) = (v, u).

The edge set En of G100 Gy is given by {((u, v), (u/,v")) | (u = v AJe = (v,0) € Ey)V (v =
v AJe = (u,u’) € Ep)}.

The vertex set of the strong product G1 X Gy is also Vi x V. The edge set Fx of G1 X Go
is given by {({u,v),(u/,v)) | (u = v AJe = (v,0) € E3)V (v = v A3Je = (u,u) €
Ey)V (3er = (u,u') € By Neg = (v,0) € Ey)}.

G10G> is a subgraph of G; X Ga. A simple example of the Cartesian and strong product
of two graphs is shown in Figure
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U1 (v1,v7) (v, v5) (v1,v7) (v1,v5)

V2 - (vg,01) (va,05) (v, 1) (v, v5)

U3 (v3,v7) (v3,v3) (vs,v7) (v3, V)

Gy Go G0 G, G1 X Ga

Figure 2.1: Cartesian and strong product example

2.1.4 Grids and their subgraphs

The Cartesian product of two paths is known as a grid. We refer to the strong product of
two paths as a strong grid. Given two paths P,, Pp,, with lengths n and m respectively, we
call their Cartesian product P,[JP,, an n X m grid. Analogously, P, X P,, is an n X m
strong grid.

We refer to subgraphs of grids as partial grids, and induced subgraphs as grid graphs.
Similarly, we call subgraphs of strong grids partial strong grids, and induced subgraphs
strong grid graphs.

In this thesis, we always consider grids that are embedded in the plane.

2.1.5 Grid Coordinates

When a vertex v is placed in a grid, it receives a unique integer coordinate (v, v,) in the
grid. For two vertices u,v with grid coordinates (uz, uy) and (vg, vy), v is to the right of u
if vy > u,. If v, > uy v is above u. Vertices u, v are referred to as diagonal to each other if
|V — uz| = |vy — uy|. An edge e = (u,v) is referred to as diagonal if its endpoints u, v are
diagonal to each other.

2.1.6 Maximum Degree

We define the mazimum degree of a graph G = (V, E) as the greatest degree among all
vertices in V. A(G) denotes the maximum degree of G.

2.1.7 Neighbor Vertices

Let G = (V,E) be a graph, and let v € V be a vertex. We refer to the vertices in V,
which are connected to v via an edge in E as neighbors of v. N(G,v) denotes the set of all
neighbors of v in G.

Let Vs C V. We define N(G, Vi) := U,,ev, N(G,vs) \ Vs.

2.1.8 Subdivision of a graph

Let G = (V, E) be a graph, and e = (u,v) € E an edge. An edge-subdivision of e is carried
out as follows: e is removed from E. A new vertex v is added to V. Two new edges (u,v’)
and (v, v) are added to E.

A graph G' = (V UV, E’) is called a subdivision of G, if it can be obtained by carrying
out a series of edge-subdivisions on G. The vertex set V' of GG remains part of the vertex
set of G’, as none of the vertices from V are removed when carrying out edge-subdivisions.
Vertices v € V are referred to as original vertices, v' € Vs are referred to as subdivision

vertices. For edges e € E, s(G', e) denotes the set of vertices from V;, which subdivide e in
G’
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2.1.9 Even Subdivision of a graph

Let G = (V, E) be a graph. A graph G' = (V', F’) is called an even subdivision of G, if G’
is a subdivision of G, such that for all edges e € E |s(G’, e)| is even.

2.1.10 Matchings

Let G = (V, E) be a graph. We refer to M C E as a matching, if no edges in M have an
endpoint in common. We say M covers a vertex v € V, if there exists an edge in M that
has v as an endpoint.

A matching that covers all vertices in V' is referred to as a perfect matching of G.

2.1.11 Vertex Ordering

We define 4 quasiorders with which we can compare vertices based on their grid coordinates.
A left-ordering orders along the z-axis in descending order, a right-ordering in ascending
order. A bottom-ordering orders along the y-axis in descending order, a top-ordering in
ascending order.

We define 8 total orderings for vertices in a grid: top-right-, right-top-, top-left-, left-top-,
bottom-right-, right-bottom-, bottom-left-, and left-bottom-orderings.

A top-right-ordering first orders vertices using a top-ordering. It then orders the vertices,
which have the same y-coordinates, using a right-ordering. In contrast, a right-top-ordering
first orders vertices using a right-ordering, then uses a top-ordering to sort vertices with
the same z-coordinates.

The other orderings are defined analogously.
Let G = (V, E) be a partial strong grid, and S C V.

We can order the vertices in S using any of the 8 total orderings defined above. We
define the top-right-, right-top-, top-left-, left-top-, bottom-right-, right-bottom-, bottom-left-,
and left-bottom vertex of S, as the vertex in S that is greatest in the corresponding total
ordering.

For example, the top-right vertex of S is the greatest vertex in a top-right-ordering, so the
vertex with the greatest x-coordinate among the vertices with the greatest y-coordinate in

S.

Analogously, we define the top-right-, right-top-, top-left-, left-top-, bottom-right-, right-
bottom-, bottom-left-, and left-bottom neighbor of S, as the vertex in N (G, S) that is greatest
in the corresponding total ordering.

2.1.12 Orthogonal Drawings

An orthogonal drawing of a graph G = (V, E) is an embedding in the plane where all edges
are drawn as alternating sequences of vertical and horizontal line segments.

Let e = (u,v) € FE be an edge, drawn using k line segments {/1,...,¢;} in an orthogonal
drawing of G. If £k =1, e is drawn as a straight line from u to v. Else, e starts with line
segment ¢ with an endpoint at u, and ends with line segment ¢; with an endpoint at v.
Each line segment ¢; with i ¢ {1, k} shares one endpoint with ¢;_; and ;1. A line segment
¢; (i # 1) always has a different orientation (vertical or horizontal) than the previous line
segment ¢;_1. The point where a horizontal and vertical line segment meet is referred to as
a bend. An example of an orthogonal drawing can be seen in Figure
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Arbitrary drawing Orthogonal drawing

Figure 2.2: Example of an orthogonal drawing

Y/
Ts

G/

Figure 2.3: Example of a subgraph replacement

2.1.13 Subgraph replacement in partial strong grids

Let G = (V,E) be a partial strong grid. Let G5 = (Vs, E5) be a subgraph of G. Let
Tmin, Tmax Ymin, Ymax D€ the lowest and highest z- and y-coordinates in Gs.

Let G, = (V], E.) be a different partial strong grid, such that the lowest and highest z-
and y-coordinates in G, are the same as in G5. We define V4 C V; as follows: Vi :={v €
Vs | e Vv =v, A v; = vy }. V contains the vertices in V, for which a vertex with
the same coordinate exists in V. For a vertex v € Vi, ¢(v) denotes the vertex with the
same coordinate in V. V£ C V/ denotes the set of vertices in G, for which there exists a
vertex with the same coordinate in V.

We define a new graph G’ = (V'/, E’), which is the result of replacing the subgraph G with
the graph G’ in G. Only vertices not in V are replaced, so V' := (V' \ (Vi \ V) U (VI \ VA).
All edges between vertices in V' \ (Vi \ V) in G are included in E’. The same holds for
edges between vertices in V7 \ V/ in G’,. There is an edge between v}, v3 € V' N V4 in G/,
if and only if c(v}), c(v3) were adjacent in G%. There is an edge between vn € V' N V5 and

v e V/'NV/, if and only if ¢(vn) and v" were adjacent in GY.

Essentially, we replace the subgraph G with the graph G, in G, to obtain G’. However, if
a new vertex in G’ would be placed at coordinates where there already was a vertex in G,
we keep the vertex from G in G’ instead of replacing it.

An example of a subgraph replacement is shown in Figure

2.2 Embedding graphs in a grid

Many of the polynomial-time reductions in this thesis embed a graph G = (V, E) in a
(strong) grid, so that the embedded graph is a subdivision of G. Only connected graphs need
to be transformed; all the problems studied in this thesis can be solved for non-connected
graphs by solving them separately on the connected components. The transformations
discussed here are limited to graphs with a maximum degree of 4.
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Construction 2.1. Let G = (V, E) be a planar graph of maximum degree 4.

We compute an orthogonal drawing of G. This is done using the linear time algorithm
presented in [BK9§|, which can compute an orthogonal drawing of connected graphs with
a maximum degree of 4, in an n x n grid. The drawing has at most 2n + 4 bends. The
algorithm places all vertices and bends at integer coordinates in the generated drawing,
which means they align with the locations of points in a grid. When given a planar graph
with a planar embedding, the drawing computed by the algorithm is also planar.

The orthogonal drawing is placed on an n X n grid, so that its vertices align with the grid
points. Then the edges are subdivided at all grid points they cross. The resulting graph,
referred to as Ggria = (Vyrid, Egria), is both a subdivision of G and a partial grid.

The construction of G4;q has polynomial runtime in n, and since G4 is within an n x n
: 2
grid, |‘/;7rid| < n-.

Construction 2.2. Let G = (V, E) be a (not necessarily planar) graph with maximum
degree 4.

When G is non-planar, any two edges e; = (u1,v1), e = (ug,v2) € E that cross each other
meet at integer coordinates in an orthogonal drawing of GG, which is obtained using the
algorithm presented in [BK98)].

Let (cz,cy) be the coordinates of the crossing of two edges e1,es € E in the orthogonal
drawing of G. We place a vertex v, at (cz,cy). We delete the edges e, e2, and replace
them with edges el = (u1,v.),e} = (ve,v1),e5 = (ug,vc), €3 = (ve,v2). We perform this
modification for every crossing in G, to obtain the graph G’ = (V'  E').

G’ is a planar graph. We apply Construction to G’, resulting in the output partial grid
Ggm'd~

Since the number of crossings in G is polynomial in n, |V’| is also polynomial in n. |Vyq4|
is polynomial in [V’| (see Construction [2.1).The polynomial runtime of the construction of
G gria follows from the polynomial runtime of 2.1

2.2.1 Constructing induced subgraphs of grids

When constructing a (strong) grid graph Ggrid grapn, Which is a subdivision of another
graph G = (V, E), we need to ensure no unwanted edges are induced in Ggrid graph-

Using Construction a partial grid Gg.;q which is a subdivision of GG can be obtained.
However, vertices can be placed too close to each other in G, inducing unwanted edges.
Also, some of the upcoming constructions replace subgraphs Gc of G..;q with other graphs
Grnew, Where G, takes up more space than Gc.

To address these issues, an operation to increase the space between vertices in partial grids
is needed. This operation should ensure that, when applied to G4, the resulting graph
G;M-d remains a subdivision of G and a partial (strong) grid.

Observation 2.3. Given a partial strong grid Ggria = (Vgrid, Egrid), @ partial strong grid

orid = (Vyrias Egria) can be constructed, so that G ., is a subdivision of Ggrid, and the
distance within the grid between any two vertices u,v € ENE’' is twice as much in G;m‘d
as in Ggrig. If Ggriq is a partial grid, G’g”d is also a partial grid.

This can be done in polynomial time in n = |V|.

The transformation from Gg4piq to Glgm‘d will be referred to as a resolution doubling operation.
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(a) Before resolution doubling (b) After resolution doubling

Figure 2.4: Example resolution doubling

Proof. Given a partial strong grid G = (V, E) on an n X n grid, we construct a new graph
orid = (Varias Eqrig) in a 2n x 2n grid. Each vertex v € V with coordinates (z,y) in the
’g’”.d, doubling the distances between all

grid —

n x n grid is placed at coordinates (2x,2y) in

vertices. All edges e = (u,v) € E are drawn as a straight line between the same vertices in
Zrid‘

We subdivide all edges € € ;’rid, at every grid point they cross, where there is not already

a vertex, to obtain the graph G’

grid*
G;m’
naturally polynomial in n. If Gy,;q contains no diagonal edges, neither does G

4 1s a subdivision of Gyiq in a 2n x 2n grid, and the time required to compute it is

U
grid:®

An example is depicted in Figure O

Construction 2.4. Let G = (V, E) be a planar graph of maximum degree 4.

When transforming G = (V, E) using Construction to obtain G4, the subdivision
vertices of two different edges, or two original vertices, may be only one unit apart in G 4.
In a (strong) grid graph, this would induce an edge connecting two vertices that were not
connected in G, or an edge between the subdivisions of two different edges.

To avoid this, we use the resolution doubling operation from Observation When such

an operation is carried out on G,ig to obtain the graph Gy..; = (V,.;q, £,.q), 1t Tesults
in an additional unit of space between vertices that would otherwise be one unit apart,

preventing these two cases of unwanted induced edges.

!
Ggri
performed in polynomial time in n, and since G’gm-d is within a 2n x 2n grid, |Vg’m-d\ < 4n?.

4 is a subdivision of G and a grid graph. The resolution doubling operation can be

Construction 2.5. Let G = (V| F) be a planar graph of maximum degree 4.

We perform Construction on G to obtain the graph G;m’d' Gém-d is a subdivision of G
and a grid graph, but not necessarily a strong grid graph.

At bends in G;rid along the subdivision of edges, an unwanted diagonal edge is induced in
strong grid graphs. This can be prevented by removing the vertex on the bend, including
all adjacent edges. The diagonal edge between the two vertices adjacent to the removed
vertex remains. By performing this modification at all bends in G;m-d, we obtain the graph
Ggrid‘

Another issue is that horizontal and vertical edges adjacent to an original vertex v € V
induce edges between each other in Gf_ﬁ,id (and G;m-d). To avoid this, we first perform
fm'd’ to create space for a subgraph replacement,
resulting in the graph Gznd. In Ggm.d, for each edge adjacent to an original vertex v € V,
there exists a path of length 4 that contains the adjacent edge and ends in v. We replace

two resolution doubling operations on G
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2.2. Embedding graphs in a grid

(a) After two resolution doubling operations (b) After replacement

Figure 2.5: Transformation of degree 4 vertex for strong grid graphs

all such path subgraphs in Ggm-d with modified graphs, as shown in Figure , to obtain
Gstrgria = (Vstrgrid, Estrgrid). Since the edges adjacent to v are all diagonal after the
replacement, no unwanted edges are induced between them.

Gstrgria is both a strong grid graph and a subdivision of G.

As stated in Construction G’ ., can be computed in polynomial time. To obtain

gri
G strgrid, 2 resolution doubling operations are carried out on G, Hence Girgriq is within

grid®
a 8n x 8n grid, and |Viigria| < 64n2. The runtime to carry out the resolution doubling
operations is polynomial in n. Replacement of a subgraph is possible in constant time, and

is carried out for all bends and original vertices, of which there can only be O(n).

2.2.2 Transforming non-planar graphs

Non-planar graphs and their subdivisions cannot be embedded in a partial grid, since grids
are planar. In strong grids, diagonal edges can cross each other. Since this would induce a
K, in strong grid graphs, the upcoming constructions cannot produce strong grid graphs
which are subdivisions of the original graph.

Construction 2.6. Let G = (V, E) be a (potentially non-planar) graph G = (V, E), with
maximum degree 4.

Construction accepts non-planar input graphs Gy, but does not produce subdivisions
of Gpp.

Let Gg,,i 4 be the result of performing Construction|2.2jon G. To create space for a subgraph
replacement, we perform a resolution doubling operation (Observation D on Ggm.d, to
obtain the new graph G’gm»d. We replace all crossing subgraphs in G;m-d as illustrated in

Figure , to obtain Ggriq. Ggriq is a partial strong grid, and a subdivision of G.

Since the number of crossings is polynomial in n, and they can each be replaced in constant
time, the runtime of this transformation is polynomial in n. Gy.q is within a 2n x 2n grid,
hence |V| < 4n?.

Construction 2.7. Let G = (V| E) be a graph with maximum degree 4.

We obtain Ggm‘d = (Vyrid, Egria) by applying Construction to G. Then, we obtain

G;Md = (Vgrid, Egrida) by "rotating' Ggmd by 45° clockwise. More precisely, it is embedded
in a diagonal grid of size n x n, which is an induced subgraph of a larger strong grid. This

is illustrated in figure G;m-d and Ggrid are isomorphic.

11



2. Preliminaries

(a) Original (b) After resolution doubling (c) After replacement

Figure 2.6: Transformation of a crossing

N
NN
’ N
AN NS

(a) Before rotation (b) After rotation

Figure 2.7: Rotation of a graph

If G is non-planar, the crossings need to be modified. In G;Md, a crossing subgraph is a

subdivision vertex with exactly 4 adjacent vertices, one on each diagonal. A resolution

doubling operation (Observation ) is performed on Ggl]rid to create space for the replace-

ment of these subgraphs, resulting in the graph Ggm-d. All crossing subgraphs in G;M

replaced, as shown in Figure resulting in the graph Ggm‘d-

4 are

We transform Ggm'd to ngd by performing two resolution doubling operations, which
creates enough space to guarantee that the upcoming subgraph replacement does not

induce unwanted edges.

Then, the subdivisions of all original edges e = (u,v) € E, which have an odd number of
subdivision vertices in G‘;rid, are altered. The subdivisions in Ggm-d of edges from FE, with
an odd number of subdivision vertices, have at least 7 subdivision vertices. When counting
the subdivision vertices starting with those closest to u, the subgraph induced by the third,
fourth and fifth vertex is a diagonal path with three vertices. This subgraph is replaced as
shown in Figure on every subdivision of an edge from E in G‘;m-d which has an odd

number of subdivision vertices. This results in the graph G,y = (Vj,i4: Egyia)-

(a) After resolution doubling (b) After replacement

Figure 2.8: Crossing subgraph for even subdivision
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2.2. Embedding graphs in a grid

/ -

(a) Before replacement (b) After replacement

Figure 2.9: Replacement for even subdivision

G’gm-d is a subdivision of G, where each original edge is subdivided by an even number of
vertices. If G was planar, G;m-d is even a strong grid graph: the "rotation" by 45° makes
the modification of bends and original vertices, performed in Construction superfluous.
Both the size of Vglrid and the runtime needed to compute G;m-d are polynomial in n.
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3. Feedback Vertex Set

For a graph G = (V, E), a feedback vertex set of G is a set X C V whose removal leaves G
without cycles. More precisely, X is a feedback vertex set of GG if and only if the graph
G’ := G[V \ X] does not contain cycles.

