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Abstract

A graph 𝐿 is called 1-planar if 𝐿 can be drawn in the plane so that each edge crosses at
most one other edge. A 1-planar graph on 𝑀 vertices is called optimal if it has 4𝑀 → 8 edges,
the maximum possible. An improper coloring is a coloring of the vertices of a graph so that
adjacent vertices may have the same color. A variant of improper coloring is a 𝑁-clustered
coloring, in which all connected components formed by vertices of any single color contain at
most 𝑁 vertices.

We introduce TQ-embedded graphs, a subclass of 1-planar graphs for which the uncrossed
edges form a planar graph in which every face is bounded by a cycle of length 3 or 4. We
study an approach for !nding clustered 4-colorings of 1-planar graphs based on deleting and
contracting edges to obtain a planar graph and invoking the Four-Color-Theorem. For this
approach, we reduce the problem of !nding a planarization edge set, that is, a suitable set of
edges to delete and contract, from all maximal 1-planar graphs to TQ-embedded graphs.

We discuss several approaches for !nding planarization edge sets in TQ-embedded graphs
and subclasses of TQ-embedded graphs. Notably, we prove that every optimal 1-planar graph
without a separating cycle of length 4 formed by uncrossed edges admits a 10-clustered
4-coloring.

Zusammenfassung

Ein Graph 𝐿 heißt 1-planar, wenn es möglich ist, 𝐿 in der Ebene zu zeichnen, sodass jede
Kante höchstens eine andere Kante kreuzt. Ein 1-planarer Graph mit 𝑀 Knoten heißt opti-
mal 1-planar, wenn er 4𝑀 → 8 Kanten hat, die maximal mögliche Anzahl. Eine unzulässige
Färbung eines Graphen weist jedem Knoten eine Farbe zu und schließt dabei nicht aus, dass
benachbarte Knoten dieselbe Farbe erhalten. Eine Variante von unzulässigen Färbungen sind
𝑁-Cluster-Färbungen. Bei einer solchen Färbung enthält jede Zusammenhangskomponente
jedes einfarbigen Teilgraphen höchstens 𝑁 Knoten.

Wir führen den Begri" der TQ-eingebetteten Graphen ein. Dieser beschreibt eine Klasse von
1-planaren Graphen𝐿 , für die der planare Graph gebildet aus den ungekreuzten Kanten von
𝐿 ausschließlich Facetten enthält, deren Rand ein Kreis der Länge 3 oder 4 ist.

Wir untersuchen einen Ansatz zum Konstruieren von Cluster-Färbungen von 1-planaren
Graphen mit 4 Farben, der darauf basiert, Kanten zu kontrahieren und zu löschen, bis wir einen
planaren Graphen erhalten, auf den wir den Vierfarbensatz anwenden. Wir reduzieren das
Problem, für diesen Ansatz eine geeignete Menge an Kanten zum Kontrahieren und Löschen
zu !nden, von allen maximalen 1-planaren Graphen auf TQ-eingebettete Graphen.
Wir diskutieren eine Reihe von Ansätzen, um solche Kantenmengen für TQ-eingebettete

Graphen oder Unterklassen von TQ-eingebetteten Graphen zu konstruieren. Im Zuge dessen
beweisen wir, dass jeder optimal 1-planare Graph, der keinen separierenden Kreis der Länge 4,
bestehend aus ungekreuzten Kanten, enthält, eine 10-Cluster-Färbung mit 4 Farben besitzt.
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1 Introduction

One of the most famous theorems in graph theory is the Four-Color Theorem, a theorem on
planar graphs. A planar graph is a graph that can be drawn in the plane without crossing
edges. The Four-Color Theorem states that every planar graph can be colored using at most
four colors so that no two adjacent vertices have the same color. The problem !rst appeared
in the context of coloring the countries on a map and was publicly mentioned as far back as
1854 [FG54]. It took over a century, until 1976, for the Four-Color Theorem to be correctly
proven [AH77 | AHK77].
In 1965, Gerhard Ringel studied a similar coloring problem on maps [Rin65]. Formalized

using graphs, the problem is to !nd a coloring of both the vertices and the faces of a planar
graph, where a face is a connected component of the plane in a !xed planar drawing of the
graph. In the wanted coloring, no two adjacent vertices and no two adjacent faces have the
same color. Furthermore, no face has the same color as any vertex incident to it. In the study
of this coloring problem, Ringel introduced the notion of graphs that can be drawn in the
plane so that each edge crosses at most one other edge [Rin65]. This class of graphs is now
known as 1-planar graphs.
In 1984, Oleg Borodin proved a result analogous to the Four-Color Theorem for 1-planar

graphs: Every 1-planar graph can be colored using at most six colors so that no two adjacent
vertices have the same color [Bor84].

This leads us to investigate if it is possible to color every 1-planar graph using four colors
if we relax the properties of the coloring. Colorings in which adjacent vertices are permitted
to have the same color are called improper colorings. Improper colorings have previously been
studied for a multitude of graph classes. Refer to the survey by Wood for an overview of
results on improper colorings: [Woo18].
Two important types of improper colorings are clustered colorings and defective colorings.

For 𝑁 ↑ ω, a coloring of the vertices of a graph 𝐿 is called 𝑁-clustered if every color class
induces a subgraph of 𝐿 in which all connected components contain at most 𝑁 vertices. For
𝑂 ↑ ω, a coloring of the vertices of a graph𝐿 is called 𝑂-defective if every color class induces a
subgraph of𝐿 with maximum degree at most 𝑂 . Note that if𝐿 is simple, then every 𝑁-clustered
coloring of 𝐿 is also a (𝑁 → 1)-defective coloring of 𝐿 .
Our work focuses on clustered colorings. Speci!cally, we focus on clustered 4-colorings.

Our approach for !nding a clustered 4-coloring of a 1-planar graph 𝐿 is based on deleting
and contracting edges from 𝐿 to obtain a planar graph 𝐿 ↓. We call the set 𝑃 of deleted and
contracted edges a planarization edge set of 𝐿 . We obtain a proper 4-coloring of 𝐿 ↓ from the
Four-Color Theorem and propagate the colors along contracted edges to obtain a coloring of
𝐿 . The clustering of our coloring of𝐿 is bounded by the size of the connected components
formed by the edges in 𝑃 . We call the maximum size of the connected components formed
by 𝑃 the clustering of 𝑃 . Thus, the main problem lies in !nding planarization edge sets with
bounded clustering for all 1-planar graphs.
A tool we frequently use is the planar skeleton. For a 1-planar graph 𝐿 associated with a

!xed 1-planar drawing, the planar skeleton 𝑄 is the graph obtained from 𝐿 by deleting all
pairs of crossing edges.
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1 Introduction