The FEEDBACK VERTEX SET problem is defined as follows: Given an instance (G, k), with a
graph G and k € N, it should be decided whether (G, k) is a YES- or a NO-instance. (G, k)
is a YEs-instance if there exists a feedback vertex set X of G, with |X| < k. Else, (G, k) is
a NO-instance.

FEEDBACK VERTEX SET is known to be NP-complete on planar graphs of maximum degree

4 [Spe8g|. It is also N'P-complete on bipartite graphs [TTU12].

Lemma 3.1. Let G = (V, E) be a graph, and G' = (V', E") a subdivision of G. Let X CV
be a feedback vertex set of G. Then X is also a feedback vertex set of G'.

Proof. Let C = (V,, E.) be a cycle subgraph in G. There exists a vertex v, € V. N X.
Since G’ is a subdivision of GG, any cycle in G’ is the subdivision of exactly one cycle in G.
C" = G'[(Ueep, s(G',e)) UV,] is the subdivision of the cycle C' in G'. So the removal of
ve € V. also breaks the cycle C’.

Since the removal of X breaks all cycles in G, it follows that its removal also breaks all
cycles in G'. O

Lemma 3.2. Let G = (V, E) be a graph, and G' = (V', E') a subdivision of G. Let X' CV’
be a feedback vertex set of G', with | X'| = k. Then there exists a feedback vertex set X CV
of G with | X| < k.

Proof. We construct a new set X C V from X’. We add all vertices from X' NV to X.
For each v € X'\ V| let the vertex v € V, with shortest distance to v' in G’, be in X. We
claim X is a feedback vertex set of G.

Consider a cycle subgraph C = (V,, E.) in G, and its subdivision ¢’ = (V/,E.) in G'.
Naturally, if V. contains a vertex from (X' NV) C X, the removal of that vertex will result
in the cycle C' being broken.

If that is not the case, V/ contains a vertex v from X'\ V, and there exists an edge
ec = (U, ve) € E in C such that v € s(G',e.). Then one of uc, v, is the original vertex

15



3. Feedback Vertex Set

with the shortest distance to v, in C’. The removal of a vertex in {uc,v.}, at least one of
which is included in X, will break the cycle C. 0

Theorem 3.3. FEEDBACK VERTEX SET is N'P-complete on grid graphs.

Proof. Since FEEDBACK VERTEX SET on planar graphs of maximum degree 4 is NP-
complete, it is clear that FEEDBACK VERTEX SET on grid graphs is in N'P.

To prove N'P-hardness, we perform a polynomial-time reduction from FEEDBACK VERTEX
SET on planar graphs of maximum degree 4, to FEEDBACK VERTEX SET on grid graphs.

Let (G, k) be an instance of FEEDBACK VERTEX SET on planar graphs of maximum degree
4. We obtain a subdivision Gy,;q of G using Construction Then G4 is a grid graph,
and (Ggrig, k) is an instance of FEEDBACK VERTEX SET on grid graphs.

If (G, k) is a YES-instance, G has a feedback vertex set X with |X| < k. Due to Lemma
X is also a feedback vertex set of Ggriq, and (Ggrid, k) is a YES-instance.

If (Ggrid, k) is a YES-instance, Gg,iq has a feedback vertex set X’ with |X’| < k. Due to
Lemma X' is also a feedback vertex set of G, so (G, k) is a YES-instance.

Consequently (G, k) is a YEs-instance if and only if (Ggriq, k) is a YES-instance. O
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4. Minimum Vertex Cover

A vertex cover of a graph G = (V, E) is a set of vertices C C V, such that Ve = (u,v) €
FE:ueCVvuvel. A set of vertices Cp5, € V is a minimum vertex cover if it is a vertex
cover of (G with the lowest number of vertices.

The MINIMUM VERTEX COVER problem is defined as follows: Given an instance (G, k),
with a graph G and a number k € N, it should be decided whether (G, k) is a YES- or a
NoO-instance. If G has a minimum vertex cover of size at most k, (G, k) is a YES-instance,
else it is a NO-instance.

MINIMUM VERTEX COVER is known to be solvable in polynomial time on bipartite graphs
Whi84], of which grid graphs and partial grids are subclasses. On planar graphs of
maximum degree 4, MINIMUM VERTEX COVER is N'P-complete [GJS76].

Lemma 4.1. Let P = (V, E) be a path of odd length 2k + 1,k € N, between vertices u and
v. Then any vertex cover C' of P contains at least k + 1 vertices, of which at least k are in

V A\ {u,v}.

Proof. There are 2k + 1 edges along the path from u to v, of which at least 2k — 1 are not
covered by u or v. On P, a vertex v € C' can only cover up to two edges. To cover the
2k — 1 edges not covered by u or v, at least [(2k — 1)/2] = k vertices from V' \ {u,v} are
included in C. Analogously, to cover the 2k + 1 edges in P, at least [(2k +1)/2] =k +1
from V are included in C. O

Lemma 4.2. Let G = (V, E) be a graph, and G' = (V', E') an even subdivision of G. Let
C’ C V' be a vertex cover of G'. Then a vertex cover C" of G' with |C"| < |C'| exists, so
that C" NV is a vertex cover in G. The time required to compute C" from C' is polynomial

in [V'].
Proof. If C'" NV is already a vertex cover in G, the claim is fulfilled by simply selecting
"=

We assume C/ NV is not a vertex cover in G. Let E, C E be the set of edges in G not
covered by C'NV.

We construct a vertex cover C” of G' as follows: Let V; = U, cp, 5(G',e,) be the set of
subdivision vertices of the edges in E,. We add all vertices in C"\ V,, to C"”.
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4. Minimum Vertex Cover

Let e, = (v}, v2) € E, be an edge, with k := |s(G’,e,)|. Since G’ is an even subdivision, k
is even. Then, due to Lemma (4.1} |C" N s(G’,e,)| > k/2 + 1. Since e, was not covered by
C' NV, neither of v}, v2 was in C"\ V. We add v}, and the k/2 vertices in s(G’, e,) with

ur U
even distance to v}, to C”.

As a result, for every edge e, = (v},v2) € E,, |C"N(s(G',e,)U{vl, v2})| < |C'N(s(G, en)U
{vl v2})|. Also, C” covers all edges in G’ with both endpoints in s(G’, e,) U {vk v2}. Since
2

C” contains the same vertices as C' from V'\ (Ue, (1 12)ep, 5(G's €u) U{vy, vz }), it follows

that |C”| < |C’|, and that C" is a vertex cover of G'. The runtime of both the computation
of E, and the construction of C” is polynomial in [V’]. O

Lemma 4.3. Let G = (V,E) be a graph, and G' = (V',E') an even subdivision of G.
Let C C V be a vertex cover of G. Then there exists a vertex cover C' of G', with
O = Cl+ Xeer Is(G', €)] /2.

Proof. We construct a new set C’ C V’'. We add all vertices from C to C’. For every edge
e = (u,v) € E, we select an endpoint v. € {u,v}, which is in C'. We include all vertices in
$(Ggrid, €) with even distance to v. in C’. The size of C" is [C'| = |C| 4+ Y .cp |s(G', €)|/2.

(' is a vertex cover of G': for every edge e € E, C’ covers all edges in the subgraph of G’

induced by s(G’,e) U {u,v}. The union of all these subgraphs, Ue_(y)ep 5(G'; €) U {u, v},
contains all edges in E'. O

Lemma 4.4. Let G = (V, E) be a graph, and G' = (V', E') an even subdivision of G.
Let C" be a minimum vertex cover of G, such that C = C' NV is a vertex cover in G.

Then C' is a minimum vertex cover of G, and |C'| = |C|+ X .cg [s(G',e)|/2.

Proof. For the sake of contradiction, assume there exists a vertex cover Cy of GG, with
|Caf <|C].

Due to Lemmal[4.3] there exists a vertex cover Cy of G/, with |Ch| = |Co|+ X |S(G, €)|/2.

Let e € E be an edge in G, with |s(G',e)|] = k. Due to Lemma at least k/2
of the subdivision vertices in s(G’,e) are included in every vertex cover of G. Hence
O = |Cl+ Xeer (G, €)] /2.

Since |Cy| < |C, it follows that |C5| < |C’|, which is in contradiction to C’ being a
minimum vertex cover of G'. Consequently, C' = C’ NV is a minimum vertex cover of G.

Let e; = (ug,v2) € E be an edge, without loss of generality assume uy € C’. We claim
C’ contains exactly half of the subdivision vertices in s(G’, e2). It does not contain fewer
due to Lemma Due to Lemma there exists a vertex cover C” of G’, with |C"| =
ICl+ > ccr Is(G',e)|/2. Since C” is a minimum vertex cover, |C'| < |C|+ Y .cp |s(G',e)]/2.
Since C' = C' NV, this is not possible if C’ contains more than half of the vertices in
s(G', ey) for any edge ey € E.

Consequently, the number of subdivision vertices in C’ is exactly > cp|s(G',€)|/2, and

' =1C"N V] + e Is(G' )l /2. -
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Theorem 4.5. MINIMUM VERTEX COVER is N'P-complete on strong grid graphs and partial
strong grids.

Proof. Since MINIMUM VERTEX COVER on arbitrary graphs is AP-complete, it is clear that
MINIMUM VERTEX COVER on strong grid graphs is in N'P.

To prove N'P-hardness, we perform a polynomial-time reduction from MINIMUM VERTEX
COVER on planar graphs of maximum degree 4, to MINIMUM VERTEX COVER on strong
grid graphs.

Let (G,k) be an instance of MINIMUM VERTEX COVER on planar graphs of maximum
degree 4, with a planar graph G = (V| F) of maximum degree 4 and k& € N. We define an
instance (G griq, k') of MINIMUM VERTEX COVER on strong grid graphs. Let Gg.iq be the
result of applying Construction to G. Since G is planar, G4 is a strong grid graph.
We set &' =k + > .cp |s(Ggrid, €)|/2.

If (Ggrig, k') is a YEs-instance, G grig has a minimum vertex cover C’ with |C’| < k’. Due to
Lemma there also exists a minimum vertex cover C” of Gyyiq, so that |C”| < |C’| and
C:= C"NV is a vertex cover in G. Lemma [4.4/states that |C”| = |C|+ Y .c g [s(Ggria, €)] /2.
As aresult |C| <k — X .cp|s(Ggrid, €)|/2 =k, so (G, k) is also a YES-instance.

If (G, k) is a YES-instance, there exists a vertex cover C' of G with |C] < k. Due to Lemma
there exists a vertex cover C' of G/, with |C'| = |C| + X .cp |s(G',€)|/2 = k'. Hence,
(Ggrid, k') is also a YEs-instance of MINIMUM VERTEX COVER on strong grid graphs.

As a result, (G, k) is a YEs-instance if and only if (Gyyia, k') is a YES-instance. O]
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5. Maximum-Cut

A cut C' = (S,T) is a partition of the vertices of a graph G = (V| E) into two disjoint sets
S and T. The cut-set of the cut C is defined as {e = (u,v) € E |u € S,v € T}, and |C|
refers to the size of the cut-set of C. An edge will be referred to as covered by C if it is
part of the cut-set of C. A cut in G is called a maximum cut if there is no cut of larger
size in G.

The MAXIMUM CUT problem is defined as follows: Given an instance (G, k), with a graph
G and k € N, it should be decided whether (G, k) is a YES- or a NO-instance. (G, k) is a
YES-instance if G has a maximum cut with size at least k, else it is a NO-instance.

MAXIMUM CUT is known to be solvable in polynomial time on planar graphs [Had75],
which grid graphs and partial grids are subclasses of. On cubic graphs the problem is

NP-complete [GP95].

5.1 Maximum cut on partial strong grids

Lemma 5.1. Let G = (V, E) be a graph, and G' = (V' E') an even subdivision of G. Let
C'= (58,1 be a cut in G', and C = (S,T) a cut in G, with S C S', T CT".

Then, if an edge e = (u,v) € E is not covered by C, there exists a corresponding edge
e/ = (v, v") which is not covered by C', with u',v" € {u,v} U s(G' e).

If an edge e3 = (ug,v2) € E is covered by C, all edges with both endpoints in {uz, v} U
s(G',e9) are covered by C', if C' is a mazimum cut of G'.

Proof. Let e = (u,v) € E be an edge that is not covered by C. Then, u,v are in the same
set in C, without loss of generality assume u,v € S. It follows that u,v € S" in C’.

For all edges between vertices in {u,v}Us(G’,e) to be covered by C’, all vertices in s(G’, e)
with odd distance to u or v would have to be in 7", and all edges with even distance to u
or v in S’. However, since |s(G’, e)] is even, any vertex in s(G’, e) with even distance to u
has odd distance to v, and vice versa. Hence, at least one edge with both endpoints in
{u,v} Us(G,e) is not covered by C".

Let e = (ug,v2) € E be covered by C. This means us and vg were partitioned into different
sets S,T in G. Then, us and v are also in different sets S” and T” in G, without loss of
generality assume ug € S’, vo € T".
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5. Maximum-Cut

We now assume C” is a maximum cut of G’ we claim C” covers all edges with both endpoints
in {ug,v2} Us(G’,eq). For the sake of contradiction, assume there exists such an edge
which is not covered by C’.

Let C" = (8", T") be a cut of G', which is identical to C’ outside of s(G’,e2). Let the
vertices in s(G’, e3) with odd distance to us be in T”, those with even distance to ug in S”.
C” covers all edges with both endpoints in {u,v} U s(G’,e2), which is at least one edge
more than C’ covers among this subset of edges.

Since C" and C” are identical outside s(G’, e3), and vertices on s(G’, e2) have no neighbors
outside of {u,v} U s(G’,ez), C” covers more edges than C’, in contradiction to C’ being a
maximum cut of G’. O

Lemma 5.2. Let G = (V,E) be a graph, and G' = (V' E') an even subdivision of G.
Given a cut C = (S,T) of G, we can construct a cut C' = (S",T") of G', such that the

number of edges in E not covered by C is equal to the number of edges in E' not covered
by C'.

Proof. Let Sy C S and T, C T4. For every edge e = (u,v) € E, let all vertices in s(G', e)
with even distance to u be in the same set as u, and let the remaining vertices in s(G’, €)
be in the other set.

If u,v are in different sets, C’ covers all edges along the subgraph of G’ induced by
{u,v} Us(G' e). Else, C' covers all but one edge along this induced subgraph. Hence, for
every edge C' does not cover, there is exactly one edge C’ does not cover. O

Lemma 5.3. Let G = (V, E) be a graph, and G' = (V', E’) an even subdivision of G. Let
C' = (8',T) be a mazimum cut in G'. Then C = (S =8NV, T =T"'NV) is a mazrimum
cut in G.

Proof. For the sake of contradiction, assume there was a cut Co = (S3,73) in G, and
|C2] > |C|. Then the number of edges not covered by C' is greater than the number of
edges not covered by Cy. Since S C S and T' C T’, due to Lemma , the number of
edges not covered by C' is equal to the number of edges not covered by C’.

We construct a cut C% = (55,74) in G’ from the cut Cy, as described in Lemma The
number of edges in E’ not in the cut-set of C is equal to the number of edges in E not in
the cut-set of Cs. Since |Co| > |C|, it follows that |C4| > |C’|, which is in contradiction to
C’ being a maximum cut of G'. O

Lemma 5.4. Let G = (V, E) be a graph, and G' = (V' E') an even subdivision of G. Let
C = (S,T) be a mazimum cut of G. Then there exists a mazimum cut C' = (S',T") of G,
such that S C S and T CT'.

Proof. We construct C’ from C' as described in Lemma [5.2l The number of edges in E’
not covered by C” is equal to the number of edges in E not covered by C. We claim C’ is a
maximum cut of G’.

For the sake of contradiction assume there was a cut Cy = (S5, Ty) of G', with |C5| > |C’].
Due to Lemma the cut Cy = (Se = S5,NV, Ty = Ty N'V) leaves fewer edges in F
uncovered than C. Hence |Co| > |C], in contradiction to C' being a maximum cut of G. [
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5.2. Maximum cut on strong grid graphs

(a) With induced edges (b) Without induced edges

Figure 5.1: Crossing subgraphs

Theorem 5.5. MAXIMUM CUT is N'P-complete on partial strong grids.

Proof. Since MAXIMUM CUT on arbitrary graphs is N'P-complete, it is clear that MAXIMUM
CUT on partial strong grids is in N'P.

To prove N'P-hardness, we perform a polynomial-time reduction from MAXIMUM CUT on
cubic graphs to MAXIMUM CUT on partial strong grids.

Let (G, k) be an instance of MAXIMUM CUT on cubic graphs, with a cubic graph G = (V| E)
and k € N.

We construct an instance (G gyiq, k') of MAXIMUM CUT on partial strong grids in polynomial
time. G is transformed to a partial strong grid Ggriq = (Vgrids Egria), which is an even
subdivision of G, using Construction k' is computed as k' =k + 3 .cp |s(Ggrid, €)|.

If (G, k) is a YEs-instance, there exists a cut C' = (S, T) of G, such that |C| > k. Due to
Lemma there exists a cut C' = (5’,7") in Gy, iq, where the number of edges in Eq
not covered by C’ is equal to the number of edges in E not covered by C.

So |Egrig| — |C'| = |E| — |C|. The size of Eg;q can be rewritten as |Eg.q| = |E| +
ZeeE |5(Ggrida 6)| It follows that |C/| = |Egrid‘ - |E| + |C| = |C‘ + ZeeE |5(Ggridve)| >
k+>.cr|s(Ggria; €)] = k. Therefore, (Ggpiq, k') is also a YES-instance.