1.1 Our Contribution

Our !rst contribution is a simple result on conditions for the existence of clustered planariza-
tion edge sets: In Theorem 3.6, we show that there exists a graph that does not admit a
2-clustered planarization edge set, in other words, a planarization edge set that is a matching.
Traditionally, when studying coloring problems for a graph class G, we consider only the

maximal graphs in G, that is, the graphs𝐿 ↑ G so that𝐿 +𝑅𝑆 ε G for all non-adjacent vertices
𝑅,𝑆 in 𝐿 . A problem with this approach for 1-planar graphs is that maximality cannot be
tested based on a !xed drawing: There exist 1-planar drawings of non-maximal 1-planar
graphs so that no edge can be added to the drawing without losing the 1-planarity of the
drawing [Suz20]. Such a drawing is called a maximal 1-planar embedding.
We contribute the introduction of a new class of 1-planar drawings for which the planar

skeleton has some stronger properties compared to maximal 1-planar embeddings. We call
that class triquadrangular embeddings or TQ-embeddings for short. A 1-planar drawing 𝑇 is
called TQ-embedding if all faces of the corresponding planar skeleton 𝑄 are bounded by a
cycle of length 3 or 4 and 𝑇 contains a pair of crossing edges within each 4-face of 𝑄 .
In Theorem 3.12, we reduce the problem of !nding planarization edge sets for maximal

1-planar drawings to !nding planarization edge sets for TQ-embeddings. Using a conceptually
similar reduction, we further reduce the problem from all TQ-embeddings to TQ-embeddings
for which the planar skeleton contains no separating triangles in Theorem 4.14.

We also contribute constructions for !nding planarization edge sets with bounded clustering
for two subclasses of TQ-embeddings. The !rst one, described in Theorem 4.24, is based on
a geometric representation of the planar skeleton. More notably, in Theorem 5.2, we prove
the existence of a 10-clustered planarization edge set for all optimal 1-planar graphs without
separating cycles of length 4 in the planar skeleton. A 1-planar graph on 𝑀 vertices is called
optimal if it has 4𝑀 → 8 edges, the maximum possible.

1.2 Related Work

Generalizations such as 1-planar graphs and other graph classes closely related to planar
graphs are known as beyond-planar graphs. The class of beyond-planar graphs most closely
related to 1-planar graphs is the class of 𝑈-planar graphs, which can be drawn in the plane so
that each edge crosses at most 𝑈 other edges [PT97 | Bek20].

Other important classes of beyond-planar graphs include 𝑈-quasi-planar graphs, which can
be drawn without 𝑈 pairwise crossing edges [PSS96 | Ack20], fan-planar graphs, which can
be drawn so that each edge only crosses edges with a common endpoint [KU22 | BG20], and
upward-planar graphs, which are directed acyclic graphs that can be drawn so that no edges
cross and all edges go strictly upward [Riv93 | GT95].

One studied aspect of beyond-planar graphs is recognition complexity. For many classes of
beyond-planar graphs, including 1-planar graphs, the recognition problem is NP-complete
[GB07 | Bin+15 | Hon20]. Other areas of study include edge density, which is linear for many
classes of beyond-planar graphs [PT97 | KU22 | Hon20], and approximation schemes for NP-
hard optimization problems such as maximum independent set or minimum vertex cover
[GB07].

There is a variety of types of improper colorings, many of them based on well-known types
of proper colorings. As a generalization of defective colorings, there are (𝑂1, ...,𝑂𝐿 )-colorings,
a variant of defective colorings in which separate defects can be speci!ed for each color [SS23].
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1.3 Outline

Other notable examples include defective and clustered variants of list colorings [Woo18],
improper acyclic colorings [BSV99], improper frugal colorings [Kan08], and distinguishing
colorings [AC96].
Analogous to proper colorings, an intensely studied aspect of improper colorings is the

minimization of the number of colors needed to color all graphs of a graph class [Woo18]. For
improper colorings, additional constraints such as bounded clustering may be given [Woo18].
Both upper and lower bounds for the number of required colors [Woo18] and algorithmic
complexity of !nding optimal colorings [Kan08] are studied.
Another algorithmic problem in the context of improper colorings is !nding a similar

proper coloring for a given improper coloring [JLR15].
Closely related to the topic of this thesis, there are several notable results on improper

colorings of 1-planar graphs. Liu and Wood prove that for all 𝑈 ↑ ω, all 𝑈-planar graphs admit
a 5-coloring with bounded clustering [LW22]. Song and Sun prove that all 1-planar graphs
with girth at least 6 admit a (1, 1, 1, 1)-coloring [SS23]. Note that all (1, 1, 1, 1)-colorings are
2-clustered. Furthermore, Chu, Sun, and Yue prove that all 1-planar graphs with girth at least
7 admit a (2, 0, 0, 0)-coloring [CSY19].

1.3 Outline

In Chapter 2, we introduce the fundamental de!nitions and lemmas we use throughout this
thesis. Sections 2.1, 2.2, and 2.3 contain well-known de!nitions and facts on colorings, planar
graphs, and 1-planar graphs. Among some well-known de!nitions, Section 2.4 contains the
formal de!nitions of TQ-embeddings and planarization edge sets. Section 2.5 describes two
types of geometric graph representations we use in our constructions.

In Chapter 3, we discuss known results on clustered colorings of 1-planar graphs and analyze
conditions for the existence of planarization edge sets. Notably, we reduce the problem of
!nding planarization edge sets to TQ-embeddings in Section 3.1.
In Chapter 4, we analyze the structure of TQ-embedded graphs and discuss various ap-

proaches for !nding planarization edge sets for TQ-embedded graphs. Sections 4.1 and 4.3
contain approaches based on contact representations of the planar skeleton. In Section 4.2, we
reduce the problem of !nding planarization edge sets to TQ-embeddings without separating
triangles in the planar skeleton.
In Chapter 5, we construct 10-clustered planarization edge sets for all optimal 1-planar

graphs without separating 4-cycles in the planar skeleton.
With Chapter 6, we conclude this thesis and give an overview of open problems for future

work.
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2 Preliminaries

We begin by formally introducing the concepts and de!nitions we use throughout this thesis.
We use the following standard notation: Let 𝐿 = (𝑉 , 𝑊) be a graph. When not explicitly

naming the vertex and edge sets in the de!nition of a graph, we reference the vertex set as
𝑉 (𝐿) and the edge set as 𝑊 (𝐿). For 𝑅,𝑆 ↑ 𝑉 , we denote an edge joining 𝑅 and 𝑆 as 𝑅𝑆 . We
denote the distance between 𝑅 and 𝑆 as dist(𝑅,𝑆). We denote the neighborhood of 𝑆 as 𝑋 (𝑆).
For𝑌 ↔ 𝑉 , we denote the subgraph of𝐿 induced by𝑌 as𝐿 [𝑌]. Let 𝑍 be a vertex, edge, vertex
subset, edge subset, or subgraph of𝐿 . Then we denote the graph obtained from𝐿 by deleting
𝑍 as 𝐿 → 𝑍 .

Let 𝑀,𝑎 ↑ ω. The names 𝑏𝑀 , 𝑐𝑀 , and 𝑃𝑀 refer to a complete graph, a cycle, and a path
on n vertices, respectively. We refer to cycles and paths of length 𝑀 as 𝑀-cycles and 𝑀-paths,
respectively. Note that 𝑃𝑀 is an (𝑀 → 1)-path. For a cycle 𝑐 and a path 𝑃 , we denote length of
𝑐 and 𝑃 as | |𝑐 | | and | |𝑃 | |, respectively. The name 𝑏𝑀,𝑁 refers to a complete bipartite graph
with bipartition sets of sizes 𝑀 and𝑎.