If (Ggria, k') is a YES-instance, there exists a cut C" = (S, T") of Ggriq, such that |C'| > k.
Due to Lemma there exists a cut C' = (5,T) in G, where the number of edges in Eg,.iq
not covered by C’ is equal to the number of edges in E not covered by C.

Consequently |C| = |E| — (|Egria| — |C']) = |C"| = Xoccr |5(Ggria, €)| > k, and (G, k) is a
YES-instance.

(G, k) is a YEs-instance if and only if (Ggyiq, k) is a YES-instance. O

5.2 Maximum cut on strong grid graphs

When Construction is performed on a non-planar cubic graph G, the resulting graph
Ggriq is not a strong grid graph. G4 can be transformed to a strong grid graph Gipgria
by simply adding in all edges that should be induced. However, this results in a K4 at
every crossing, so that Grgrig is not a subdivision of G. We want to ensure that, given a
maximum cut C" = (8", T") of Ggrgrid, the cut C = (' NV, 7' NV) is a maximum cut of
G.

However, this is not necessarily the case: Figure depicts Construction applied to a
crossing in a non-planar cubic graph. A cut (5,7T) is shown. (S,7") is a maximum cut in
the crossing subgraph with induced edges, but it is not a maximum cut in the subgraph
without the induced edges.

Consequently, given a maximum cut (S’,T") of Ggtrgria, C = (S'NV, T NV) may not be a
maximum cut of G.

We intend to replace the crossing subgraphs in Gy,;q with a modified crossing subgraph

G, (Figure , which is a strong grid graph, resulting in a strong grid graph G;trgrid'
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5. Maximum-Cut

Figure 5.2: Modified crossing subgraph G/,

Given a maximum cut C" = (8", T") of G, .4, the cut C = (S"NV,T"NV) should be a
maximum cut of G.

In the following lemmas we show some relevant properties of G/, and its subgraphs. Con-
struction describes the structure of some of the cuts which are used in these lemmas.

Construction 5.6. Let {v],, v}, v.., V., } be the top-right, top-left, bottom-right and
bottom-left vertices of G = (V/", E!') (as shown in Figure [5.3). Given a partition of the
vertices in {v],,, V), Vhes Uhy b into the sets 8" C V" or TV C V| we can construct a cut
C' = (5,T") of G’ by adding the remaining vertices to either S or T”.

Consider the vertices diagonal to v},,. Those with an even distance to v}, are added to
the same set (S’or T”) as v}, the other vertices diagonal to v/,. are added to the other set.
Analogous steps are repeated with v],,,.

Then, there exists exactly one K4 (in the center of G7), that has had a set assigned to all
of its vertices v, vh, vh, vj. Let v}, v} be diagonal to each other. There exist two paths of
odd length > 3, which consist exclusively of diagonal edges, between v] and v}. We add
the vertices on these paths, which have an even distance to v}, to the same set as v, and
the other vertices on the paths to the other set.

We repeat analogous steps for the vertices along the two odd length (> 3) paths between
vg,vy. We include vertices along the paths with even distance to vj in the same set as v5,
and the other vertices in the other set.

By performing this construction, every vertex in V" is included in exactly one set, S’ or T".
This results in the cut ¢’ = (5", T").
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5.2. Maximum cut on strong grid graphs

/ /
UT 1w Une

Figure 5.3: Relevant subgraph G of G., highlighted maximum cut

Lemma 5.7. Let C = (S,T) be a cut in an unmodified crossing subgraph G, (Figure|5.1a),
with |C| = 2, and let Cpax be a mazimum cut of Ge. Let Upe, Upw, Use, Usw e the top-right,
top-left, bottom-right and bottom-left vertices in G.. Let vl,,, v}, V%, V%, be the top-right,
top-left, bottom-right and bottom-left vertices in the graph G (Figure .

Let C" = (5',T") be a cut in GY such that v; € S" <= v; € S (i € {ne,nw, se, sw}), and

let C), 40 be a mazimum cut of GI.

Then 0 = |Cpaz| — |C] < |Cuul — |C'|, and there exists a C' such that equality holds.

GJ?|

Proof. Due to |C| = 2, it follows that vp,e € S <= Vs € S, Vnw € S <= vge ¢ S5, and
|Cnaz| — |C| = 0. Since |C), .| —|C’| > 0 we only need to show that there exists a cut C’
with |C'| = |C/, 4|, which fulfills the specified conditions.

axr

A cut within a Ky can only cover 4 of its 6 edges. Therefore, any cut C” = (S”,T") in G
that covers all non-Ky-edges, and 4 out of 6 edges within each K4 subgraph, would be a
maximum cut.

We partition {v),,, v}, Uses Uiy } into S, T" such that v} € ' <= v; € S (i € {ne,nw, se,
sw}). Let C" = (S',T") be the cut we obtain, when the remaining vertices are assigned to
S" or T" as described in Construction Then C’ covers all non-K4-edges, and 6 edges

within each Ky. Hence |C'| = |Crqal- O

Lemma 5.8. Let C} = (S1,TY) be a cut of the graph G| = (V{, E}) (see Figure|5.4)), such
that there exist two vertices v1,vy € V| within the same Ky subgraph, that are diagonal to
each other and part of the same set, S| or Ty. Let C},,,, be a mazimum cut of GY.

Then |Cimax| - |Ci| > L
Proof. A maximum cut C1,,,, of G} is highlighted in Figure It covers all non-K4-edges,
and 4 Ky-edges within each K4 subgraph of G.

For the sake of contradiction, assume there exists a cut C{ = (S{,T}) of G, where to
vertices v1,vy € VY, that are diagonal to each other and part of the same K, subgraph,
with |C]]| = |Cl,az]- Without loss of generality let vy, ve € SY.
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Figure 5.4: Relevant Subgraphs of G, highlighted maximum cut
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Figure 5.5: Missing edges in cut-sets of G} and G,

Exactly two vertices within every K, subgraph are in S7: else Cf would cover fewer edges
than C1,,,,- Let ((v1)z, (v1)y) and ((v2)z, (v2)y) be the grid coordinates of v; and vg, we
assume without loss of generality (v1)s < (v2)z, (v1)y < (V2)y-

Let K} be the K, subgraph that contains vq,v2, and let v3,v4 be the other vertices in K}.
Then vs, vy € T,

Consider a path from v1 to v, with odd length > 3, which exclusively consists of diagonal
edges. Two such paths exist within G}.

Let P; be such a path. P; contains exactly one edge (v}, v}) within a different K, (K72, with
vertices {v], v5,v5,v4}). Let v] be the vertex with the lower x-coordinate among v}, vj.

Out of {v],v5}, v} is closer to v on P;. For C to cover all non-Ky-vertices, if v} has even

distance to v, v} € S holds, else v} € T{'. The same argument applies for the vertices
/

U2, U2.
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5.2. Maximum cut on strong grid graphs

Figure 5.6: Cuts C1; of G and C2, of G}

Consequently, the vertices in G, which are highlighted green in Figure are all in
the same set. The vertices, which are part of K4 subgraphs and are not highlighted, are
in the other set. Since two of the K, subgraphs are connected by an edge e,. (colored
red in Figure , enc 18 not part of the cut-set of C7. The edge e, is a non-Ky-edge.
Since (1,4, covers all non-Ky-edges, and optimally covers all K subgraphs, this is in
contradiction to |CY| = [Cimaz]-

The bound |C},,..] — |C7] > 11is tight. A cut C1; = (S1,,T1,) with |C,| = |CY, el — 1,
such that the vertices vy, v are part of the same set (S, or T?,), is highlighted in Figure

O

Lemma 5.9. Let C) = (S5,T3) be a cut of the graph G = (V3, EY), such that there exist
two vertices uy,ug € Vy within the same K4 subgraph, that are diagonal to each other and
part of the same set, Sy or Ty. Let CY,. ... be a mazimum cut of GY.

Then |Cémax’ - ’Cé’ > 1.

Proof. This can be shown using analogous arguments to those in Lemma We assume
for the sake of contradiction there exists a cut C4 of G%, where two vertices uq, ug, which
are diagonal to each other and part of the same K4 subgraph, are assigned to the same set.

A maximum cut C%,, ... of G} is highlighted in Figure The Kj4-vertices highlighted green
in Figure 5.5/ are in the same set when |CY| = |C5,,,,.| holds, due to analogous arguments
to Lemma However, when that is the case, an edge between two K, subgraphs is not
covered by CY. Hence |CY| < |CY,0ul-

The bound |C},,..] — |C4] > 1is tight. A cut C2; = (S2,,T?,) with |C?;| = |Chypuel — 1,
such that the vertices uy,uz are part of the same set (82, or T?,), is highlighted in Figure
O
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Figure 5.7: Edge subsets of G and GY

Lemma 5.10. Let C = (S,T) be a cut in an unmodified crossing subgraph G. (Figure
, with |C] = 1, and let Caz be a mazimum cut of G.. Let Upe, Unw, Use, Uswy be the
top-right, top-left, bottom-right and bottom-left vertices in Ge. Let Uy, Uy, Vses Uy be the
top-right, top-left, bottom-right and bottom-left vertices in the graph G" (Figure . Let
C' = (S',T") be a cut in G such that v; € 8" <= v; € S (i € {ne,nw, se,sw}), and let

/ . 2
Chhaz be a mazimum cut of G7.

Then 1 = |Cpaz| — |C] < |Cual — |C'|, and there exists a C' such that equality holds.

Proof. A cut C" = (8',T") with v} € §' <= wv; € S (i € {ne,nw, se,sw}), and |C'| =
|C! 4] — 1 can be constructed as described in Construction (S’,T") covers all but one
non-K,-edge, and 4 edges within each K4 subgraph.

For the sake of contradiction, assume there exists a cut C” = (S”,7") of G/, with
vie S < v; €85 (i € {ne,nw, se,sw}), and |C”"| > |C].

/ / / / : : / / / / :
Among {v/,.,v].,, V.., VL, }, there exists a pair (v, v, ) or (v],,,, Vs ), such that both vertices

nw? ~-se
are in the same set (S” or T”). Let this pair be (u,v), without loss of generality assume
u,v € S”. Consider the (unique) path P with odd length > 3 between u and v, that only
contains vertices diagonal to u and v. If a non-Ky-edge along P were not covered by C”,
|C"| < |C},4|s which would be in contradiction to |C”| > |C’|. Due to its odd length, and
since C” covers all non-K4-edges along P, C" leaves a K -edge along P uncovered. It
follows that C” includes two vertices v1, v9, which are diagonal to each other and part of

the same K, subgraph, in the same set (S” or T").
C/

! e COvErs the same amount of edges in G and G} as their maximum cuts, Cf,,,. and
Chmaw> do. Due to Lemmas 5.8 including vy, vz in the same set (S” or T"”) results in
C” covering fewer edges than C/ . in G} or Gb.

Hence |C"| < |C, .| —1=|C"|. O

Lemma 5.11. Let C},,,. be a mazimum cut of G. Let EL be the set of non-Ky-edges in

Y, which are adjacent to an edge e = (x,y) such that both x and y are non-K4-vertices.
The edges in E}: are marked red in Figure .

Let C] = (S1,T7) be a cut of G} such that:
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5.2. Maximum cut on strong grid graphs

o There exist two vertices u, v, that are diagonal to each other and part of the same Ky
subgraph. Also, uy < vy and u, < vy, (see Definition , and u,v are assigned to
the same set (S} or T} ).

o O} covers all edges in EL.

Then |Cimax’ - |CH > 2.

Proof. We assume for the sake of contradiction, that there exists a cut C] that fulfills
the conditions of this lemma, with |C1,,,.| — |C1] < 1. Without loss of generality assume
u,v € S7. There exist two paths P;, P, between u, v, with odd lengths > 3, which consist
exclusively of diagonal edges. On both P; and P», at least one edge cannot be covered by
(1. These edges are Ky-edges, as all non-K4-edges along Py, P, are part of Eé Since no
Ky-edge is part of both paths, there is a unique uncovered K4-edge on each path.

At least two of the K4 subgraphs in G are covered optimally by Cf, meaning exactly two
of their vertices are in S| and T7.

Case 1: All K, subgraphs are covered optimally by Cf.

In G, there is an edge e = (u/,v’) between two K4 subgraphs K} and K?, and a path of
length two between two K, subgraphs, K2 and K3.

Since all edges in Eé are covered by C7, the vertices highlighted green in Figure are
part of the same set, S| or 7]. The remaining K4 vertices in G/ are all in the other set.

Consequently, u, v are both part of the same set, and u’, v’ are both part of the other set.
Hence e is not covered by C1.

For the same reason, the top-right and bottom-left vertices of K2 are in a different set
than the top-right and bottom-left vertices of K3. Since all K, subgraphs are covered
optimally, the same holds for the top-left and bottom-right vertices of K7 and K3. Let
e1 = (v1,v2), €2 = (vg,v3) be the edges on the path of length 2 between K7 and K3, and
let v1 and v3 be the Ky-vertices. Then v; and v3 are in different sets.

Therefore, no matter which set vy is assigned to, either e; or ey is not covered by C}. Hence
|C1| < |CY ezl — 2, assuming all K subgraphs are covered optimally by Cf.

Case 2: Exactly two K4 subgraphs, K. 410pt and K Zopt, are covered optimally by C]

Due to the same arguments, if exactly two K, subgraphs, K iopt and K fopt, are covered
optimally by C], and there is an edge between K iopt and K 420pt, that edge is not covered
by Cf. If there is a path of length 2 between K iopt and K Zopt, one of the edges along that
path is uncovered. Since the third Ky subgraph (# K}, K2) is not covered optimally, this
also results in |C],,.| — |C1| > 2 in both cases.

If there is neither an edge, nor a path of length 2 between K iopt and K fopt, observe the

third K4 subgraph, K ;rf/, which is not covered optimally. Then K ff/ is connected to one of
K iopt, Kzopt via an edge, and connected to the other via a path of length 2. Without loss of

generality let there be an edge ¢’ = (v},v}) between Kj and K dopt- Let vy be part of K 7.

If a K4 has all of its vertices in the same set, S; or T/, |C},...] — |C1] > 2. So K} has
exactly 3 vertices in the same set.

Recall that there exist two vertices u, v, that are diagonal to each other and part of the
same K4 subgraph, Kj¥ , with u,v € S]. Also, u, < v, and u, < v,. Consider the
top-right and bottom-left vertex vy, vs, of any other Ky subgraph (# K§V). In order for
C} to cover all edges in EL, either vpe, Usy € SY, OF Upe, Vs € T holds.
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3 3

This means that the top-right and bottom-left vertices v;,,v3,, of K jfl, are in the same set
as the top-right and bottom-left vertices of K iopt. The other two vertices of K jopt, which

includes v}, are part of the other set.

’. ..
Therefore, when the edge €’ = (v}, v}) between Kj,, and K} is covered, v} is in the same

o . r. .
set as v3,,v3, . Then the remaining vertex, vj, of K3 is in the other set.

Finally, let €] = (v4,v"), e = (v",v5) be the two edges on the path of length 2 between
K% and Kfopt, where v} is part of K 420pt- The top-right and bottom-left vertices of Kfopt
are not in the same set as v3,,v3,. The other two vertices of K. Zopt, which includes v4, are

ne’ “sw:*
in the same set as v}, v3,.

So v4 and vy are in different sets. No matter whether v” € S| or v € T7, either
e/ or €j is not covered by C}. Since K3 is also covered suboptimally, this results in
|Cima:c| - ‘C“ > 2. O

Lemma 5.12. Let C},, .. be a mazimum cut of G. Let E2 be the set of non-Ky-edges
in GY, which are also adjacent to at least one other non-Ky-edge. The edges in E% are
marked red in Figure[5.7.

Let C) = (S5, T3) be a cut of G such that:

o There exist two vertices u, v, that are diagonal to each other and part of the same K4

subgraph. Also, uz < vy and uy, > vy, and u,v are assigned to the same set (Sy or
T3).

o CY covers all edges in EZ.

Then |Cémax’ - ’Cé’ > 2.

Proof. We assume for the sake of contradiction, that there exists a cut €Y that fulfills
the conditions of this lemma, with |C%,,,.| — |C5] < 1. Without loss of generality assume
u,v € Sh. There exist two paths P, P» between u, v, with odd length > 3, which consist
exclusively of diagonal edges. On both P, and P», at least one edge cannot be covered by
CY. These edges are Ky-edges, as all non-Ky-edges along Pj, P are part of E% Since no
Ky-edge is part of both paths, there is a unique uncovered K4-edge on each path.

At least two of the K4 subgraphs in G are covered optimally by C%, which means exactly
two of their vertices are in S5 and T5.

Case 1: All K, subgraphs of G are covered optimally by C/

Since E% is fully covered, the vertices highlighted green in Figure are in the same set
(S5 or Ty). All K4 subgraphs are covered optimally, so the remaining Ky-vertices in G%
are in the other set. Hence, the two non-K,-edges between K, subgraphs are uncovered,
resulting in |C%,,..| — [C5] > 2.

Case 2: Exactly two K, subgraphs in G%, K} and K2, are covered optimally by C5

Since C} covers all edges in EZ, the vertices highlighted green in Figure are in the
same set. K} and K7 are covered optimally, so their remaining vertices are in the other set.
Therefore, if there is an edge between K} and K7, that edge would not be covered. Since
the third K4 subgraph, K3, is not covered optimally, this would result in |C5,,....| — |C| = 2.

If there are no edges adjacent to both K} and K3, observe K3, which is not covered
optimally. If a K4 has all of its vertices in the same set, S5 or Ty, |C5,,..| — |C5| > 2. So
K3 has 3 vertices in the same set.
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Since all edges in E2 are covered by C%, the top-left and bottom-right vertices of K3 are
in the same set as u,v, which is S5. Naturally, if u,v themselves are part of K3 this is also
true.