We state some standard de!nitions from graph theory.

Definition 2.1 (Simple Graph): Let𝐿 be an undirected graph. The graph𝐿 is called simple if
the following two properties hold.

(i) 𝐿 contains no loops, that is, no edges whose two endpoints are equal.
(ii) 𝐿 contains no multi-edges, that is, between every pair of vertices exists at most one edge.

In the following, the term graph always refers to a simple, undirected graph unless explicitly
stated otherwise.

Definition 2.2 (Matching): Let 𝐿 = (𝑉 , 𝑊) be a graph. A matching is a set𝑑 ↔ 𝑊 of edges so
that for all 𝑆 ↑ 𝑉 ,𝑑 contains at most one edge incident to 𝑆 .

Definition 2.3 (k-Connectivity): Let𝐿 = (𝑉 , 𝑊) be a graph and 𝑈 ↑ ω. The graph𝐿 is called
𝑈-connected if𝐿 has more than k vertices and all graphs obtained from 𝐿 by removing at most
𝑈 vertices are connected.

Definition 2.4 (Separator): Let 𝐿 = (𝑉 , 𝑊) be a graph. A set 𝑒 ↔ 𝑉 of vertices of 𝐿 is called a
separator if 𝐿 → 𝑒 is disconnected. If the vertices of a separator 𝑒 form a 𝑈-cycle in 𝐿 , then 𝑒 is
called a separating 𝑈-cycle. A separating 3-cycle is also called a separating triangle.

Definition 2.5 (Hamilton Cycle, Hamilton Path): Let 𝐿 be a graph. A Hamilton cycle of 𝐿
is a cycle that visits every vertex of 𝐿 . Analogously, a Hamilton path of 𝐿 is a path that visits
every vertex of 𝐿 .

A common operation on graphs is contracting an edge so its endpoints fuse.

Definition 2.6 (Edge Contraction): Let𝐿 = (𝑉 , 𝑊) be a graph and 𝑓𝑔 ↑ 𝑊. Contracting the edge
𝑓𝑔 means replacing 𝑓 and 𝑔 by a new vertex 𝑁 , the contraction vertex. In all other edges incident
to 𝑓 or 𝑔, 𝑁 replaces the endpoint 𝑓 or 𝑔, respectively. Furthermore, we de!ne edge contractions to
remove all duplicate edges created by the aforementioned procedure.
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2 Preliminaries

2.1 Colorings

Colorings are often modeled as functions assigning each vertex a color. However, for our
purposes, the following de!nition is more practical.

Definition 2.7 (Coloring): Let 𝐿 = (𝑉 , 𝑊) be a graph and 𝑈 ↑ ω. A 𝑈-coloring of G is a
partition 𝑉 = ↗⋃𝐿

𝑂=1𝑉𝑂 of the vertex set. The sets 𝑉1, ...,𝑉𝐿 are called color classes. The coloring
is called proper if every color class is an independent set. For each color class, the graph 𝐿 [𝑉𝑂]
induced by the color class is called a monochromatic subgraph. The connected components of
each monochromatic subgraph are called monochromatic components.

Note that a coloring of a graph induces colorings of all its subgraphs.
Two well-known classes of improper colorings are defective colorings and clustered colorings.

Definition 2.8 (Defective Coloring): Let𝐿 = (𝑉 , 𝑊) be a graph, 𝑈 ↑ ω,𝑂 ↑ ω0, and𝑉 = ↗⋃𝐿
𝑂=1𝑉𝑂

a 𝑈-coloring of𝐿 . The coloring is called 𝑂-defective if for all monochromatic subgraphs 𝐿 [𝑉𝑂],
the maximum degree ω(𝐿 [𝑉𝑂]) is at most 𝑂 .

Definition 2.9 (Clustered Coloring): Let 𝐿 = (𝑉 , 𝑊) be a graph, 𝑈, 𝑁 ↑ ω, and 𝑉 = ↗⋃𝐿
𝑂=1𝑉𝑂 a

𝑈-coloring of𝐿 . The coloring is called 𝑁-clustered if all of its monochromatic components contain
at most 𝑁 vertices.

A generalization of defective colorings allows separate bounds for the defect of each color
class.

Definition 2.10 ((𝑂1, ...,𝑂𝐿 )-coloring [SS23]): Let𝐿 = (𝑉 , 𝑊) be a graph, 𝑈 ↑ ω,𝑂1, ...,𝑂𝐿 ↑ ω0,
and𝑉 = ↗⋃𝐿

𝑂=1𝑉𝑂 a𝑈-coloring of𝐿 . The coloring is called (𝑂1, ...,𝑂𝐿 )-coloring if for all 𝑕 ↑ {1, ...,𝑈}
we have ω(𝐿 [𝑉𝑂]) ↘ 𝑂𝑂 .

2.2 Planar Graphs

In our work on 1-planar graphs, we often use planar graphs and their well-known structural
properties.

Definition 2.11 (Planar Graph): Let 𝐿 be a graph. The graph 𝐿 is called planar if 𝐿 can be
drawn in the plane so that no two edges cross each other. Such a drawing is called a planar
drawing or planar embedding. A planar graph associated with a !xed planar drawing is called
an embedded planar graph.

Note that formally, vertices in a drawing are represented as singular points. Analogously,
the lines representing edges are in!nitesimally thin.

In a planar drawing, the edges of a planar graph divide the plane into components. These
components are called faces.

Definition 2.12 (Face): Let𝐿 be an embedded planar graph. The connected components of ϑ2

obtained from the planar drawing of 𝐿 by removing all points covered by edges or vertices are
called faces. The number of edge-sides incident to a face is called the degree of the face. A face
of degree 𝑈 is called a 𝑈-face. Exactly one face of each planar drawing is unbounded. This face is
called the outer face. All other faces are called inner faces.

6



2.3 1-Planar Graphs

The faces of an embedded planar graph and the adjacencies between the faces can be
modeled as another graph: the dual graph.

Definition 2.13 (Dual Graph): Let 𝐿 = (𝑉 , 𝑊) be an embedded planar graph. Let 𝑖 be the set
of faces of 𝐿 . For an edge 𝑗 ↑ 𝑊 with faces 𝑘1, 𝑘2 ↑ 𝑖 on its left and right side, respectively, we
de!ne the dual edge 𝑗≃ = 𝑘1 𝑘2. The dual graph of 𝐿 is a graph 𝐿≃ = (𝑉 ≃, 𝑊≃) such that 𝑉 ≃ = 𝑖
and 𝑊≃ = {𝑗≃ | 𝑗 ↑ 𝑊}. The graph 𝐿 is called the primal graph of 𝐿≃.

Note that the dual of a simple planar graph is not necessarily simple. It is, however, always
planar.

Lemma 2.14: Let 𝐿 be an embedded planar graph. The dual graph 𝐿≃ is planar.

Proof. We obtain a planar drawing of𝐿≃ from the planar drawing of𝐿 . Draw each vertex of𝐿≃

into its corresponding face in𝐿 . Then draw each dual edge so that it crosses its corresponding
primal edge.

We remark that if the primal graph𝐿 is connected, then𝐿 is the dual of the dual graph𝐿≃,
that is, 𝐿 = (𝐿≃)≃.
The following formula describes a well-known relation between the number of vertices,

edges, and faces of connected planar graphs.

Proposition 2.15 (Euler’s Formula): Let𝐿 = (𝑉 , 𝑊) be an embedded connected planar graph.
Let 𝑖 be the set of faces of 𝐿 . Then |𝑉 | → |𝑊 | + |𝑖 | = 2.

The following bound on the number of edges in a planar graph is a consequence of Euler’s
Formula.

Proposition 2.16: If 𝐿 = (𝑉 , 𝑊) is an embedded planar graph such that |𝑉 | ⇐ 3, then the
inequality |𝑊 | ↘ 3 · |𝑉 | → 6 holds.

One of the most famous theorems on planar graphs is the Four-Color Theorem.

Theorem 2.17 (Four-Color Theorem; Appel and Haken, 1976 [AH77 | AHK77]): Every planar
graph admits a proper 4-coloring.

2.3 1-Planar Graphs

The graph class we research, 1-planar graphs, is a special case of 𝑈-planar graphs.

Definition 2.18 (𝑈-Planar Graph): Let 𝐿 = (𝑉 , 𝑊) be a graph. The graph 𝐿 is called 𝑈-planar
if𝐿 can be drawn in the plane so that each edge crosses at most 𝑈 other edges. Such a drawing is
called a 𝑈-planar drawing, 𝑈-planar embedding, or 𝑈-embedding. A 𝑈-planar graph associated
with a !xed 𝑈-planar drawing is called an embedded 𝑈-planar graph or 𝑈-embedded graph.

In the following, when considering a subgraph 𝑄 of an embedded 𝑈-planar graph 𝐿 , we
consider the drawing of 𝑄 induced by the drawing of 𝐿 .
In the following, without loss of generality, we consider only 1-planar embeddings with

the following properties [CH13]:

No edge crosses itself.

No two edges cross in multiple points.

Edges sharing an endpoint never cross.

7



2 Preliminaries

Another useful property that some 1-planar embeddings have is the following.

Definition 2.19 (Well-Embedding): Let𝐿 = (𝑉 , 𝑊) be an embedded 1-planar graph and let 𝑇
be the embedding. The embedding 𝑇 is called a well-embedding if for all 𝑗 ↑ 𝑊, it is not possible
to redraw only 𝑗 in 𝑇 to obtain a 1-planar embedding of𝐿 with fewer crossings than 𝑇 . If 𝑇 is a
well-embedding, then 𝐿 is called well-embedded.

Analogous to planar graphs, the number of edges in a 1-planar graph adheres to the
following bound.

Proposition 2.20 (see [Suz20]): If𝐿 = (𝑉 , 𝑊) is an embedded 1-planar graph such that |𝑉 | ⇐ 3,
then the inequality |𝑊 | ↘ 4 · |𝑉 | → 8 holds.

A result similar to the Four-Color Theorem on planar graphs exists for 1-planar graphs.
Borodin !rst proved it in a 1984 paper in Russian [Bor84]. In 1995, he published an updated
proof of a special case in English [Bor95].

Proposition 2.21 (Six Color Theorem; Borodin, 1984 [Bor84 | Bor95]): Every 1-planar graph
admits a proper 6-coloring.

For 1-planar graphs, multiple notions of maximality exist. We introduce three of them:
Maximal 1-embeddings, maximal 1-planar graphs, and optimal 1-planar graphs.

Definition 2.22 (Maximal 1-Embedding): Let 𝐿 be an embedded 1-planar graph and let 𝑇 be
the embedding. The embedding 𝑇 is called a maximal 1-embedding if all drawings obtained
from 𝑇 by drawing a new edge joining previously nonadjacent vertices are not 1-planar. If 𝑇 is a
maximal 1-embedding, 𝐿 is called a maximally 1-embedded graph.

Definition 2.23 (Maximal 1-Planar Graph): Let 𝐿 be a 1-planar graph. The graph 𝐿 is called
maximal 1-planar if all graphs obtained from 𝐿 by adding an edge are not 1-planar.

Definition 2.24 (Optimal 1-Planar Graph): Let 𝐿 = (𝑉 , 𝑊) be a 1-planar graph such that
|𝑉 | ⇐ 3. The graph 𝐿 is called optimal 1-planar if |𝑊 | = 4 · |𝑉 | → 8.

We remark that there are maximally 1-embedded graphs that are not maximal 1-planar and
maximal 1-planar graphs which are not optimal (see, for example, [Suz20], [CH13]).
For optimal 1-planar graphs, the following relationship between the number of vertices

and the number of crossings holds.

Proposition 2.25 (Czap and Hudák, 2013 [CH13]): Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar
graph. All 1-planar drawings of 𝐿 contain exactly |𝑉 | → 2 crossings.

Next, we show that in maximally 1-embedded graphs, for all pairs of crossing edges, the
endpoints of the crossing edges form a 4-cycle.

Lemma 2.26 (see, e.g., [Suz10]): Let 𝐿 be a 1-embedded graph. Let 𝑓𝑁 and 𝑔𝑂 be a pair of
crossing edges in 𝐿 .

If 𝐿 is maximally 1-embedded, then 𝐿 contains the edges 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓.
If 𝐿 is well-embedded, then for each of the edges 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓, if the edge exists, it is

uncrossed.

Proof. As 𝑓𝑁 and 𝑔𝑂 cross each other, no other edge crosses either of them. Thus, it is possible
to draw the edges 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓 without introducing new crossings by routing them along
𝑓𝑁,𝑔𝑂 , and the crossing point of 𝑓𝑁 and 𝑔𝑂 (see Figure 2.1). For a maximal 1-embedding, this
possibility implies the existence of 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓. For a well-embedding, this possibility
implies that all existing edges of 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓 are uncrossed.
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a b

c d
Figure 2.1: For a pair of crossing edges 𝑓𝑁 and 𝑔𝑂 , it is possible to draw the edges 𝑓𝑔,𝑔𝑁, 𝑁𝑂 ,
and 𝑂𝑓 without introducing crossings by routing them along 𝑓𝑁,𝑔𝑂 , and their crossing point.

2.4 Planarization of 1-Planar Graphs

There are several ways to obtain planar graphs from 1-planar graphs. We present three of
them: the associated planar graph, the planar skeleton, and the planarization edge set.

Definition 2.27 (Associated Planar Graph [SS23]): Let 𝐿 = (𝑉 , 𝑊) be an embedded 1-planar
graph. The associated planar graph 𝐿𝑃 is obtained from 𝐿 as follows. For each pair of crossing
edges 𝑓𝑁 and 𝑔𝑂 , add a new vertex 𝑙. Then replace 𝑓𝑁 and 𝑔𝑂 with 𝑓𝑙,𝑔𝑙, 𝑁𝑙, and 𝑂𝑙.
The vertices of 𝐿𝑃 that exist in 𝐿 are called true vertices. The vertices of 𝐿𝑃 that originate

from eliminating crossing points are called cross-vertices.