One of the remaining vertices of K3 is in S5, the other in T}. Since there is no edge between
K}, K2, there is an edge between K} and K3, and between K7 and K3. One of these edges
has an endpoint at the top-right vertex of K3, the other has an endpoint at the bottom-left
vertex of K3. The other endpoints of these edges, which are not part of K3, are all in 7T5.

No matter whether the top-right or bottom-left vertex of K3 is the one in T4, one of these
edges is not covered by C%. Consequently, |C5,,,..| — |C5] > 2. O

Lemma 5.13. Let C = (S,T) be a cut in an unmodified crossing subgraph G. (Figure
, with |C] = 0, and let Car be a mazimum cut of G.. Let Upe, Unw, Use, Usw be the
top-right, top-left, bottom-right and bottom-left vertices in Ge. Let v, Uy, Vses Uy be the
top-right, top-left, bottom-right and bottom-left vertices in the graph G! (Figure . Let
C'=(58",T") be a cut in GV such that v, € S' <= v; € S (i € {ne,nw, se,sw}), and let

! . 1
Crhaz be a mazimum cut of G¢,.

Then 2 = |Cpaz| — |C] < |C)0ul — |C'|, and there exists a C' such that equality holds.

ax

Proof. A cut C" = (8", T") with v} € §' <= wv; € S (i € {ne,nw, se,sw}), and |C'| =
|Cmaz| — 2 can be constructed as described in Construction (S’,T") then covers all but
two non- K4-edges, and 6 edges within each K4 subgraph.

For the sake of contradiction, assume there exists a cut C” = (S”,T") of G” with v} €
S" «— wv; €S (i € {ne,nw, se, sw}), and |C"] > |C|.

Consider the path P; between v/, v.., that only contains vertices diagonal to v/, v.., and

nw? -se’ nw? -se’
the path P, between v],, and v/, that only contains vertices diagonal to v}, and v.,. On

at least one of these paths, all non-Ky-edges are covered by C”. P;, P, have odd lengths.
Case 1: (" covers all non-Ky-edges on both P; and Ps.

Then, there exist Ky-edges (u1,v1) on Pj, and (ug,v2) on Ps, that are not covered by C”.
We can assume, without loss of generality, that (u1)z; < (v1)z, (w1)y > (V1)y, (U2)z < (V2)2,
and (ug)y < (v2)y. Due to Lemmas C"” covers fewer edges than C/, ., in both G}
and G.

Let Eé be the set of non-Ky-edges in G/, which are adjacent to an edge e = (z,y) such
that both x and y are non-K4-vertices. Let E% be the set of non-Ky-edges in G5, which are
also adjacent to at least one other non-Kj-edge (see Figure[5.7). Due to Lemmas
C" leaves at least one edge in EL, and one edge in EZ uncovered. Since EL N EZ = &,
these two edges are distinct, and |C],...| — |C”| > 2, in contradiction to |C”| > |C|.
Case 2: (" covers all non-Ky-edges on exactly one of Py, Ps.

Let P;,i € {1,2} be the path on which all non-Ky-edges are covered, let P; be the other
path. C” leaves a non-K4-edge e; = (uj,v;) on Pj, and at least one Ky-edge e; = (u;, v;)
on P; uncovered.

C" covers at least one edge less than CJ, .. on G}, due to Lemmas Due to Lemmas
that uncovered edge e; = (u;,v;) is in Ef-.

If e; # ej, then |C}, C" > 2.

max’ - ’
Let K;™2 be the K, subgraph in G” that is part of both G| and G}. If the top-left and

bottom-right vertices of K}™? are in the same set, S” or T”, and the other vertices in K}
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are in the other set, then C” leaves an edge in G and G uncovered, due to Lemmas

. Due to Lemmas and Eé N E% = @, the two uncovered edges would be
distinct, so |C] " > 2.

max‘_’

max’ as KiQQ
is not covered optimally. As previously established, there is also a non-Kj-edge e; which is
not covered by C”, which would result in |C), c’| > 2.

mam’ _|

If three vertices in K} are in the same set, one edge is lost compared to C’

Hence, no two vertices in K}™'? which are diagonal to each other can be in the same set in
C”, and e; is part of one of the other K, subgraphs.

All K, subgraphs # K}™? have exactly two vertices in S” and T". Else, C” covers fewer

edges than CJ,,,, in that Ky, in addition to not covering e;, which results in |C},,,,|—|C"| > 2.

max max

Let K} be the K, subgraph that contains e;. Due to K} # K;"2, there exists another Ky
subgraph, K/, such that there is an edge between K} and Kj. Let G},i € {1,2} be the
subgraph from Figure which K}, K/ are part of. Let u}, v/ be the other two vertices in

i Y1
K which, as previously established, are in the other set than w;, v;.

Consider the odd length path P/ between u}, v} in G}, that passes through K and consists

0 Y4
excluswely of dlagonal edges. Slnce C" covers all non- K4 edges along P/, the K4 edge on

the path, ¢’ = (u”,v"), is not covered by C”. 4" and v" have even dlstances to u}, v} along

P/, so they are in the same set as u, v].

Since exactly two vertices in K are in S” and T”, the other two vertices in K are in the
same set as u;,v;. However, the edge between K and K is not covered by C” in that
case.

The edge between K and K} is not part of P;, and is therefore distinct from e;. Conse-
quently |C/ C"| > 2, in contradiction to |C”] > |C’]. O

max’ _’

Lemma 5.14. Let C = (S,T) be a cut in an unmodified crossing subgraph G. (Figure
, and Craz be a mazimum cut of G.. Let vne, vnw,vse,vsw be the top-right, top-left,
bottom right and bottom-left vertices in G.. Let v/ v be the top-right, top-left,

ne? nw’ se’ S’LU

bottom-right and bottom-left vertices in the full modified crossing subgraph, G, (Figure .
Let C" = (8',T") be a cut in G, such that v, € S' <= v; € S (i € {ne,nw, se, sw}), and

let C) . be a mazimum cut of G..

Then |Cpaz) — |C| < | |C’|, and there exists a C' such that equality holds.

max| -

Proof. Let v/ v be the top-right, top- left bottom—rlght and bottom-left vertices

ne’ nw? ser sw

in the subgraph G7 = (V! EY) of Gl ( Flgure We observe the subgraph G¢& of
G, with G- = G\ (G \ {v], o’ vl ), hlghhghted red in Figure |5 Con51der

ne’ ’N/LU’ ser S’LU

the four connected components of G¢, each of which contains exactly one vertex from

!/ /
{Une7 Unw? ’U8€7 sw N

/ / /

The given cut C of G, determines which set (S’ or T”) the vertices v),., U}, Uk, Uy, are

assigned to in C’. We construct the remainder of the cut C’ of G, as follows:

For each vj,i € {ne,nw, se, sw}, let the vertices in G with even distance to v} be in the
same set as v}, let those with odd distance to v} be in the other set.

The distance between v/,,, and v/, and between v/, is even, while the distance between

nw? se’ 867

v}, and v/, and between Vs Uiy 18 0dd. This means v/ v are assigned to the same
set (S" or T") if and only if v}, v., are a851gned to the same set. Similarly, v/, v”, are
assigned the same set if and only if v/, v}, are assigned the same set.
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Figure 5.8: G&, subgraph of G,

Let the remaining vertices, which are exactly the vertices in G2 \ {},0, V], Uses Vhey 1+ DE
assigned to S’, T" as described in Construction [5.6]

All edges in G are covered by C’. Consider the cut C” = (S"N V", T"NV"), and let C,

max

be a maximum cut of G. Due to Lemmas 5.7, 5.13, |C1 il = |C"| = |Crnaz| — |C).

Hence, |C], 4zl — |C'| = |Cmaz| — |C].

For the sake of contradiction, assume Cy = (S3,T2) is a cut of G, such that v} € §' <
v; € S (i € {ne,nw, se,sw}) and |Cy| > |C’|. Since C’ covers all edges in GCC, 02 would

need to cover more edges than C’ in G. Then, due to Lemmas this is

only possible by changing the sets assigned to vertices from {v/_, Zw, Vs Sw} ThlS also
requires the additional assumption that C’ does not already cover G optimally, which is

the case if and only if the cut C of G, was not optimal.

Consider a connected component of GZ. The component is simply a path, and therefore
has a unique maximum cut C, = (S, T¢) (the only change that can be made to C, without
decreasing its size is swapping the sets S and T¢.). Therefore, in every connected component
of G& where Cy partitions vertices differently than C’, Cy covers fewer edges than C’.

If v, and v, are assigned to the same set in C’, C can cover at most one edge more than
C’" in GY by assigning v/, and v, to different sets Sy and T5. This is a consequence of
Lemmas However, this also means C5 covers at least one edge less than C’
in G&. The case where v, and v, are assigned to the same set in C’ is analogous. Cs
can cover one edge more than C’ in G by assigning v/', and v/, to different sets, but then
Cs covers fewer edges on G& than C”.

1 1

As a result, any changes Cy makes to the partition of {v],, v ,v7. o7 } do not result in

|Ca| > ]C’], which means |Cq| < |C']. O
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Theorem 5.15. MAXIMUM CUT is N'P-complete on strong grid graphs.

Proof. Since MAXIMUM CUT on arbitrary graphs is N'P-complete, it is clear that MAXIMUM
CUT on strong grid graphs is in N'P.

To prove N'P-hardness, we perform a polynomial-time reduction from MAXIMUM CUT on
cubic graphs to MAXIMUM CUT on strong grid graphs.

Let (G, k) be an instance of MAXIMUM CUT on cubic graphs, with a cubic graph G = (V, E)
and k € N. We begin by constructing the strong grid graph Gg,iq = (Vyria, Egria) from G
as follows:

We perform Construction on G, to obtain the partial strong grid G’g’;id. We transform

Giria t0 GY,.iq by performing five resolution doubling operations (Observation 2.3). Then,

we replace every crossing subgraph in qu’m-d with the graph G, depicted in Figure to
/

obtain the strong grid graph G{ .y = (V.0 Epia)-

Finally, we consider the paths in G, whose endpoints are either vertices v € V.C V.

or vertices v<,,vS,,, v<,, vS, in the corners of a G/, subgraph (labeled in Figure 5.2), such
that the path does not contain any other vertices from V or other vertices within G,
subgraphs. Along all such paths which have even length, we perform the same subgraph
replacement as described in Construction (see Figure . The resulting paths have
odd length. By carrying out this final step we obtain the result of the transformation,
Ggrid = (Vgrida Egm'd)-

Edges that are part of a K, subgraph within G/, will be referred to as Kj4-edges, the
other edges as non-Ky-edges. Analogously, vertices can be classified as Ky-vertices and
non-Ky-vertices.

The five resolution doubling operations, as well as Construction can be performed in
polynomial time in n := |V|. Subgraph replacement can be carried out in constant time,
and is done for every crossing in G, of which there is a polynomial amount. Hence G4
can be computed in polynomial time in n. Since only a constant amount of resolution
doubling operations is carried out, [Vy,iq| is polynomial in n.

Claim 5.16. Let C = (S,T) be a mazimum cut of G, with |C| > k,, ko € N. Let ¢(G)
be the number of crossings in G. Let G' = (V' E") be the partial strong grid obtained by
applying Constructz’on to G. Let C' = (S, T") be a maximum cut of G'.

Then there exists a cut Cyria = (Sgrid, Tgria) of Ggria with |Cyria| > kgria = ko +
Yeer s(G' e)| + 31(|E'| — 2¢(G)) + 112¢(G).

Proof. Using the arguments from Theorem since |C| > ko, it follows that |C'| > k' :=
ko + ZeEE |S(G/7 €)|

Recall that G4 is obtained by computing G’ from G, performing resolution doubling
operations (Observation and replacing crossing subgraphs. Note that V' C V4.
Further subgraph replacements are carried out to ensure specific paths in G4 are even.
By construction, Gg,iq is an even subdivision of G, where crossing subgraphs were replaced
with the modified crossing subgraph G, (Figure .

We define the cut Cyrig = (Sgrid, Tyria) as follows:

Let all vertices v, € Vgrig N V' be in the set Sgiq if v, € S, or to Tyyq if v, € T'. Let
e1 = (u1,v1) € E' be an edge that is not crossed by another edge in G’. Let the vertices
in s(Ggrid, e1) with even distance to u; be in the same set as 1, and let those with odd
distance be in the other set.

34



5.2. Maximum cut on strong grid graphs

Let el = (ul,v}),e2 = (u?,v?) € E' be edges that form a crossing in G'. Let Cl =
(S’ﬂ{uc,vc,u v}, T'ﬂ{uc,vc,u v2}. Clisacut on G, = ({ul, v}, u2,v2}, {el, e2}). Let
Cl. 4 e a maximum cut on G..

In G gria, the crossing with e!, e2 was replaced by a modified crossing subgraph G, = (V/, EY).

The top-left, top-right, bottom-left and bottom-right vertices of G, are in Vy,;q N V', and
were therefore already assigned a set.

Let the remaining vertices in G/, be assigned to Sgriq, Tyrid, as described in Lemma .

Let Chgzgrid be @ maximum cut of G, and let Coria = (Sgria NV, Tgria N V). Cria s a
! / /

cut of GZ. Due to Lemma |Crnaz| — 1Cel = |Crnazgrid| — |Cgrial-

All vertices in Ggyiq are assigned to exactly one set Sg.;q or T4, resulting in the cut Cypig.

For every edge e.,, € E’ covered by C’, which does not have another edge crossing it, there
are |$(Ggrid, €cov)| + 1 edges covered by Cyiq along the subdivision of ecoy, in Ggrig. For
every edge eyn. € E' not covered by C’, which does not have another edge crossing it, there
are |s(Ggrid, eunc)| edges covered by Cyriq along the subdivision of eypne in Ggrig.

Since any edge in E’ that is not part of a crossing was subdivided 5 times, |s(G grid, €cov)| =
|s(Ggrids €unc)| = 31, which results in Cy,;q covering 31(|E’| —2¢(G")) additional edges along
the subdivisions of these edges, compared to C’. Construction ensures ¢(G') = ¢(G).

For two edges ey, es € E’ that cross each other, neither of which is covered by C’, 112 edges
will be covered by Cjyiq in the subgraph GY. If exactly one of eq, ey is covered by C’, 113
edges will be covered by Cy,iq in G.. If both ey, ex are covered by C’, Cypig will cover 114
edges in G7,. Consequently, Cy,;q covers 112 additional vertices on each crossing subgraph,
compared to C’.

Hence |Cyrig| = |C'[+31(|E'| = 2¢(G)) +112¢(G) 2 [C]+ X eep (G €)|+3L(| B[ —2¢(G)) +
112C(G) = kgrid- ]

Claim 5.17. Let G' = (V', E') be the graph obtained when Construction|2.7 is applied to G.
Let Cyriq = (Sgrids Tyria) be a mazimum cut of Ggriq, and let kgrig € N. Let |Cyrig| > Kgrid-

Then there exists a cut C = (S,T) of G, with |C| > ko := kgria— (O ccr |5(G', €)|+31(|E'|—
2¢(@)) + 112¢(G)).

Proof. Recall that Ggpiq is obtained by computing G’ from G, performing resolution
doubling operations (Observation and replacing crossing subgraphs. Note that V' C
Vgria- Further subgraph replacements are carried out to ensure specific paths in G54 are
even. By construction, G4 is an even subdivision of G, where crossing subgraphs were
replaced with the modified crossing subgraph G, (Figure .

Let C' = (Sgria N V', TgriqN'V'). Then, C’ is a cut of G'.

Let €cop = (Ucov, Veov) € E' be an edge in G’ which is not part of a crossing, such that one
of its endpoints is in Sg,;q, and the other in T},;q. Then, ecoy is covered by C” in G’. Since
Cyrid is a maximum cut, |$(Ggrid, €cov)| + 1 = 32 edges are be covered by Cy,;q along the
subdivision of ecyy in Ggrig.

Let eune = (Uune, Vune) € E' be an edge in G’ which is not part of a crossing, such that
both of {Uunc, Vunc} Were assigned to the same set Sgiq or Tgrig, in Cgrig. Then, eyn is
not covered by C’ in G', and |$(Ggrid, €unc)| = 31 edges are covered by Cy,;q along the
subdivision of €.y, in Ggpig.

Therefore, in total Cg,iq covers 31(|E’'| — 2¢(G")) edges more on these edges, compared to
C’. Construction 2.7 ensures ¢(G) = ¢(G").
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5. Maximum-Cut

Let G, = (V/, E!) be a modified crossing subgraph in Gg,iq (Figure 5. , which replaced
edges el = (ul,v}),e? = (u?,v?) € E' during the construction of Ggiq. CC orid = (Sgria N
V!, Tgria N VY,) is a cut of G.. Let C%,,, be a maximum cut of G,

LetC’ (Sgria N {ul, vl u2, 2}, T N {ul, vl u2,v2}). Clis acut of G, = ({ul, v}, u2, v2},

cr) YerYer Ye cr ¥cr ey Ve
{el,e?}). Let C.. opt D€ @ maximum cut of G..

Due to Lemma |Crazl = 1CGial = |C% opt| — |Cel. Consequently |Cf..,[ = 114 —
(1C% optl = 1C]). In G" exactly |C| edges are covered by C’ on the correspondmg crossing

subgraph, which is 114 — |C/, opt| = 112 fewer edges than Cj,;4 covers on G.,.