Definition 2.28 (Planar Skeleton): Let𝐿 be an embedded 1-planar graph. The embedded planar
graph obtained from 𝐿 by deleting all pairs of crossing edges is called the planar skeleton of 𝐿 .

We de!ne a subclass of embedded 1-planar graphs based on properties of the planar
skeleton: TQ-embedded graphs. TQ-embedded graphs are of particular interest, as we reduce
the problem of !nding planarization edge sets to TQ-embedded graphs in Theorem 3.12.

Definition 2.29 (TQ-Embedding): Let 𝐿 be an embedded 1-planar graph and let 𝑇 be the
embedding. The embedding 𝑇 is called a triquadrangular embedding (TQ-embedding) if the
planar skeleton 𝑄 of𝐿 with respect to 𝑇 contains only 3- and 4-faces, every face of 𝑄 is bounded
by a cycle, and for every 4-face 𝑘 of 𝑄 , the graph 𝐿 contains a pair of crossing edges within 𝑘 . If
𝑇 is a TQ-embedding, 𝐿 is called a TQ-embedded graph.

We introduce a way of planarizing well-embedded 1-planar graphs that is closely related to
clustered 4-colorings.

Definition 2.30 (Planarization Edge Set): Let 𝐿 = (𝑉 , 𝑊) be an embedded 1-planar graph.
A planarization edge set of 𝐿 is a set of edges 𝑃 ↔ 𝑊 that hits all pairs of crossing edges in

𝐿 , that is: For each pair of crossing edges 𝑓𝑁,𝑔𝑂 ↑ 𝑊, the set 𝑃 contains at least one of the edges
𝑓𝑁,𝑔𝑂,𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓.

Let 𝐿𝑄 = (𝑉 , 𝑃) be the subgraph of 𝐿 containing exactly the edges in 𝑃 . The connected
components of𝐿𝑄 are called clusters of 𝑃 . Let 𝑁 ↑ ω. The set 𝑃 is called 𝑁-clustered if all clusters
of 𝑃 contain at most 𝑁 vertices.
The maximum degree ω(𝐿𝑄 ) is called the maximum degree of 𝑃 . The maximum 𝑚 ↑ ω so

that 𝐿𝑄 contains a path of length 𝑚 is called the maximum path length of 𝑃 .
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Figure 2.2: Planarization via edge deletion and via edge contraction. For clarity, we show the
multi-edges created by the edge contraction before they are deduplicated.

For TQ-embedded graphs, we frequently use the following equivalent characterization of
planarization edge sets, which immediately follows from the de!nitions.

Lemma 2.31: Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph, and let 𝑄 be the planar skeleton of 𝐿 .
An edge set 𝑃 ↔ 𝑊 is a planarization edge set of 𝐿 if and only if for all 4-faces 𝑘 of 𝑄 , the set 𝑃
contains an edge from the boundary of 𝑘 or an edge from 𝐿 within 𝑘 .

If 𝑃 is a planarization edge set, we say that 𝑃 hits all 4-faces of the planar skeleton.

Planarization edge sets yield the following way of planarizing 1-planar graphs.

Lemma 2.32: Let 𝐿 be a well-embedded 1-planar graph and 𝑃 a planarization edge set of 𝐿 .
The graph obtained from𝐿 by contracting all uncrossed edges in 𝑃 and deleting all crossed edges
in 𝑃 is planar.

Proof. Let 𝑗 ↑ 𝑃 be an edge hitting the pair of crossing edges 𝑓𝑁 and 𝑔𝑂 from 𝐿 . If 𝑗 is 𝑓𝑁 or
𝑔𝑂 , then 𝑗 is crossed, and deleting 𝑗 removes the crossing. If 𝑗 is one of 𝑓𝑔,𝑔𝑁, 𝑁𝑂 , and 𝑂𝑓, then
𝑗 is uncrossed by Lemma 2.26. Contracting 𝑗 removes the crossing (see Figure 2.2).
Although 1-planar graphs are not closed under edge contraction [Woo18], contracting an

uncrossed edge is possible without creating new crossings: Place the contraction vertex along
the contracted edge and route the edges incident to the contraction vertex from their former
endpoints to the contraction vertex along the contracted edge (see Figure 2.3).

The following lemma breaks the problem of !nding clustered planarization edge sets down
into two subproblems.

Lemma 2.33: Let G be a subclass of 1-planar graphs. If all 𝐿 ↑ G, for some 1-embedding, admit
a planarization edge set with both bounded maximum degree and bounded maximum path
length, then all 𝐿 ↑ G admit a 𝑁-clustered planarization edge set for some 𝑁 ↑ ω.

Proof. Let ω be the bound on the maximum degree and 𝑛 the bound on the maximum path
length. Consider any 𝐿 ↑ G and a planarization edge set 𝑃 of 𝐿 that adheres to these bounds.
Let 𝑐 be any connected component of𝐿𝑄 = (𝑉 , 𝑃). Consider a spanning tree 𝑜 of 𝑐 . The

height of𝑜 is at most 𝑛, and each vertex of𝑜 has at most ω children. Thus,𝑜 contains at most
𝑁 :=

∑𝑅
𝑂=0 ω

𝑂 vertices.

Figure 2.3: Contracting an uncrossed edge produces no new crossing.
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2.5 Contact Representations

Geometric representations of graphs are a useful tool for !nding planarization edge sets. They
allow us to see structures that have no intuitive interpretation in the graph itself. Furthermore,
geometric representations provide an elegant way of making use of structural properties of
the graphs we analyze.

Contact representations represent vertices of a graph as non-overlapping geometric objects
and edges of a graph as contacts between these geometric objects.

2.5.1 Primal-Dual Triangle Representation

One geometric representation we use is a representation by triangles. To describe it, we need
to introduce some terminology from [GLP12]:

Definition 2.34 (Primal-Dual Triangle Representation [GLP12]): Let𝐿 = (𝑉 , 𝑊) be an embed-
ded planar graph, 𝐿≃ = (𝑉 ≃, 𝑊≃) its dual, and 𝑘⇒ the outer face of 𝐿 .
A triangle representation of 𝐿 is a set of non-overlapping triangles with one triangle 𝑝𝑆 for

each vertex 𝑆 ↑ 𝑉 . The triangles have the property that for all 𝑅,𝑆 ↑ 𝑉 , we have 𝑝𝑇 ⇑ 𝑝𝑆 ϖ ⇓ if
and only if 𝑅𝑆 ↑ 𝑊.

A primal-dual triangle representation is a pair of non-overlapping triangle representations 𝑜
and 𝑜 ≃, one for the primal graph and one for the dual graph. The representation 𝑜 ≃ is slightly
modi!ed. Instead of a !lled triangle, 𝑝𝑈⇒ consists of only the boundary of a triangle. Furthermore,
the representations have the following property: For all 𝑅𝑆 ↑ 𝑊 with corresponding dual edge
𝑞𝑟 ↑ 𝑊≃, we have 𝑝𝑇 ⇑ 𝑝𝑆 = 𝑝𝑃 ⇑ 𝑝𝑉 .

We call triangles from 𝑜 primal triangles, and we call triangles from 𝑜 ≃ dual triangles.
A primal-dual triangle representation is called strict if exactly three triangle corners touch

each contact point.
A primal-dual triangle representation is called tiling if 𝑝𝑈⇒ is tiled by the other triangles.

See Figure 2.4 for an example of a strict tiling primal-dual triangle representation.
In the following, the term triangle representation always refers to a strict tiling primal-dual

triangle representation.

Figure 2.4: Example of a triangle representation with the represented planar graph drawn in.
Gray triangles are primal triangles, white triangles are dual triangles. Note that the outer face
corresponds to the unbounded area tiled by the other triangles.
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To give a condition for the existence of triangle representations, we introduce a concept
closely related to 3-connectivity.

Definition 2.35 (Internal 3-connectivity [GLP12]): Let 𝐿 = (𝑉 , 𝑊) be an embedded planar
graph. The graph 𝐿 is called internally 3-connected if there exist distinct vertices 𝑆1,𝑆2,𝑆3 ↑ 𝑉
on the outer face of 𝐿 so that the graph obtained from 𝐿 by adding a new vertex adjacent to
exactly 𝑆1,𝑆2 and 𝑆3 is 3-connected.

Note that all 3-connected planar graphs are internally 3-connected [GLP12].
Gonçalves et al. prove that a triangle representation exists for all internally 3-connected

planar graphs [GLP12].

Proposition 2.36 (Gonçalves, Lévêque, and Pinlou, 2012 [GLP12]): Each internally 3-connected
planar graph admits a strict tiling primal-dual triangle representation.

A useful property of triangle representations is that we can classify the sides of the triangles
as bases, left sides, and right sides. We can also classify the corners of triangles as tips, left
corners, and right corners so that each tip only touches the base, each left corner only touches
the right side, and each right corner only touches the left side of the adjacent triangle of the
same type (primal or dual).
To motivate this, we introduce a structure closely related to triangle representations:

Schnyder woods. Speci!cally, rather than the original variant de!ned by Schnyder [Sch89],
we use a generalized version of Schnyder woods !rst introduced by Felsner [Fel01].

Definition 2.37 (Schnyder Wood): The following description is sourced from [GLP12].
Let 𝐿 be an embedded internally 3-connected planar graph. Let 𝑆0,𝑆1,𝑆2 ↑ 𝑉 be three distinct

vertices on the boundary of the outer face in clockwise order. The suspension 𝐿𝑊 is the graph
obtained from 𝐿 by adding a half-edge reaching into the outer face to each of 𝑆0,𝑆1, and 𝑆2.
A Schnyder wood of 𝐿 consists of a !xed choice of 𝑆0,𝑆1, and 𝑆2, as well as an orientation

and 3-coloring of the edges of 𝐿𝑊 . The edge coloring has the following properties. Let 0, 1, and 2
be the three colors. We refer to colors in modulo 3.

Each edge is either directed in one direction or bidirected.

If an edge is bidirected, the edge has distinct colors for both directions.

The half-edge at 𝑆𝑂 is directed outwards and has color 𝑕 .

Every vertex 𝑆 ↑ 𝑉 has exactly one outgoing edge 𝑗𝑂 (𝑆) per color 𝑕 . The edges 𝑗1(𝑆), 𝑗2(𝑆),
and 𝑗3(𝑆) appear in clockwise order around 𝑆 .

At every vertex 𝑆 ↑ 𝑉 , all ingoing edges of color 𝑕 appear in the clockwise angle from
𝑗𝑂+1(𝑆) to 𝑗𝑂→1(𝑆).

No inner face of 𝐿 has a monochromatic directed cycle as its boundary.

Figure 2.5 visualizes the coloring and orientation rules of Schnyder woods. Furthermore, it
provides an example of a Schnyder wood.

Gonçalves et al. prove the following correspondence between Schnyder woods and triangle
representations.

Proposition 2.38 (Gonçalves, Lévêque, and Pinlou, 2012 [GLP12]): Let 𝐿 be an embedded
internally 3-connected planar graph. The non-isomorphic strict tiling primal-dual triangle
representations of 𝐿 are in bijection with the Schnyder woods of 𝐿 .
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v0

v1v2
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0 0 1
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1 2

2
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(a) (b)

Figure 2.5: (a) Coloring and orientation rules of Schnyder woods around a vertex. (b) Schnyder
wood corresponding to the triangle representation in Figure 2.4

Gonçalves et al. describe the relationship between a triangle representation 𝑜 of a graph
𝐿 = (𝑉 , 𝑊) and the corresponding Schnyder wood 𝑒 as follows. Let 𝑆 ↑ 𝑉 be a vertex of 𝐿
and let 𝑝 be the triangle that represents 𝑆 in 𝑜 . The outgoing edges 𝑗1(𝑆), 𝑗2(𝑆), and 𝑗3(𝑆)
correspond to the corners of 𝑝 [GLP12]. Furthermore, the angles between 𝑗1(𝑆), 𝑗2(𝑆), and
𝑗3(𝑆) correspond to the sides of 𝑝 [GLP12]. Furthermore, if an edge 𝑞𝑟 ↑ 𝑊 is bidirected in 𝑒 ,
that corresponds to a corner contact between the triangles representing 𝑞 and 𝑟 in 𝑜 [GLP12].
Figures 2.4 and 2.5 provide an example of the relationship between a triangle representation
and its corresponding Schnyder wood.
Thus, the edge colors from the Schnyder wood of a triangle representation yield the

aforementioned classi!cation of sides and corners. The rules de!ning Schnyder woods
guarantee that the incidence rules we require for our classi!cation are ful!lled. In the
following, without loss of generality, we assume all bases of triangles to be horizontal and all
tips of triangles to be above (primal triangles) or below (dual triangles) their respective bases.

The classi!cation of triangle sides and corners allows us to classify the contact points of a
triangle representation as depicted in Figure 2.6. We classify each contact point 𝑠 based on
the type of the triangle 𝑝 whose side 𝑠 touches and which side of 𝑝 the point 𝑠 touches.

dual-horizontaldual-left dual-right

primal-horizontalprimal-left primal-right

Figure 2.6: The types of contact points in the triangle representation.
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Schnyder woods and thus, triangle representations of a graph 𝐿 are generally not unique.
As a tool for choosing and modifying triangle representations, we introduce another structure.
It consists of an auxiliary graph 𝑌 and an orientation of the edges of 𝑌. Felsner previously
studied these auxiliary graphs and orientations in [Fel04].

In the following, we introduce a slightly simpli!ed version compared to Felsner.