Consequently, C" is a cut of G, such that |C’| = |Cyyig| — 31(|E' — 2¢(G)) — 112¢(G). G is
the result of applying Construction to G. Due to the arguments in Theorem there
exists a cut C' of G, with |C| > k, = |C'| = Y .cp 1s(G',e)| = |Cyrial — Xecr |S(G',€)| —
31(|E'| — 2¢(G)) — 112¢(G). O

To prove MAXIMUM CUT is AN'P-hard on strong grid graphs, we perform a polynomial-time
reduction from MAXIMUM CUT on cubic graphs to MAXIMUM CUT on strong grid graphs.
Recall that we defined an instance (G,k) of MAXIMUM CUT on cubic graphs for this
purpose at the start of this theorem, and constructed the strong grid graph G4 from G
in polynomial time.

Let ¢(G) be the number of crossings in G.

Let k' = k+ Y .cp|s(G',e)|+31(|E'| — 2¢(G)) + 112¢(G). We define an instance (Ggrig, k')
of MAXIMUM CUT on strong grid graphs.

If (G, k) is a YES-instance, (Ggriq, k') is a YEs-instance, due to Claim

If (G, k) is a NO-instance, (Ggrig, k') is a NO-instance. If (Ggriq, k') were a YES-instance,
(G, k) would also be a YEs-instance due to Claim [5.17|

Hence (G, k) is a YES-instance if and only if (Ggpiq, k') is a YES-instance. O
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6. Vertex Coloring

Let G = (V, E) be a graph, and k € N.

A function ¢: V — (1,...,k), such that Ve = (u,v) € E : ¢(u) # c(v), is called a k-vertez-
coloring (or simply k-coloring) of G. G is called k-colorable if it has a k-coloring. The
chromatic number of G, X(G), is the smallest k such that G is k-colorable.

The k-COLORABILITY problem, with a constant k € N, is defined as follows: Given a graph
G = (V, E), it should be decided whether X(G) < k. If X(G) < k, G is a YES-instance, else
it is a NO-instance.

All partial strong grids are 4-colorable, so 4-COLORABILITY is trivial on subgraphs of strong
grids (see Observation . While 2-COLORABILITY is simple to solve in polynomial time
in general (see Observation , 3-COLORABILITY is N'P-complete on planar graphs of
maximum degree 4 [GJS76]. On partial grids and grid graphs, 3-COLORABILITY is trivial,
as these graphs are bipartite.

Hence 3-COLORABILITY on strong grid graphs and partial strong grids are the focus of this
chapter.
Observation 6.1. Let G = (V, E) be a partial strong grid. Then G is 4-colorable.

Proof. We define a 4-coloring ¢ : V' — {1,2,3,4}. For every v € V, consider its grid
coordinates vz, vy.

e If v, mod 2 = v, mod 2 =0, let ¢(v) = 1.

o If v, mod 2 =v, mod 2 =1, let ¢(v) = 2.

o If v, mod 2 =0 and vy mod 2 =1, let ¢(v) = 3.
o Else, let ¢(v) = 4.

No adjacent vertices in V' are assigned the same color by ¢, hence c is a 4-coloring of G. [
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6. Vertex Coloring

() Ge (b) G35,

Figure 6.1: G3,. and G3,., with example 3-colorings

Observation 6.2. Let G = (V, E) be a graph. It can be decided in polynomial time whether
G is 2-colorable.

Proof. Let vg € V be a vertex, we set ¢(vg) = 1. We perform a Breadth First Search (BFS)
starting from vg. We set ¢(v1) = 2 for all v; € V with odd distance to vg, and c(ve) = 1
for all v9 € V with even distance to vg. If, after completion of the BFS, there exist two
adjacent vertices v,v" with ¢(v) = ¢(v’), we can conclude that G is not 2-colorable. Else, ¢
is a 2-coloring of G. O

The upcoming observation discusses two strong grid graphs, whose structure ensures that
specific pairs of vertices within them cannot be assigned different colors in any 3-coloring.
We later intend to utilize a combination of these graphs, to replace the edges of a given
planar graph G with maximum degree 4. The resulting graph G3,. will be structured in a
way, that ensures vertices which were adjacent in GG are assigned different colors in any
3-coloring of Gsye.

Observation 6.3. In any 3-coloring c1 of the strong grid graph G3,. = (Vape, E3vc) depicted
in Figure the left and right vertices vy, v, receive the same color, c1(vy) = c1(vy).

Similarly, the central vertexr v. and the top-left, top-right, bottom-left and bottom-right
vertices Vpw, Une, Usw, Use Of G%vc, labeled in Figure are all assigned the same color by
any 3-coloring ca of G%,...

Proof. Without loss of generality assume c1(vy) = 1. vy has two neighbors vy, vy # vy,
and there exists an edge (v1,v2) € E3y.. Hence we can assume without loss of generality
c1(v1) = 2,¢1(v2) = 3. Since vy, vy are also neighbors of v, ¢1(v,) = 1 = ¢1(vy).

G%,. contains multiple graphs isomorphic to G3,. as subgraphs. Analogous arguments
applied to these subgraphs show v, Vnw, Une, Usw, Use all receive the same color in any
3-coloring ¢y of G3,,.. 0

Construction 6.4. Let G = (V, E) be a planar graph of maximum degree 4. We aim to
construct a graph Gsy,e, which is a strong grid graph, and is 3-colorable if and only if G is
3-colorable.

We use Construction to obtain a strong grid graph Gpgriq, which is a subdivision
of G. We transform Gypgria t0 Glyppria = (Vi grids E;trgmd) by carrying out 3 resolution
doubling operations (Observation ) on Girgrig- This ensures there is sufficient space for

the upcoming modifications. It follows that Ve € Egygrid @ |S(G, grid> e)=T1.
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Figure 6.3: Replacement subgraphs G¢, and G¢,,

Observe a path P between two original vertices 01,02 € V in Girgrid, that does not contain
another original vertex o’ ¢ {o1,02}. P is the subdivision of an edge in E. For every such
path in Ggrig, we perform the following modifications in G7,. grids tO obtain the desired
graph G3yc:

Let e1 = (v1,01) € Estrgria be the edge on P adjacent to the original vertex o1 € V. Let G,
be the subgraph of G, ;4 induced by {v1,01} U s(Gy,gpias€1)- Let ((v1)z, (v1)y), ((01)s,
(01)y) be the grid coordinates of v; and o;. Since e; is diagonal by construction, (v1), #
(01)z, (V1)y # (01)y. Let vy € {v1,01} be the vertex with the smaller z-coordinate,
Usy € {v1,01} is the other vertex. If v., also has a smaller y-coordinate than vs,, we
replace G, with the graph G, in G’ ... Else, G, is replaced with the graph G, in

strgri

Gltrgria G Gre are depicted in Figure

Let eq = (uq,vq) # €1 be a diagonal edge on P, and G, the subgraph of G/strgrid induced
by {ua,va} U s(Gpgriar €a)- Let (ua)w, (ua)y), (Va)z, (va)y) be the grid coordinates of ug
and vg, without loss of generality assume (uq)s < (vq)z. If (uq)y < (va)y, we replace G,
with the graph G¢, in G’strgnd. Else we replace it with the graph G¢,. G4, and G¢, are

depicted in Figure
/

Let eng = (Und, vnd) be a non-diagonal edge on P, and Ge,, the subgraph of G{,. ..,

induced by {und, vna}t U s(Glypgriar €nd)- Let ((una)as (Und)y)s ((Vnd)z, (Vnd)y) be the grid
coordinates of u,q and vyg. If (upg)z = (vna)z, wWe replace G, , with the graph Gy, in

€nd
!
Gstrgrid'
Else, we replace it with one of the graphs G}W, G,Qwr, G%OT, G%OT. The case distinction is

made to minimize the number of problematic induced edges between replacement subgraphs
that are placed next to each other. Let e,q = (Undi, Und), €ndr = (Und, Undr) be the edges
adjacent to epq on P. Let ((undr)zs (Undt)y)s ((Vndr)a, (Undr)y) be the grid coordinates of
Undl, Undr- We assume without loss of generality (ungi)e < (Und)z < (Vnd)z < (Vndr)z-
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Figure 6.4: Replacement subgraphs Guer, G}, G2y Gy G

hor» ~ hor> ~" hor

Und)y, Ge,, is replaced with one of Gj,.,G7 -

y» Ge,, 1s replaced with one of G?Lm,, G%or.

hor?

(tuna)
(tna)
(Und)y, Ge,, is replaced with one of G} ,G3_ .
(Vna)

o If Und)y, Ge,, is replaced with one of G? G}

hor’ ~ hor*

Let x = min; € {1,2,3,4} such that G}'w?ﬂ fulfills the conditions listed above. There always
exists at least one ¢ € {1,2,3,4} such that Gﬁm fulfills all conditions. We replace G,
with G7 .. Guer, G}LOT, G? .G3 Gt are shown in Figure

hor» ~ hor> ~ hor

By performing all the discussed subgraph replacements we obtain the result of the trans-
formation, Gsu.. In general, it is possible that edges are induced between replacement
subgraphs in Gy, or that two replacement subgraphs have more than one vertex in
common. These situations will be addressed in Lemma

The number of paths between two original vertices 01,02 € V' in Grgrig, that do not
contain another original vertex o' ¢ {o1,02}, is linear in |[E| < n?. The length of the
corresponding paths in thrgm-d is constant, since for each edge in F, only a constant
number of subdivision vertices is introduced during the construction of G, grid- Hence, the
number of subgraph replacements (which can be performed in constant time) necessary to
obtain G3,. is polynomial in n := |V, and G3,,. can be constructed in polynomial time in n.
Since a constant number of resolution doubling operations is carried out in the construction

of G'3ye and in Construction |V3ye| is polynomial in n.

We claim that, given a planar graph G with maximum degree 4, the result Gs,. of applying
Construction to G is 3-colorable if and only if G is 3-colorable. We first show G is
3-colorable if Gy is 3-colorable, with the upcoming two lemmas. We then prove multiple
lemmas, which we use to show G3,. is 3-colorable if G is 3-colorable.

Lemma 6.5. Let G = (V, E) be a planar graph of mazimum degree 4. Let Ggrgria =
(Vstrgrid, Estrgrid) be the strong grid graph obtained when C’onstruction is applied to G.
Let G’Strgrid be the result of carrying out 8 resolution doubling operations (Observatz'o

640

on Girgrid- Let Ggye be the strong grid graph obtained when applying Construction
G.

Let P = (Vp, Ep) be a path between two original vertices 01,02 € V' in Gsirgrid, that does not

contain another original vertex o' ¢ {o01,02}. In any 3-coloring csye of Gaye, ¢(01) # c(02).

Proof. The graphs G, in the set of replacement subgraphs Gy, from Construction

(Figures all contain several subgraphs which are isomorphic to G3,. (Figure
. Hence the same arguments from Observation can be applied to these graphs.
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For every edge e = (u,v) € Vigrid, let Ge be the graph induced by {u,v} U S(G;trgm'd7 e)
in G’StTgMd. When G, is replaced with one of G4, G4,, Gyer, G} G2 G3 G} . any
3-coloring ¢ of the resulting graph fulfills ¢(u) = c¢(v). When G, is replaced with GL,, or
Gl ., any 3-coloring ¢ of the resulting graph fulfills c(u) # c(v).

ne’

Let e = (01,02) be the edge connecting 01,02 in G. Such an edge must exist for the path
P to exist. Let k = [s(Gstrgrid, €)|, it follows that |Vp| =k 4 2. Let {o1,v1,..., vk, 02} be
the vertices in Vp, where v;,i € (1,...,k) is the subdivision vertex with distance i to o;.
Let e; = (01,v1), €x+1 = (v, 02) and {e; = (vi—1,v;) | i € {2,...,k}} be the edges in Ep.

To obtain Gz, from G, grid» the subgraph Ges of Gy, grid 18 replaced with a graph from
Grep for every edge €' € Egtrgria- Let c3ye be a 3-coloring of G'3,.. The subgraph G, of
G’Strgrid, corresponding to e; = (01,v1) € Egtrgrid, Was replaced by Gl, or GL.in G3ye, so
c30c(01) # C3ve(v1). Let e; = (u;,v;) # e1 be an edge in Ep. In G3,c the subgraph G, of

G;ﬁgm»d was replaced by a graph G, € Grep \ {GL.,, GL}, 50 c3pe(ti) = c30e(vs).

It follows that cgyc(01) # c30c(v1) = €3pc(02). O

Lemma 6.6. Let G = (V, E) be a planar graph of mazimum degree 4. Let Ggpgria be the
strong grid graph obtained by applying Constmction to G. Let Ggriad = (Vgrids Egria) be
the graph obtained when Constmction is applied to G. Let ¢’ be a 3-coloring of Ggprid.

Then there exists a 3-coloring c of G.

Proof. Let e = (u,v) € E be an edge. By construction, there exists a path P between in
u,v in Gggrgrid, which does not contain vertices v € V' with v’ ¢ {u,v}. Due to Lemma
6.5, ¢ (u) # ¢ (v). So ¢ assigns different colors to all vertices v1, vy € V that are adjacent
to each other. By setting ¢(v') = ¢/(v') for all vertices v' € V, we obtain a 3-coloring ¢ of
G. O

Lemma 6.7. Let G, = (V,E) € {Gr¢p} be one of the replacement subgraphs defined in
Construction|6.4. Let the vertices v € V' be partitioned into sets G,R,Y C V based on their
color in the corresponding Figure[6.2, 6.4. The set G contains all vertices colored green
in the figure, R contains the red vertices, and Y the yellow vertices. The set (€ {G,R,Y})
which a vertex v € V is in, is denoted by set(v).

Let ¢ : V. — {1,2,3} be a function, such that Yvi,va € V | v1 # va : c(v1) = c(v2) <~
set(v1) = set(va). Then c is a 3-coloring of G,.

Proof. All vertices v € V are colored red, yellow or green in Figure 6.2, and no adjacent
vertices have the same color. Hence c is defined for all vertices of G,., and Ve = (v1,v2) €
E : ¢(v1) # c(ve). It follows that ¢ is a 3-coloring of G,. O

Lemma 6.8. Let G = (V,E) be a planar graph of maximum degree 4, let Ggriqg =
(Vgrid, Egria) be the result of applying Construction to G. Then there are limitations to
what orientations adjacent edges in Ggriq can have.

Proof. Due to the subgraph replacements carried out during Construction near bends
and original vertices, there are no vertical and a horizontal edges adjacent to each other in
Ggrid-

Let G/ ., be the graph obtained when Construction is performed on G. To construct

gri
Ggrid, the subgraph replacements mentioned above are carried out on G’gm.d. No other

changes are made to Glgrid‘ Since neither G’g”»d, nor the replacement subgraphs for bends
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NS LN VNN

Figure 6.5: Edge transitions not possible in G4

(a) Before replacement (b) After replacement

Figure 6.6: Subgraph with bends not possible G4

and original vertices that are used during its construction, contain the combinations of
adjacent edges depicted in Figure these do not occur in Ggiq either.

Finally, two adjacent diagonal edges, which are orthogonal to each other, can only occur
when the shared vertex is an original vertex v € V.

The only diagonal vertices in Gy,;q are part of the aforementioned replacement subgraphs.
The replacement subgraph for original vertices does not contain adjacent diagonal edges
that are orthogonal to each other, and none of the diagonal edges in that subgraph have
neighbors outside of the subgraph in Gg.;q. For the replacement subgraphs of orthogonal
bends to result in adjacent and orthogonal diagonal edges, two vertices where a bend occurs
would need to be just two grid units apart (see Figure . Due to the resolution doubling
operations performed before bend subgraphs are replaced, this is never the case. O

Recall that we want to show that, given a planar graph G with maximum degree 4, the
result Gs,. of applying Construction to G is 3-colorable if and only if G is 3-colorable.
In order to prove that Gs,. is 3-colorable if G is 3-colorable, we first want to show there
are several options to 3-color specific subgraphs of G3,.. We consider modified path graphs
Ps,¢, which are subgraphs of G3,., that correspond to subdivisions of edges in E. We show
that, for any fixed colors assigned to the endpoints of Ps,., we are still free to assign either
of the two valid colors to the non-diagonal neighbors of these endpoints in a 3-coloring of
PSvc-

Lemma 6.9. Let G = (V,E) be a planar graph of mazimum degree 4, and Ggirgria =

(Vistrgrid> Estrgria) the result of applying Construction to G. Let Gy prig = (Vg

rgrid’
By gria) be the result of performing 3 resolution doubling operations (Observatz’on on
Gstrgm'd-

Let P = (Vp, Ep) be a path between two original vertices 01,03 € V in Gstrgrid, which does
not contain other original vertices v' € V '\ {01,02}. P is the subdivision of an edge e € E.
Let Psye = (Vaye, Esuc) be the graph obtained when Constmction is applied to P.

Let 01 have degree one and oo have degree two in Psye.

Let vy, € Vs, be the neighbor of oa in Psy. which it is not diagonal to. Let vy, € V3, be
the single neighbor of o1 in Psye. Let vy, # o1 be the non-diagonal neighbor of vy, .

Then there exists a 3-coloring ¢ of Psy. for every possible combination of c¢(v),,) € {1,2,3}\

{c(02)} and c(vn,) € {1,2,3} \ {c(o2)}.

Proof. For the path P to exist, there must be an edge e = (01,02) € E. Let k =
|5(Gstrgrid, €)|, it follows that P has length k + 1.
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Figure 6.7: Examples of GF*1 G!

Let c(o1) = c1,¢(02) = c2, with ¢1,c2 € {1,2,3}. Let ¢35 € {1,2,3} \ {c1,c2} be the
remaining color.