Definition 2.39 (Auxiliary Graph, based on Felsner [Fel04]): Let 𝐿 = (𝑉 , 𝑊) be an embedded
internally 3-connected planar graph.
Let 𝑘⇒ be the outer face of 𝐿 . We choose a tuple (𝑆1,𝑆2,𝑆3) ↑ 𝑉 3 of three distinct vertices on

the boundary of 𝑘⇒ in clockwise order.
We de!ne the auxiliary graph Aux(𝐿, (𝑆1,𝑆2,𝑆3)) of 𝐿 and our choice of (𝑆1,𝑆2,𝑆3).
The vertices, edges, and faces of the 𝐿 are vertices of Aux(𝐿, (𝑆1,𝑆2,𝑆3)).
Edges of Aux(𝐿, (𝑆1,𝑆2,𝑆3)) connect vertices and faces of𝐿 to the edge-vertices corresponding

to their incident edges in 𝐿 .
For 𝑕 ↑ {0, 1, 2} we create a new special vertex 𝑡𝑂 in Aux(𝐿, (𝑆1,𝑆2,𝑆3)) adjacent to 𝑆𝑂 and 𝑘⇒.
Formally, Aux(𝐿, (𝑆1,𝑆2,𝑆3)) is a graph so that:
𝑉 (𝑌𝑅𝑞 (𝐿, (𝑆1,𝑆2,𝑆3))) =𝑉 ⇔𝑉 ≃ ⇔ 𝑊 ⇔ {𝑡0, 𝑡1, 𝑡2}
𝑊 (𝑌𝑅𝑞 (𝐿, (𝑆1,𝑆2,𝑆3))) = {𝑓𝑗,𝑔𝑗 | 𝑗 ↑ 𝑊, 𝑗 = 𝑓𝑔}

⇔ {𝑓𝑗≃,𝑔𝑗≃ | 𝑗≃ ↑ 𝑊≃, 𝑗≃ = 𝑓𝑔}
⇔ {𝑆0𝑡0,𝑆1𝑡1,𝑆2𝑡2, 𝑡0 𝑘⇒, 𝑡1 𝑘⇒, 𝑡2 𝑘⇒}

We call the vertices of Aux(𝐿, (𝑆1,𝑆2,𝑆3)) in 𝑉 and 𝑉 ≃ triangle-vertices, and we call the
remaining vertices of Aux(𝐿, (𝑆1,𝑆2,𝑆3)), including the special vertices, edge-vertices.

In the following, when the choice of (𝑆0,𝑆1,𝑆2) is irrelevant or clear from context, we omit
it from the notation of the auxiliary graph.

Figure 2.7 shows the auxiliary graph of 𝑏3.

Definition 2.40 (s-orientation, based on Felsner [Fel04]): Let 𝐿 = (𝑉 , 𝑊) be an embedded in-
ternally 3-connected planar graph. An s-orientation of𝐿 is an orientation of Aux(𝐿, (𝑆1,𝑆2,𝑆3))
for a !xed choice of (𝑆1,𝑆2,𝑆3) so that:
↖𝑆 ↑ 𝑉 ⇔ (𝑉 ≃\{𝑘⇒}) : 𝑢𝑅𝑝𝑂𝑗𝑣(𝑆) = 3

↖𝑗 ↑ 𝑊 : 𝑢𝑅𝑝𝑂𝑗𝑣(𝑗) = 1
↖𝑕 ↑ {0, 1, 2} : 𝑢𝑅𝑝𝑂𝑗𝑣(𝑡𝑂) = 1

𝑢𝑅𝑝𝑂𝑗𝑣(𝑘⇒) = 0
The vertices 𝑡0, 𝑡1, and 𝑡2 refer to the special vertices of Aux(𝐿, (𝑆1,𝑆2,𝑆3)).

s0

s1s2

v0

v1v2

v0

v1v2

f→ f→

(a) (b)

Figure 2.7: (a) 𝑏3 (black) and its dual graph (blue). (b) Auxiliary graph of 𝑏3
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v0

v1v2

s0

s1s2

Figure 2.8:Drawing ofAux(𝐿) and the s-orientation associated with a triangle representation.
The unbounded area represents 𝑘⇒.

Gonçalves et al. prove the following correspondence between s-orientations and triangle
representations.

Proposition 2.41 (Gonçalves, Lévêque, and Pinlou, 2012 [GLP12]): Let 𝐿 be an internally
3-connected planar graph. The non-isomorphic strict tiling primal-dual triangle representations
of 𝐿 are in bijection with the s-orientations of 𝐿 .

Gonçalves et al. also describe the relationship between the triangle representation 𝑜 of a
graph 𝐿 , the s-orientation corresponding to 𝑜 , and the planar drawing of Aux(𝐿):
We draw the vertices of Aux(𝐿) that represent vertices or inner faces of 𝐿 within their

corresponding triangle [GLP12]. We draw the vertices of Aux(𝐿) that represent edges of𝐿 at
their corresponding contact point [GLP12]. Let 𝑝1, 𝑝2, and 𝑝3 be the triangles at the tip, right
corner, and left corner of𝑜 [GLP12]. The triangles 𝑝1, 𝑝2, and 𝑝3 correspond to the vertices 𝑆0,𝑆1,
and 𝑆2, respectively [GLP12]. We draw the special vertices 𝑡0, 𝑡1, 𝑡2 at the outwards-pointing
corner of 𝑝1, 𝑝2, 𝑝3, respectively [GLP12].

Then, for each triangle 𝑝 , the three edges to the corners of 𝑝 are outgoing, while the edges
to all contact points along the sides of 𝑝 are ingoing [GLP12]. All contact points along the
boundary of 𝑜 have an edge directed to 𝑘⇒ [GLP12]. Refer to Figure 2.8 for a visualization.
We de!ne the term cycle of the triangle representation to refer to a directed cycle in the

corresponding s-orientation.
Given the planar drawing ofAux(𝐿) obtained from𝑜 , the directed cycles of an s-orientation

can be classi!ed as clockwise or counterclockwise. Reversing the edge directions along a
directed cycle does not change the in- and outgoing degrees of any vertex. Thus, reversing
directed cycles in Aux(𝐿) allows us to transition between di"erent triangle representations of
𝐿 due to Proposition 2.41. Figure 2.9 depicts an example of such a reversal of a directed cycle.

Felsner proves a result we can specialize to obtain a useful property of s-orientations:

Proposition 2.42 (Specialized from Felsner, 2004 [Fel04]): Let𝐿 be an embedded internally
3-connected planar graph with a triangle representation 𝑜 . Consider the planar drawing of
Aux(𝐿) associated with 𝑜 . Then there is an s-orientation 𝑒 of Aux(𝐿) so that every directed
cycle in 𝑒 is clockwise. Such an s-orientation is called minimal.

We also call the triangle representation corresponding to a minimal s-orientation minimal.
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Figure 2.9: Example of a reversal of a counterclockwise cycle in a triangle representation.

2.5.2 Rectangular Dual

Another geometric representation we use is the rectangular dual. It is a contact representation
by rectangles.

Definition 2.43 (Rectangular Dual [He93]): Let 𝐿 = (𝑉 , 𝑊) be a connected planar graph. The
rectangular dual represents each vertex of 𝐿 as a rectangle so that no four rectangles meet at a
single point. Together, all rectangles representing vertices tile a single, larger rectangle.