Let Grep be the set of replacement subgraphs from Construction Let GF+1 ¢ Grep \
{GL.,,GL.} be the replacement subgraph of P, that contains 0. By construction, exactly
one such subgraph exists. Let v]]? be the vertex with the greatest distance to o in GF*1.
Let vﬁjl = vn2 be the non-diagonal neighbor of 0y in G¥*!, and vF+!

neighbor of v far D GF*1. An example of this is shown in Figure

Let G = (VY EY € {GL,,,GL.} (Figure be the subgraph of Ps,., which contains
1. By construction, exactly one such subgraph exists. Let v} be the vertex in G' with

the non-diagonal

the greatest distance to o1. Let v} , be the non-diagonal neighbor of vk Far An example is
illustrated in Figure [6.7bl

We show there exist two different 3-colorings c¢jq1,¢;,,, of G k1 with cpyq (v k‘H) =
Crt1(vp k+ ), and Ck+1( kH) # Ck+1<”k+1)

We then show there exist two different 3-colorings c1_j, ¢} _; of Psye \ G*t1 such that
c1-k(v),,) = ¢(o1) = c1 and ¢|_;(vy,,) = cs.

Given these colorings, we can select a coloring from ¢j_, ¢|_, to color the vertices in
V\ VE+L and a coloring from cg 1, ¢}, 41 to color the vertices in VA4l When we ensure the
coloring for V¥*1 assigns a color to v’}ar that is not shared by its neighbors in V' \ V1
we receive a 3-coloring of Psy..

Depending on the choice of ¢1_,¢}_; and cgy1, ¢}, 1, We can obtain 4 possible 3-colorings
c of Py, one for every possible combination of c(vy,,) € {1,2,3} \ {c(02)} and c(vn,) €

{17 2, 3} \ {6(02)}'

First, we define a 3-coloring ¢1_j, : V' \ VAT — {1,2,3} with ¢;_x(v},)) = c1.

For all vertices v1 € V1, which have the same color (green, red, yellow) as o; in Figure
let ¢1_g(vi) = ¢1. This includes v),,

Let v}m be the vertex with the greatest distance to o in G1, let cl_k(v}w) = cp. For all
vs € V! which have the same color as U}ar in Figure let ¢;_p(vd) = ca.

For all vertices v € V! which do not have the same color as o1, v}m, in Figure let
cl,k(vé) = ¢3. Due to Lemma c1_) is a 3-coloring of G'.

A 3-coloring ¢} _,. of G with ¢i_p(vy,,) = c3 can be obtained using analogous arguments
using the alternative coloring of G* deplcted in Figure instead of the one in Figure

We now expand ¢;_j, to be a 3-coloring of V' \ Vit

Consider the subgraph G? = (V2 , E?) € Grep of P3y, with v}ar €VZand o) ¢ V2. G2 is
illustrated in one of the Figures . For all v? € V2, which have the same color as
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Figure 6.8: Alternative 3-colorings of G._ and G
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Figure 6.9: Example induced edge between G, G2

vk in the Figure showing G2, let ¢;_j(v}) = cp. This includes the vertex v% = with the
far g g 1 far
greatest distance to fu}ar in G2.

If v}ar has a neighbor n; in G and ny in G2, such that v}ar is not diagonal to ni,no, but
ni,ne are diagonal to each other, an edge is induced between ni,ns in Ps,.. No edges
other than e, = (n1,n2) are induced between V!, V2 in Pj,..

U}ar has exactly one neighbor v%l it is not diagonal to in G2. Similarly vjzcm has exactly one

1

non-diagonal neighbor v?LQ in G2. In G, v}m, has a neighbor v, it is not diagonal to. An

na
edge can only be induced between v,lm and v2 ,» an example of this is shown in Figure

Let i = max{z € {1,2,3}|c; # c1-k(v,) A co # cl_k(v}m)}, and let ¢1_(v2,) = ¢;. This
ensures v2 , Teceives a different color from v}m and v}ar. Since ¢j_y, is based on the coloring

in Figure on G, cl_k(v}u) = ¢ holds, which results in i = 3.

For all vertices v3 € V2 with the same color as v in the figure showing G* (Figure or
, let ¢;_1(v3) = ¢;. This includes v2_, since in all colorings of graphs in Figures 6.4

ng’
vy, and v,%z have the same color.

Let ¢ be the color in {1,2,3}\ {cl,k(v}ar), c1—k(v3,)}. For all vertices v3 € V2, that have
a different color than v]lcar, v2 in the figure of G2, let ¢;_x(v3) = c.

Recall that it is not possible for adjacent diagonal edges in Ggriq to be orthogonal to each
other, unless they share an endpoint in an original vertex v € V, due to Lemma [6.8, Lemma
also states that certain orientations of adjacent diagonal and vertical or horizontal
edges are impossible. As a consequence of this, and due to the case distinction made in
Construction between the 4 variants G,lwr, G%OT, G%OT, war of graphs corresponding to
horizontal edges, two subgraphs G, G**! (i € {1,...,k}) of P, share exactly one vertex.
Any combinations of graphs in G, that would result in these graphs sharing more than

one vertex when placed adjacent to each other, do not occur in Psy..

Since cq_j, assigns different colors to the endpoints of any edges induced between GG; and
G9 in Psye, and due to Lemma ci_k is a 3-coloring of G' U G2.
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Figure 6.10: Example induced edge between Ps,. \ G**! and GF*!

The same arguments as for the coloring of G2 can be repeated for the remaining k — 1
subgraphs G* € Gyep,i € {3,...,k}, where G* contains v};ﬁ but not v};? . This results

+1

+ = 02, this is consistent with c(o2) = co. The

in cl,k(v}ar) = ¢g for all 7, and since v’;ﬁ
resulting function ¢j_j, is a 3-coloring of P3¢ \ elany

For all i € {1,...,k—1}, the color ¢;_x (v}, ) in G* is different from ¢;_j(v};!) in G**1, and
c1—k(v))), 1k (v5T1) # ca. Recall that ¢ (vZ ) = c3. Therefore ci_g(vF ) = c1_(vF,) =
c3 if k is even, else c;_x(vF ) = c1_x(vE,) = a1

To complete the 3-coloring ¢}, on Paye \ elan analogous arguments as for ¢;_j; can be
applied. We defined ¢|_, such that ¢}_, (vZ ) = ¢;. This results in ¢|_, (vF)) = ¢y if k is
even, else ¢j_, (vF)) = cs.

Hence we obtain two 3-colorings ci_g,c|_; of Paye \ G*™, with ¢1_p(v),,) = c(o1) #
Cllfk(v;n)'

We now consider the subgraph G¥*1 = (V*+1 EF+1) of Py .. which contains os and U]men.
We define a color assignment ¢, : V1 — {1,2,3}.

Let Ck+1(U’;ar) = ¢y, which does not result in conflict with the colorings ¢j_g, ¢}_; on Psye.

Consider the figure (Figure or which shows G¥*1. For all vertices U]f+1 which have

the same color as v’}ar in the Figure, let ¢ q(vith)

= C2.
In P53, an edge could be induced between the non-diagonal neighbor vfm of v’jar in

k+1

. k 1 N .
s in G"™1. An example of this is

Ps,c \ G¥*1, and the non-diagonal neighbor v

shown in Figure

Depending on the length of P, and whether the 3-coloring ¢;_j, or ¢}_, is used to color the
graph P, \ GF1, it is possible c(v%,) = ¢1 or ¢(vF,) = c3. Let ¢, = c(vF)), we assign a
color to v such that c1(vEF!) € {1,2,3}\ {¢2, ¢, }. This ensures that, in case an edge

(07"52, vf{j‘l) € Ej3yc is induced, ciy; assigns different colors to its endpoints.

k
of Var

For all vertices v ™1 € VF*! which have the same color as vk in the Figure of GF*1, let
i1 (V5T = ¢, Let ¢, € {1,2,3} \ {¢2, cn} be the remaining color. For all v5! € VF+1,

which do not have the same color as v}! or v, in the Figure of GF, let e (V8T = ¢

ni

Due to Lemma , Cr41 is a 3-coloring of G**1. By design, ¢y is not in conflict with a
given 3-coloring of P, \ GF*1.

Consider the non-diagonal neighbor vy, of 03 in Ps,.. An alternative 3-coloring ¢}, of
G*+1, which is also constructed to be without conflict with a given 3-coloring of Ps,.\ G**+1,
with ¢} | (Uny) 7# Cry1(vn,) exists. To show this, analogous arguments to those for the
existence of c;41 can be used, but where Figures[6.11] are used to obtain a 3-coloring

of G¥*1 instead of Figures
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Figure 6.11: Alternative 3-colorings of G¢, and G¢,,
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Figure 6.12: Alternative 3-colorings of Gyer, Gi.., G2, G5 G}

We can obtain 4 different 3-colorings ¢ of P, using one of the functions ¢j_g, ¢}, to color
vertices in Ps,. \ G**1 and one of the functions cj1, c§6+1 to color GFtL,

Depending on the choice of ¢1_j or 0/17 > and the choice of c;41 or c% 41, all combinations
of c(v),,) € {1,2,3} \ {c(02)} and ¢(vy,) € {1,2,3} \ {c(02)} can be attained. O

Lemma 6.10. Let G = (V, E) be a planar graph of mazimum degree 4, and Gsirgria =
(Vistrgrid> Estrgrid) the result of applying Construction to G. Let Gstrgmd be the result of
performing 8 resolution doubling operations (Obsematwn on Gtrgrid-

Let P = (Vp, Ep) be a path between two original vertices 01,02 € V' in Gprgria, which does
not contain other original vertices v' € V', such that v' ¢ {01,02}. Let Ps,. = (V, E) be the
graph obtained when Construction|6.4) is applied to P.

Let 01,09 both have degree two in Psye.

Let v, € Vp be the neighbor of o1 in Psy,e which it is not diagonal to, and vy, the neighbor
of 02 in Psy. which it is not diagonal to.

Then there exists a 3-coloring ¢ of Py for every possible combination of c(vy,) € {1,2,3}\

{c(01)}, and c(vy,) € {1,2,3} \ {c(02)}.

Proof. This follows from analogous arguments to those in Lemma We use the same
definitions for G!, G**! as in Lemma

The difference in this lemma is the degree of 01, which is 1 in Lemma but is 2 here. As
a consequence, we want to be able to select different colors # c(o01) for the non-diagonal
neighbor v, of o1, instead of focusing on the non-diagonal neighbor v;,, # 01 of vy, like
in Lemma

We repeat the same approach as Lemma 6.9, Showing there exist two different 3-colorings
Chi1, Cyq of GFTL with cpy1 (VEF) = cppq (vEFY), and ¢ (0EFY) # ¢y (VETY) is equiv-
alent. This is because the only dlfference between Lemma [6.9] - and this lemma is in the
structure of G'.
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There also exist two different 3-colorings ¢1_, ¢ _j, of Psye \ G*+1 such that c1-k(Vny) = 2
and ¢}_,(vn,) = c3. The existence of these two colorings can be proven using analogous
arguments to those used in Lemma where a different variation of the existence of two
different 3-colorings of P, \ G**! was proven.

By combining one of the colorings ¢j_j, ], of Psyc \ G*t1, with one of the colorings
Chit1,Cp 41 of GFt1 we can obtain a 3-coloring c¢ of GG, for every possible combination of

c(vn,) €{1,2,3}\ {c(o1)}, and c(vy,) € {1,2,3}\ {c(02)}. O

Lemma 6.11. Let G = (V, E) be a planar graph of mazimum degree 4. Let Gprgria be the
strong grid graph obtained by applying Construction to G. Let Gsye = (V3ye, Eye) be
the graph obtained when Construction |6.4] is applied to G. Let ¢ be a 3-coloring of G.

Then there exists a 3-coloring of Gsye.

Proof. For any edge e = (01,02) € E, let P, = (Vp,, Ep,) be the path between 01,05 € V
in Grgrid, which does not contain other original vertices v € V, such that v € {o01,09}.
Then UeeE Pe = Gstrgrid-

Let Ps5,, = (Vsye Epaye) be the result of applying Construction to P.. Then Gayc
contains F%,. as a subgraph, such that the vertices 01,00 € V are contained in that
subgraph.

We claim we can select 3-colorings c. of the subgraph Py, . of G3,¢, for every edge e =
(u,v) € E, that fulfill the following conditions:

o For all original vertices v € V, the chosen 3-colorings c, of all subgraphs Ps, . that
include v, fulfill c.(v) = c(v).

« Any vertices vs ¢ V shared by two subgraphs P§, ., P, receive the same color in the
3-colorings ce of P5,, and cor of P, 50 Cer(vs) = cor (vs).

o If an edge €; = (u;,v;) € E3yc is induced between subgraphs P% ., P, , such that
u; € Vi . v € Vi o then cor(u;) # cer(vi).

E3ve \ (Ueer Epsye) is exactly the set of edges induced between the subgraph P, . corre-
sponding to edges e € E. Also, U.cr VFsye = Vave- Consequently, the individual colorings
of the subgraphs P5,. = (V53,0 Epsye) (€ € E) can be combined to a full 3-coloring of
G'3ye, if they fulfill the listed conditions.

For the graph P, . corresponding to an edge e = (u,v) € E, the colors of u, v can be chosen
freely when defining a 3-coloring of Ps, ., which means the first of the conditions listed
above is fulfilled. The existence of the four different 3-colorings shown in Lemmas
implies that, once a color for u, v has been assigned, all valid combinations of colors remain
available for the neighbors of u, v.

It is possible that for adjacent edges e, e’ € E with shared endpoint v, € V, the graphs
P§, ., PS5 have a second vertex in common, if v, has degree 2 in both P§,., P§... The
second shared vertex is the vertical neighbor v/, of vs. Let ve, v be the other endpoints of
e, ¢’ respectively. An example of this is shown in Figure

In that case, we select 3-colorings of Py, ., P:,f;c that assign the same color to the shared
vertex v.,. The choice of colors for the neighbors of the other endpoints v, ver of e, € is
not constrained further due to this decision, as a consequence of Lemmas This
means the second condition listed above is also fulfilled, and there remain two options for
the color of the neighbors of endpoints # v;.
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Figure 6.14: Vertices in P%,,. and P?f;C with induced edges

Let edges e',e? € E share an endpoint vy € V, and let edges be induced between the
corresponding subgraphs Ps). = (VP3UC, EDs.) Pioe = (Vigpe Epaye) of Gape. This can
only occur if vs; has degree 1 in one of P. 3%, P52, and degree 2 in the other. Without loss
of generality let vs; have degree 1 in P. 3UC Since v, has degree 1, the subgraph in G, of
Psl. that includes vy is one of {GL,,, GL.} (Figure|6.2) by construction.

Let v, be the (diagonal) neighbor of v, in P,.. Let v, # vy be the vertex in Vigrgria N Vi,
that is closest to vg in G3ye. Analogously let v) # v, be the vertex in Vyypgrig N V.2, that is
closest to vs in Ggye. Let v& be the vertical neighbor of v.. Let va be the vertical neighbor
of vy, in Py}, and v], the vertical neighbor of vs in P52..

Then the edges e; = (v),,v,) and e}, = (v/,,v2) are induced. Therefore, to ensure the
3-coloring c., of Py}, and c, of P52, are not in conflict, ¢, (vy) & {ce, (vs), ce,(v],)}, and

Ce; (V2) = ce,(v5) has to hold. An example of this situation is illustrated in Figure

As previously discussed, Lemmas imply that the colors of vy, v], can be chosen
freely in a 3-coloring of P, or Ps2,, under the constraint that they are distinct from the
color assigned to vs. This does not affect the choice of color for v.,v” in the 3-colorings of

Psl | Ps?

3ver  3ue

It follows that for any adjacent edges e!,e? € E with shared endpoint v, € V, the graphs
P3)., P52, can be 3-colored, such that the endpoints of any edge that is induced between
them are assigned different colors by the 3-colorings of Ps,., Ps2.. This means the third
and final one of the conditions listed above is also fulfilled.

We have shown that the options to color the graph Fs, . corresponding to an edge e €
can be constrained at both ends of the path, by shared vertices or induced edges with
other graphs P%.., P5.. (¢, e” E E\ {e}). Even when that is the case, due to the previous
arguments and Lemmas a 3-coloring c, of P5,  exists that assigns the same colors
to shared vertices as given 3- colorlngs of Pg;c, P3U/C, and c. assigns different colors to the
endpoints of induced edges between P%, . and P, ., P5...

Hence we can select 3-colorings ¢, of the subgraph P, . for every edge e = (u,v) € E, such
that the three conditions listed above are fulfilled. We can construct a complete 3-coloring
of G'ayc by combining the colorings of the subgraphs P, . for all edges e € E. O
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Theorem 6.12. 3-COLORABILITY is N'P-complete on strong grid graphs.

Proof. Since 3-COLORABILITY on arbitrary graphs is NP-complete, it is clear that 3-
COLORABILITY on strong grid graphs is in N'P.

To prove N'P-hardness, we perform a polynomial-time reduction from 3-COLORABILITY on
planar graphs of maximum degree 4 to 3-COLORABILITY on strong grid graphs.

Let G be a planar graph of maximum degree 4. Let Gg.;q be the graph obtained when
Construction [6.4) is applied to G.

Due to Lemmas G is 3-colorable if and only if G4 is 3-colorable.

When we consider G an instance of 3-COLORABILITY on planar graphs of maximum degree
4, and Ggiq an instance of 3-COLORABILITY on strong grid graphs, G is a YES-instance if
and only if Gy, is a YES-instance. Since G' can be transformed to Gg.q in polynomial
time, it follows that 3-COLORABILITY on strong grid graphs is N'P-complete. O
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7. Edge Coloring

Let G = (V, E) be a graph, and k € N.
For a vertex v € V, let e(v) denote the set {e = (vi,v2) € E | v € {v1,v2}}.

A function ¢: E — (1,..., k), such that for all vertices v € V, there do not exist two edges
e1, ez € e(v) with c(ey) = c(e2), is called a k-edge-coloring of G. In other words, no two
adjacent edges are assigned the same color by c.

G is called k-edge-colorable if it has a k-edge-coloring. The chromatic index of G, X'(G), is
the smallest £ such that G is k-edge-colorable.

Vizing’s theorem states, for any graph G, that X'(G) € {A(G), A(G)+1} . Graphs G
with X'(G1) = A(G1) are referred to as Class I graphs, graphs G with X'(G2) = A(G) + 1
are referred to as Class II graphs.

7.1 3-Edge-Colorability

The k-EDGE-COLORABILITY problem, with a constant k € N, is defined as follows: Given
a graph G = (V, E), it should be decided whether X'(G) < k. If X'(G) < k, G is a
YES-instance, else it is a NO-instance.

2-EDGE-COLORABILITY can be solved in polynomial time on arbitrary graphs. All graphs
G1 with A(G1) =1 are Class I, and any graph Gy with A(G2) = 2 is 2-edge-colorable if
and only if it does not contain an odd cycle.

3-EDGE-COLORABILITY is N'P-complete on cubic graphs [Hol81]. The computational
complexity of 3-EDGE-COLORABILITY on planar graphs of maximum degree 3 is open

GJU24].

Observation 7.1. Consider the graph Gs = (V, E5) depicted in Figure|7.1. Any 3-edge-
coloring ¢ of G4 assigns the same color to the edges e1, eq labeled in the figure.

Proof. Let e; = (u1,v1), without loss of generality, assume c(e;) = 1. Let €} and €] be the
two edges adjacent to e;. Then c(e) # c(ef), and c(e}), c(ef) € {2, 3}.

Let the vertices v',v"” € Vi \ {u1,v1} be endpoints of €] and €] respectively. The edge
e/ = (v/,v") in G; is adjacent to €], e}, hence c(e') = c(e1) = 1.
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7. Edge Coloring

Figure 7.1: 3-edge-coloring of G

A AN

Figure 7.2: G2

Let €}, € be the edges adjacent to ea. Then c(eh) # c(eh), and since €b, €5 are both adjacent
to €, c(eh), c(ef) € {2,3}.

Consequently, c(e2) =1 = ¢(eq). O

Definition 7.2. A number k € N of instances of the graph G = (V, E;) (Observation|7.1)
can be connected together to form a "chain" G¥ = (VF, E¥) of k instances of G graphs.
We define G¥ inductively:

The graph G5 = G} has two edges adjacent to degree 1 vertices. We can chain two G
graphs together by letting them share one of these edges. The resulting graph G2, shown
in Figure[7.2] again has two edges adjacent to degree one vertices.

Additional G4 graphs can be attached to a chain G¢ of ¢ > 2 instances of G graphs in the
same way, to obtain the chain GS*! of ¢ + 1 instances of G graphs.

We call the embedding in the grid of G¥ the standard vertical embedding, if all G graphs
are embedded as shown in Figure Analogously, the standard horizontal embedding
embeds all G4 graphs as shown in Figure

Observation 7.3. Let G¥ = (V¥ E¥) be a chain of k G4 graphs . The two edges
e, e € E¥ which are adjacent to degree one vertices, fulfill c(e) = c(e') in any 3-edge-coloring
c of Gk.

Proof. G* contains the graph G as a subgraph multiple times. Due to Observation
the edges adjacent to degree 1 vertices in the graph G5 both receive the same color in
any 3-edge-coloring ¢, of G. Hence, these edges also both receive the same color in any
3-edge-coloring ¢ of G¥.

When this argument is applied to all Gy subgraphs in G¥, it follows that c(e) = c(e’), where
e,e € EF are the two edges adjacent to degree 1 vertices in G¥. O

>
| A

(a) Standard vertical embedding (b) Standard horizontal embedding

Figure 7.3: Standard embeddings of G,
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(a) Before replacement (b) Replacement graph G,

Figure 7.4: Replacement of subgraph near v € V

Figure 7.5: Replacement of subgraphs around degree 4 vertex vy € V'

Theorem 7.4. 3-EDGE-COLORABILITY is N'P-complete on partial strong grids.

Proof. Let G = (V, E) be a cubic graph. We construct the partial strong grid Gse. =
(V3ee, E3ec) from G as follows:

We obtain a partial grid G,.;¢ by applying Construction to G. Let G;”.d be the result
of performing 5 resolution doubling operations (Observation 2.3) on Ggpig.

!

The following subgraph replacements are carried out on G ,; to obtain a new graph Gi,,:

Let e = (u,v) € E be an edge in G. In G;rid, the subgraph induced by the vertices in

s( ’gm»d, e) U {u} with distance < 6 to u, including u, is replaced by the graph G, (Figure
. The same replacement is carried out for v. We rotate G, appropriately, as shown
in Figure such that there are no edges induced between the 4 replacement subgraphs
G, around a degree 4 vertex v4. Then no edges are induced between these replacement

subgraphs near lower degree vertices either.

If G is non-planar, let e, ea be two edges that cross each other in the given embedding of
G. In G’gm-d, there are no crossings, since it was obtained by applying Construction [2.2] to
G, and subsequently carrying out resolution doubling operations. Instead, the subgraph
in G, corresponding to a crossing in G will be the graph G shown in Figure We
replace all subgraphs in G’g”»d corresponding to crossings in G with the graph G, (Figure

7.61).

/

Finally, let v, be a vertex at a bend in GG grid- We replace the subgraph in G
the vertices with distance < 3 to v, (including vp), with Gy (Figure [7.7).

5ec 18 the result of carrying out the subgraph replacements described above on G;m‘d'

In Gf%,,, subgraphs around original vertices and bends, and subgraphs corresponding to
crossings in G, have been replaced with strong grid graphs, whose structure makes the
upcoming lemmas and theorem possible. There are paths in G%,. between these replacement
subgraphs, which still need to be transformed to obtain the desired graph Gsec.

i
gri

4 induced by

Let Gc = (Vc, Ec) be the subgraph of Gf,, which is not part of any of the replacement

subgraphs Gy, G.,G,. G consists of a set of disconnected paths. We carry out the
following subgraph replacements in G%.. on these paths to obtain Gse..
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(a) Subgraph G’, corresponding to crossing in (b) Replacement graph G,
G .
grid

Figure 7.6: Replacement of crossing subgraph

Uy _/ i
74

(a) Before replacement (b) Replacement graph Gy,

Figure 7.7: Replacement of bend subgraph

Let P = (Vp, Ep) be a path in G. Due to the 5 resolution doubling operations performed
on Ggrig to obtain G;m-d, crossings, bends and original vertices in G;Md will be at least 32
units apart.

The distance to a crossing is measured from the vertex in Gg.;q that was placed at the
intersection of the two crossing edges. The distance to a bend is measured from the
vertex with both a horizontal and vertical edge adjacent to it. The largest distance a
replacement subgraph has to the original vertex, bend, or crossing it replaced, is 6 vertices.
An additional 2 edges have one endpoint in Vp and one in V' \ V-, and are therefore not
part of P. It follows that P has a length of at least 32 — 2 x 6 — 2 = 18. Along P, either
all edges are horizontal, or all edges are vertical.

Assume P is a horizontal path, let vy be the vertex in Vp with the lowest xz-coordinate.

If the number of vertices in Vp is divisible by 3, let k = |Vp|/3. In that case we replace P
with a modified chain G¥ of k instances of G graphs (see Observation , where the two
degree one vertices and their adjacent edges are removed. Recall that there are 2 edges
with exactly one endpoint in Vp in G%,.. The degree 2 vertices at the ends of the modified
G’; chain replace the endpoints in Vp of these 2 edges. We use the standard horizontal
embedding of G*, described in Observation An example of such a modified chain, for
k = 3, is depicted in Figure [7.8bl

If |Vp| mod 3 = 1, consider the subgraph Gi9 = (Vio, F10) of P, induced by the vertices
with distance < 10 to v,. We replace Gy with the graph Gy, shown in Figure [7.9al Then
the number of vertices in P\ Gy is divisible by 3, let ky = |Vp \ Vig|/3. P\ G is replaced
with a chain G’;Q of ko instances of G5 graphs, using the standard horizontal embedding.

If |Vp| mod 3 = 2, consider the subgraph G11 = (Vi1, E11) of P, induced by the vertices
with distance < 11 to vy. We replace G111 with Go (Figure . Then the number of
vertices in P\ G1; is divisible by 3, let k3 = |Vp \ V11|/3. P\ G11 is replaced with a chain
G*3 of k3 instances of G graphs, using the standard horizontal embedding.

A AN A SN

(a) G3 (b) G2, removed degree 1 vertices

Figure 7.8: Chain of three G, graphs
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Figure 7.9: Replacement graphs for different path lengths

Analogous modifications can be performed on a vertical path: a vertical path is simply a
horizontal path rotated by 90 degrees. When chains G¥ are used in this case, we use the
standard vertical embedding we defined in Observation

We perform the discussed modifications on every path P in G. The resulting graph Gsec
connects all vertices in V' via graphs that are isomorphic to chains of G4 graphs, where the
degree 1 vertices were not removed. This follows from the structure of the replacement
subgraphs in G\ G¢. For every edge e = (u,v) € E, there is exactly one chain of G4 graphs
in Gse. which contains u,v but no other original vertices in V' \ {u,v}. The union of the
G5 chains corresponding to e, across all edges e € E, makes up all of Ggec.

Since G chains, as well as the graphs G,, G, are all strong grid graphs, Gse. is a strong
grid graph if G is planar.

The number of crossings, bends and original vertices in G;md is polynomial in n := |V].
The number of paths in G¢ is linear in |E|. Since subgraph replacements can also be
carried out in polynomial time, it follows that the construction of Gs¢. can be performed
in polynomial time in n. The number of resolution doubling operations carried out in the
construction of G3.., and in Construction is constant, so |V3e| is polynomial in n.

Claim 7.5. Let ¢ be a 3-edge-coloring of G3ec.
Then there exists a 3-edge-coloring ¢ of G.

Proof. For every edge e = (u,v) € E, let G¢ = (V€, ES) be the subgraph of Gse., which is
isomorphic to a chain of G5 graphs, such that the endpoints u, v of e have degree 1 in G¢,
and v’ € VNVE v ¢ {u,v}. Such a graph exists in Gs. by construction. Let ¢/, e” € E¢
be the edges adjacent to a degree one vertex in G¢. Due to Lemma d(e)=7(e"). We
define a color assignment ¢ : E — {1,2, 3}, such that c(e) = ¢/(¢’) for all edges e € E. We

claim that c is a 3-edge-coloring of G.
Consider two adjacent edges e; = (v1,vs), €2 = (vs,v2) € E, with shared endpoint vs € V.

G'sec contains a subgraph G = (V£ E€'), which is isomorphic to a chain of G, graphs,
such that the endpoints v1,vs of e; have degree 1 in G, and fv' € VNV v ¢ {v1,vs}.
Analogously, Gs.. also contains such a subgraph G2 = (V£2, ES?) corresponding to es.

Let €], €] € ES' be the two edges adjacent to vy or vg in G¢'. Similarly, let €5, e € ES? be
adjacent to ve or vs in G2. Let €], €5 be the edges with endpoint vs. Due to Lemma
¢(e)) = ¢(el), and ¢(eh) = ¢/(e).

Since €Y, €4 have an endpoint in common, ¢/(e) # (ef). It follows that c(e1) # c(ea).

Hence, ¢ assigns different colors to every pair of adjacent edges in F, and is therefore a
3-edge-coloring of G. O
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7. Edge Coloring

Claim 7.6. Let ¢ be a 3-edge-coloring of G. Then there exists a 3-edge-coloring ¢ of G3ee.

Proof. Let e = (u,v) € E be an edge, with c(e) = c. € {1,2,3}.
We define a color assignment ¢ : F3.. — {1,2,3} as follows:

Consider the subgraph G¢ of G3. which is isomorphic to a chain of G graphs, such that
the endpoints u,v of e have degree 1 in G¢, and v’ € VNVE: v ¢ {u,v}. Let ¢, ¢’ be
the two edges adjacent to u,v in G¢.

Let ¢/(¢/) = c.. Consider the subgraph G} of G¢, isomorphic to G (Figure 7.1), which

/

. / / . /. 1 . .
contains €’. Let e, ,e;  be the neighbors of €’ in GG;. We assign two different colors ¢y, ¢p,

from {1,2,3} \ {ce} to €}, , ¢}, respectively, let ¢ (emia) = ce. Let €2 ,e2, ¢ {e}, e}, } be
the other edges adjacent to e,;q. Let 67211 be adjacent to e;, , then 6%2 is adjacent to e, .
Let c’(e%l) € {1,2,3}\ {ce,c’(e’m)}, and c'(e%z) € {1,2,3}\ {ce,c’(eim)}. Let €2 # emiq be

the other edge adjacent to both €2 €2 | let c(e?) = c.. Then ¢ is a 3-edge-coloring of G'L.

nir "n2?

Now observe the subgraph G2 of G¢, isomorphic to G (Figure , which contains e? but
not /. We can define ¢/ on G? using the same approach as G}, resulting in a 3-edge-coloring
d of GLU G2

The same can be repeated for the remaining subgraphs of G¢, which are isomorphic
to G5 and contain an edge from the previously colored G subgraph. The result is a
3-edge-coloring ¢’ of G¢.

We define ¢’ using this approach, on the corresponding subgraphs G¢ for all edges e € E.
We claim ¢’ is a 3-edge-coloring of G3ec.

It is only necessary to show that, for two edges €1, es € E that are adjacent to each other in
G, with shared endpoint vs € V, the two edges adjacent to v, in Gse. are assigned different
colors by ¢’. This is because the only vertex in G¢ N G is v.

For the edge €} adjacent to vs in G, ¢/(€}) = c¢(e1). For the edge €}, adjacent to vs in G2,
d(eh) = c(ea) # c(e1) = ¢/(€}). Hence, ¢ is a 3-edge-coloring on J.cp GS.

By construction, U.c g GS = Gaec, so ¢ is a 3-edge-coloring of Gsec. O

Since 3-EDGE-COLORABILITY on arbitrary graphs is N'P-complete, it is clear that 3-EDGE-
COLORABILITY on partial strong grids is in N'P.

To prove 3-EDGE-COLORABILITY is N'P-hard on partial strong grids, we perform a
polynomial-time reduction from 3-EDGE-COLORABILITY on cubic graphs to 3-EDGE-
COLORABILITY on partial strong grids. Recall that we defined the cubic graph G for
this purpose at the start of this theorem, and constructed the partial strong grid Gse. from
G in polynomial time.

Due to Claims G is 3-edge-colorable if and only if G, is 3-edge colorable.

When we consider G an instance of 3-EDGE-COLORABILITY on cubic graphs, and Gse. an
instance of 3-EDGE-COLORABILITY on partial strong grids, G is a YES-instance if and only
if G3ec is a YEs-instance. Since GG can be transformed to G3e. in polynomial time, it follows
that 3-EDGE-COLORABILITY on partial strong grids is N'P-complete. O
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7.2. Class I and II graphs

Theorem 7.7. 3-EDGE-COLORABILITY on planar graphs of maximum degree 3 is polyno-
mially reducible to 3-EDGE-COLORABILITY on strong grid graphs.

Proof. Let G = (V, E) be a planar graph of maximum degree 3. We construct a strong
grid graph G, from G, using the same method as described at the start of Theorem [7.4]
Since G contains no crossing, Gse. is a strong grid graph. Gse. can be computed from G
in polynomial time, and the number of vertices in Gse. is polynomial in |V].

Due to the Claims in Theorem [7.4, G is 3-edge-colorable if and only if Gz, is
3-edge colorable.

When we consider G an instance of 3-EDGE-COLORABILITY on planar graphs of maximum
degree 3, and Gs.. an instance of 3-EDGE-COLORABILITY on strong grid graphs, G is a
YES-instance if and only if G3e. is a YES-instance. Since GG can be transformed to Gge.
in polynomial time, it follows that 3-EDGE-COLORABILITY on planar graphs of maximum
degree 3 is polynomially reducible to 3-EDGE-COLORABILITY on strong grid graphs. [

Theorem 7.8. 3-EDGE-COLORABILITY on strong grid graphs is polynomially reducible to
3-EDGE-COLORABILITY on planar graphs of mazimum degree 3.

Proof. Graphs with a maximum degree greater than 3 are not 3-edge-colorable, those with
maximum degree less than 3 are always 3-edge-colorable. We therefore consider strong grid
graphs of maximum degree 3.

Any crossing in a strong grid graph induces a Ky. A K4 is 3-regular, so no additional edges
can be adjacent to it in a strong grid graph of maximum degree 3. Since a Ky is a planar
graph, it follows that all strong grid graphs with maximum degree 3 are planar.

As a consequence, the polynomial-time reduction from 3-EDGE-COLORABILITY on strong
grid graphs to 3-EDGE-COLORABILITY on planar graphs of maximum degree 3 is trivial,
since strong grid graphs with maximum degree 3 are a subset of planar graphs with
maximum degree 3.

O]

7.2 Class I and II graphs

In this chapter we discuss whether there exist Class II strong grid graphs and partial strong
grids with maximum degree k for each k € {1,...,8}.

For subgraphs of strong grids G with A(G) € {1, 2} this is trivial. All graphs of maximum
degree 1 are Class I. A simple example of a Class II strong grid graph, with maximum
degree 2, is a cycle with 3 vertices.

Theorem 7.9. There exist strong grid graphs G; with A(G;) = 3, which are Class II.

Proof. Consider the graph G5 in Figure G'3 contains subgraphs isomorphic to the
graph G (Figure multiple times. By applying Observation to these subgraphs,
we can conclude that the edges colored red in Figure are all assigned the same color
in any 3-edge-coloring of G3. Since two of these edges share an endpoint, G3 is not
3-edge-colorable. O
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7. Edge Coloring

Figure 7.10: Class II strong grid graph G35, A(G3) = 3

Figure 7.11: Class II partial strong grid G4, A(G4) =4

Observation 7.10. In a k-edge-coloring ¢ of the graph G = (V, E), the set of edges which
are assigned a color ¢; € {1,...,k} by c is a matching of G.

If G is k-regular, this matching is a perfect matching.
Proof. Since no two edges which receive the same color in the edge-coloring ¢ are adjacent,
the set of edges which receive the color ¢; is a matching of G.

If G is k-regular, each vertex has k adjacent edges, which are all assigned distinct colors by
c. Hence, there is an edge with the color ¢; adjacent to every vertex in G. It follows that
the set of edges which receive the color ¢; in the edge-coloring ¢ is a perfect matching of

G. O
Theorem 7.11. There exist partial strong grids G, with A(Gp) = 4, which are Class I1I.

Proof. Consider the graph G4 in Figure Note that this is not a strong grid graph:
edges would be induced at the orthogonal bends in G4. Gy is 4-regular, and contains an
odd number of vertices.

It is a known theorem that k-regular graphs with an odd number of vertices cannot be
k-edge-colored. This is a consequence of Observation since graphs with an odd number
of vertices do not have a perfect matching.

Hence, G4 is a Class II graph. ]

Lemma 7.12. All partial grids can be 4-edge-colored.

Proof. Let G = (V, E) be a partial grid. We construct a function c¢: E — {1,2,3,4}.

Consider a vertical edge eyer = (Uper, Vyer) € E. Let vyer be the endpoint of eye, with the
lower y-coordinate. If (vyer)y mod 2 =0, let c(eyer) = 1. Else, let c¢(eyer) = 2.
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Figure 7.12: Decomposition of strong grid into 3 partial grids

Consider a horizontal edge epor = (Uhor, Vnor) € E. Let vper be the endpoint of ep,, with
the lower z-coordinate. If (vpo), mod 2 = 0, let c(epor) = 3. Else, let ¢(epor) = 4. Then
every edge in F is assigned a color by c.

Let e1,es be two adjacent edges in GG. If one of ey, es is horizontal and one is vertical,
c(e1) # c(ez). If both are vertical, let vs be the shared endpoint of e1,es. For one of ey, es,
vs is the endpoint with the lower y-coordinate. For the other, the endpoint with the lower
y-coordinate is the vertex v, one grid unit below v,. Since (v4)y mod 2 # (vs), mod 2,
c(e1) # c(ea). If eq, es are both vertical, analogous arguments can be applied to the shared
endpoint vs of e1, ea, and the vertex one grid unit to the left of v,.

In any case c(e1) # c(ez2), hence ¢ is a 4-edge-coloring of G. O
Theorem 7.13. Let G = (V, E) be an n x m strong grid. Then G is 8-edge-colorable.

Proof. G can be decomposed into 3 edge-disjoint partial grids: one partial grid that consists
exclusively non-diagonal edges, and two partial grids that consist exclusively of diagonal
vertices. An example of this is shown in Figure

All partial grids can be 4-edge-colored (Lemma . The two diagonal partial grids do
not share any vertices or edges, so these subgraphs of G can both be edge-colored using
the same 4 colors. The remaining 4 colors can be used to 4-edge-color the non-diagonal
partial grid.

This results in an 8-edge-coloring of G. O

Partial strong grids are subgraphs of strong grids, which are 8-edge-colorable due to
Theorem Hence partial strong grids are also 8-edge-colorable. It follows that all
partial strong grids G with A(G) = 8 are Class L.

7.2.1 A-Matchings

Let G = (V, E) be a graph, with maximum degree A(G). The set A(G) C V denotes the
set of vertices in G, which have degree A(G). We refer to a matching, which covers all
vertices in A(G), as a A-matching of G.

Observation 7.14. Let G = (V, E) be a graph, which has a A-matching M C E. If
G' = (V,E\ M) is Class I, then G is Class I.

Proof. We define k := A(G), it holds that A(G') = k — 1. If G’ has a (k — 1)-edge-coloring

d:V = {1,...,k — 1}, a k-coloring ¢ of G can be obtained by setting c(e) = k for all
e€ M, and c(¢/) = (¢) for all ¢/ € E\ M. O
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ANV

Impossible adjacent edges

Figure 7.13: Possible adjacent edges at v,

A-matchings are a relevant structural property for Class I/II classification. Assume there
always exists a A-matching for partial strong grids G with maximum degree A(G) = k,
and all partial strong grids G’ with A(G’) = k — 1 are Class I. Then all partial strong grids
with maximum degree k are also Class I, due to Observation

The same statement does not hold for strong grid graphs, since removing a matching from
a strong grid graph does not necessarily result in a strong grid graph.

However, a similar statement does hold: Assume there always exists a A-matching for
strong grid graphs G with A(G) = k, and all partial strong grids G’ with A(G") =k —1
are Class I. Then all strong grid graphs with maximum degree k are also Class 1.

If all partial strong grids G with A(G) = k have a A-matching, this naturally implies all
strong grid graphs G; with A(G;) = k also have a A-matching.

The upcoming definitions and lemmas are in preparation for proving the existence of
A-matchings in partial strong grids and strong grid graphs with a specific maximum degree.

Lemma 7.15. There are no k-reqular partial strong grids for k > 5.

Proof. For the sake of contradiction, assume G = (V| E) is a k-regular partial strong grid
(k > 5). Observe the top-right vertex v, of V' (Definition . Since vpe has k > 5
edges, at least one of its neighbors in G has an z-coordinate of at least (vne), and a
y-coordinate of at least (vpe)y. This is in contradiction to vy, being the top-right vertex of
V. The situation is illustrated in Figure O

Definition 7.16. Let G = (V, E) be a graph. If|V| is even, we define G := (V, EU{(u,v) |
uF#vAu,veANG)}).

If |V| is odd, we first define the graph G' := (V U{v}, E), which has an additional isolated
vertex v ¢ V but is otherwise identical to G. Then G := G'.

Lemma 7.17. Let G = (V, E) be a graph. If there exists a perfect matching of G = (V, E),
then there exists a A-matching in G.

Proof. Let M be a perfect matching of G. By definition no edges e ¢ E, which are adjacent
to vertices in A(G), are present in E. The edges in M adjacent to vertices in A(G) are
therefore also in E. Hence, M N E is a A-matching of G. O

Theorem 7.18. Tutte-Berge formula : Let G = (V, E) be a graph, with mazimum
matching M. For any graph G', let odd(G') denote the number of connected components
with an odd number of vertices in G'.

Then |M| = § mingcy (|U| — odd(G\ U) +|V]).
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Impossible locations of v,

Figure 7.14: Possible locations of v, relative to v,

Corollary 7.19. A graph G = (V, E) has a perfect matching if and only if it holds that
mingcy (|U] — odd(G \ U)) = 0.

Proof. A perfect matching is equivalent to matching of size |V|/2.  minycy (|U|— odd(G \
U)+1|V|)=|V]|/2 < mingcv(|U| —odd(G\ U)) = 0. O

Observation 7.20. Let G = (V,E) be a graph. Let U C V. Let Ca be the set of all

connected components in G \ U, which consist exclusively of vertices from A(G).

I, VU SV Ue=(v, Boeca N(G,V.)| > |Cal, then G has a perfect matching.

Proof. Since V' \ A(G) is a clique in G, there can be at most one connected component in
G\ U that contains vertices from V \ A(G).

So, in G, there are at most |Ca|+ 1 connected components. To separate these components
from each other in G \ U, the vertices in Uo—(v, g,)ec, N(G,Ve) must be in U.

If [Uc—(v, . )ecy N(G, Vo)l > |Cal, it follows that odd(G\ U) < |U|. Then there exists no
subset U C V, such that the removal of U results in more than |U| separated components
in G\ U. Due to Corollary it follows that G has a perfect matching. O

Theorem 7.21. Let G = (V, E) be a partial strong grid, with A(G) = 7. Then G has a
A-matching.

Proof. We observe the graph G. Let U C V.

Let Ca be the set of connected components in G \ U which consist exclusively of vertices
in A(G).

Claim 7.22. The positions the top-right neighbor v,. € N(G,C) (Definition|2.1.11) of a
component C = (V, E.) € Ca can have relative to a vertex v. € V. are limited.

Figure shows the possible positions vy can have relative to a vertex v. in C.

Proof. Since all vertices in C' have degree 7, v, has a vertex in at least one of the two
locations marked as possible in Figure All other locations in the neighborhood of v,
either have a smaller y-coordinate than these two locations, or the same y-coordinate but
a smaller x-coordinate, and can therefore not be the location of v,,. O
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b4
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Figure 7.15: Impossible edges adjacent to v?

Claim 7.23. Let v}, € N(G,V}),v2, € N(G,V2) be the top-right neighbors of the two
components C1 = (V1 EY, Cy = (V2 E?) € Cp, with Oy # Oy, respectively. Then
Une 7 Upe-

Proof. Assume for the sake of contradiction v}, = v2,. We define v, := v.,. Let vl € V!

and v2 € V2 be adjacent to vpe.

From Claim we can conclude |( Dz — (02)z] =1, and (v}), = (v2),. Else vy, would
be in a locatlon relative to v! or v2, which was 1dent1ﬁed as impossible (see Figure |7 .

We assume without loss of generahty (v))e < (V2)z.

Figure highlights edges adjacent to v that cannot exist. The existence of one of these
edges would either imply vy is not the top-right neighbor of v2, or the edge would connect
v}, v2, who are part of distinct connected components So the Vertex v2 can have at most 6
adjacent edges, which is in contradiction to v? € V.2, since all vertices in Cy have degree

7. O

For every C = (V,, E.) € Ca, it holds N(G,V.) # &, due to Lemma . Since two
distinct components in C'a cannot have the same top-right neighbor, it follows that

|Ucec, N(G,C)| > |Cal.

Let Csyy = (Vsw, Esw) be the component that contains a vertex v, with the lowest y-
coordinate in Ca. Since v, has degree 7, it must be adjacent to a vertex v, € N (Vi)
with a lower y-coordinate. Claim implies that vj cannot be the top-right neighbor of
another component in Ca.

Hence |Uc—(v,,5.)ccn N(G,V,)| > |Cal]. Due to Observation it follows that G has a
perfect matching. Then, due to Lemma G has a A-matching.

Theorem 7.24. Let G = (V, E) be a strong grid graph, with A(G) = 6. Then G has a
A-matching.

Proof. We observe the graph G. Let U C V.

Let Ca be the set of connected components in G\ U which consist exclusively of vertices
in A(G).

Claim 7.25. The positions the top-right neighbor v, € N(G,V.) (Definition|2.1.11) of a
component C = (V,, E.) € Ca can have relative to a vertex v. € V. are limited.

Figure|7.16/ shows the possible positions vpe can have relative to a vertex v, in C.
Proof. Since all vertices in C' have degree 6, v. has a vertex in at least one of the three
locations marked as possible in Figure All other locations in the neighborhood of

v. have a smaller y-coordinate than these three locations, and can therefore not be the
location of the top-right neighbor of C. O
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Impossible locations of v,

Figure 7.16: Possible locations of v, relative to v,

K N AL

(a) Only v! diagonal to v, (b) Only v?2 diagonal to vy, (c) v}, v? diagonal to vy,

Figure 7.17: Possible locations of v}, v? relative to vy,

Claim 7.26. Let v., € N(G,V}),v2, € N(G,V?2) be the top-right neighbors of the two

’ne

components C1 = (V1 E}), Cy = (V1 EL) € Ca, with Cy # Cs, respectively.

Then, if vi, = v2, holds, there is a vertex vl, in N(G,V}) U N(G,V2) that is not the

top-right vertex of any component in Ca, and (v})z = (vi)z A (V))y = (vi.)y — 1.

ol 2
Proof. We define vy := v, = v,

Let v} € V! and v? € V.2 be adjacent to vye. Due to Claim there are only three possible
configurations of positions v}, v2, v, can have relative to each other. These configurations

are shown in Figure We assume without loss of generality (v}), < (v2).

Consider the configurations depicted in Figures 7.17b, Since the vertices v}, v? are
neighbors in the strong grid in both of these cases, an edge is induced between them in G.
This would connect the components C7, Cs, in contradiction to C7 # Cs.

Consider the situation shown in Figure Figure shows two edges, in the
neighborhood of v? in the strong grid, to which v? cannot have edges. If v2 had edges to
these locations, they would result in v, not being the top-right neighbor of Cs. Since v?
has degree 6, it has edges to all 6 remaining locations in its neighborhood in the strong

grid.

Consider the vertex v},

with (v],)z = (Vne)z A (U))y = (Vne)y — 1. An edge is induced
between v} and v/,. Then v/, is adjacent to both v},v2, and can therefore not have degree
6, as C1 = Cq would hold otherwise. It follows that v/, € N(G,V.!) N N(G,V2). This is

illustrated in Figure

Assume for the sake of contradiction that v}, is the top-right neighbor of a component
Cs = (V3,E3) € Ca, with C3 ¢ {C1,Cs}. Let v € V3 be adjacent to v/,. Then v2 has to
be in one of the three locations marked in Figure If v2 is in any of these locations, an

edge is induced between v3, v! 3 02

2, V., or between v2,vZ, or both. This connects the component
C3 to at least one of Cy, Cs, in contradiction to C3 ¢ {C1,Ca}.

Consequently, if v}, = v2, := vy, there is a vertex v/, in N(G, V) UN(G, V;2) that is not the
top-right neighbor in G of any component in Ca, with (v],)z = (Vne)2/A(V],)y = (Vne)y—1. O

P4
P4
4
: / \ o
Ve ¥ Edge cannot exist

Figure 7.18: Impossible edges adjacent to v
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c
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Figure 7.19: Induced edge between v}, v/,
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Figure 7.20: Possible locations of v2

Claim 7.27. It holds that | Uc—(v, g.yec, N(G, Ve)| > |Cal.

Proof. For every C = (V,, E.) € Cp, it holds N (G, V.) # &, due to Lemma
We construct a set N C Uc—(v, g)ec, N(G, Ve).

We add the top-right neighbors in G of all C € Cx to N. For each vertex v,,., which is the
top-right nelghbor in G of two components C; = (V.}, EL), Cy = (V2, E?) € Ca, we add
the vertex v/, in N(G,V.})U N(G,V2) to N, which is not the top-right neighbor in G of
another component Cs € CA Such a vertex v],, with (v],)y = (Une)y — 1, always exists in
this case, due to Claim Since (v],)y = (vne)y — 1, there exists a vertex v/, in V! U V2
with (v]), = (v])z-

Then |N| > |Cal.

Let Csyy = (Vsw, Esw) be the component that contains a vertex v, with the lowest y-
coordinate in Ca. Since vy, has degree 6, it must be adjacent to a vertex v; € N (G, Vsw)
with a lower y-coordinate. Then every vertex in a component in Ca has a greater y-
coordinate than v;. Therefore, all vertices in N have a greater y-coordinate than vj. It
follows that v ¢ N.

The set N’ = N U {v,} is a subset of Uo_v. p)ec, N(G,Ve), with [N'] > [Cal. O

It follows that |Uc—(v, 5.)ecn N(G,Ve)| > |Cal. Observation implies that G has a
perfect matching. Then, due to Lemma G has a A-matching.
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8. Conclusion

In this thesis we investigated the computational complexity of several well-known algorithmic
problems on subgraphs of grids and strong grids.

We presented a method to obtain subdivisions of arbitrary graphs of maximum degree
4, which are partial strong grids. Variations of this allowed us to obtain subdivisions of
planar graphs with maximum degree 4, which are induced subgraphs of grids or strong
grids. By modifying these subdivisions further, we were able to transform input graphs
to (induced) subgraphs of (strong) grids, which are equivalent to the original graph with
respect to one of the studied decision problems.

Using this approach, we were able to show the NP-completeness of MINIMUM VERTEX
COVER, MAXIMUM CUT and 3-COLORABILITY on strong grid graphs. We proved that
FEEDBACK VERTEX SET is AN/P-complete on grid graphs, and 3-EDGE-COLORABILITY is
NP-complete on partial strong grids. Furthermore, we found that the problem 3-EDGE-
COLORABILITY on planar graphs is polynomially equivalent to 3-EDGE-COLORABILITY on
strong grid graphs.

Further research could investigate other problems which are N'P-complete for general
graphs. Due to the simple structure of grids and strong grids, polynomial-time algorithms
may exist when the problems are restricted to variations of subgraphs of grids. For the
same reason, it may also be interesting to explore whether the runtime of problems, where
polynomial-time algorithms are known for general graphs, can be improved when restricted
to variations of subgraphs of grids.

While the focus of this thesis is on the Cartesian and strong products of two paths, there
are many other types of product graphs that could be of interest. Another graph product
operation that is commonly used is the tensor product, for example. One could also explore
products which include graphs that are more complex than paths, such as the product of a
tree and a path, or products with more than two graphs, such as 3-dimensional grids. The
strong product of a path and a graph with bounded treewidth is especially interesting, due
to the planar graph product structure theorem LDJM+2OL [UWY21]. While most problems
we considered in this thesis are already NP-complete when constrained to the simpler
product of two paths, other problems may yield different results.

Another topic explored in this thesis is the question whether subgraphs of strong grids can
be Class II, dependent on their maximum degree. We showed that strong grid graphs G;
with 2 < A(G;) < 3 can be Class II, while those with A(G;) € {1,8} are always Class L.
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8. Conclusion

Similarly, we proved partial strong grids G with 2 < A(G) < 4 can be Class II, and those
with A(G) € {1,8} are always Class I. It remains open whether there exist partial strong
grids G with A(G) € {5,6,7}, and strong grid graphs G; with A(G;) € {4,5,6,7}, which
are Class II. For the open cases of strong grid graphs G; with A(G;) € {6, 7} and partial
strong grids G with A(G) = 7, we show there always exists a A-matching. We believe
that the existence of A-matchings can also be proven in the remaining open cases. This
structural property provides some constraints for the open questions.

Further research could explore whether there exist Class II graphs in the open cases. It
may also be interesting to investigate the computational complexity of determining a
k-edge-coloring of (induced) subgraphs of strong grids, with k € {4,5,6,7}.
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