The rectangular dual represents each edge of𝐿 as a side contact of the rectangles corresponding
to the edges’ endpoints.

Figure 2.10 gives an example of a rectangular dual.

Figure 2.10: Rectangular dual with the represented graph drawn in.

Ko#mi$ski and Kinnen prove a result implying the following condition for the existence of
a rectangular dual:

Proposition 2.44 (He, 1993 [He93]; based on Ko!mi"ski and Kinnen, 1985 [KK85]): A con-
nected planar graph 𝐿 admits a rectangular dual with four rectangles on the boundary if and
only if:

(i) the outer face of 𝐿 is a quadrangle
(ii) all inner faces of 𝐿 are triangles
(iii) 𝐿 contains no separating triangle
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2.5 Contact Representations

Some rectangular duals have the following useful property.

Definition 2.45 (Pierceability): Let𝐿 be a graph with a rectangular dual 𝑇 . The rectangular
dual 𝑇 is called pierceable if the diagonal from the bottom-left to the top-right corner of 𝑇
intersects the interior of every rectangle in 𝑇 that represents a vertex from 𝐿 .

We remark that graphs exist that admit a rectangular dual, but no pierceable rectangular
dual [Uec].
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3 General 1-Planar Graphs

In this chapter, we discuss approaches for !nding 𝑁-clustered 𝑀-colorings of 1-planar graphs
for a constant 𝑁 . Speci!cally, we discuss the case 𝑀 = 4, as it is the only case in which the
question of the existence of 𝑁-clustered colorings for all 1-planar graphs is open: For 𝑀 = 6,
we have the Six-Color Theorem (see Proposition 2.21).

Furthermore, Liu and Wood solved the problem for 𝑀 = 5 for all 𝑈-planar graphs.

Proposition 3.1 (Liu and Wood, 2022 [LW22]): For all 𝑈 ↑ ω, there exists 𝑁 ↑ ω so that every
𝑈-planar graph admits a 𝑁-clustered 5-coloring.

We remark that the result by Liu and Wood is only available as a preprint at the time of
writing.

The following result on planar graphs provides a lower bound for the required number of
colors to color 𝑈-planar graphs, including 1-planar graphs, with bounded clustering.

Proposition 3.2 (see [Woo18]): For all 𝑁 ↑ ω, there exists a planar graph that does not admit a
𝑁-clustered 3-coloring.

Regarding 𝑀 = 4, a result by Song and Sun implies the existence of 2-clustered 4-colorings
for all 1-planar graphs with girth at least 6.

Proposition 3.3 (Song and Sun, 2023 [SS23]): All 1-planar graphs with girth at least 6 are
(1, 1, 1, 1)-colorable.

Note that 𝑏6 is 1-planar. Thus, if 𝑁 ↑ ω and 𝑂, 𝑚 ↑ ω0 exist so that all 1-planar graphs admit
a 𝑁-clustered 4-coloring, a 𝑂-defective 4-coloring, and a 4-coloring with all monochromatic
paths having length at most 𝑚 , respectively, then 𝑁 ⇐ 2,𝑂 ⇐ 1, and 𝑚 ⇐ 1.
Our approaches for !nding clustered 4-colorings are based on !nding planarization edge

sets and invoking the following lemma.

Lemma 3.4: Let 𝐿 = (𝑉 , 𝑊) be a well-embedded 1-planar graph and 𝑁 ↑ ω. If 𝐿 admits a
𝑁-clustered planarization edge set, then 𝐿 admits a 𝑁-clustered 4-coloring.

Proof. Let 𝑃 be a 𝑁-clustered planarization edge set of 𝐿 . Let 𝐿𝑄 = (𝑉 , 𝑃) be the subgraph of
𝐿 containing the edges in 𝑃 .

Planarize 𝐿 as described in Lemma 2.32 to obtain a planar graph 𝐿 ↓. By the Four-Color
Theorem, 𝐿 ↓ admits a proper 4-coloring.

One by one, we undo each edge contraction performed during planarization and color both
endpoints of each contraction edge using the color of the corresponding contraction vertex.
This yields a 4-coloring of 𝐿 .
As the 4-coloring of 𝐿 ↓ is proper, all edges joining vertices of the same color in 𝐿 are in

𝑃 . Thus, each monochromatic component is contained in some connected component of 𝐿𝑄 .
Therefore, the coloring of 𝐿 is c-clustered.

19



3 General 1-Planar Graphs

c1

c2

x1 x10

y10y1
z1 z9
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Y5

Figure 3.1: The graph 𝑄 from Construction 3.5. Some vertices and faces are exemplary
labeled. Vertices and faces are numbered from left to right.

In the following, we show that it is not always possible to !nd a 2-clustered planarization
edge set, that is, a planarization edge set that is a matching. Furthermore, it follows that we
must allow a maximum degree and a maximum path length of at least 2 in our planarization
edge sets, improving on the previously mentioned trivial lower bounds for the clustering,
defect, and path length of improper 4-colorings.

Construction 3.5:
We begin by constructing a planar graph𝑄 , which serves as the planar skeleton of our 1-planar
graph. It consists of two instances of the star 𝑏1,10. Each pair of subsequent edges of the stars
has an additional vertex forming a 4-face with them, shared between both stars. Additional
edges make all faces of 𝑄 3- or 4-faces.

Formally, 𝑄 is a graph so that:
𝑉 (𝑄 ) ={𝑁1, 𝑁2} ⇔ {𝑞𝑂 ,𝑟𝑂 | 𝑕 ↑ {1, ..., 10}} ⇔ {𝑙𝑂 | 𝑕 ↑ {1, ..., 9}}
𝑊 (𝑄 ) ={𝑁1𝑞𝑂 , 𝑁2𝑟𝑂 | 𝑕 ↑ {1, ..., 10}}

⇔ {𝑙𝑂𝑞𝑂 , 𝑙𝑂𝑞𝑂+1, 𝑙𝑂𝑟𝑂 , 𝑙𝑂𝑟𝑂+1 | 𝑕 ↑ {1, ..., 9}}
⇔ {𝑞1𝑟1, 𝑞10𝑟10, 𝑞1𝑞10,𝑟1𝑟10}

Consider the drawing of 𝑄 shown in Figure 3.1. For 𝑕 ↑ {1, ..., 9}, we de!ne 𝑍𝑂 and 𝑤𝑂 as the
4-faces of 𝑄 bounded by the cycles 𝑁1, 𝑞𝑂 , 𝑙𝑂 , 𝑞𝑂+1, 𝑁1 and 𝑁2,𝑟𝑂 , 𝑙𝑂 ,𝑟𝑂+1, 𝑁2, respectively.

We de!ne 𝐿 as the graph obtained from 𝑄 by adding a pair of crossing edges into each
4-face of 𝑄 . By construction, 𝐿 is TQ-embedded.
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3.1 Reduction to TQ-Embedded Graphs

Figure 3.2: If a planarization edge set 𝑃 is a matching and contains no edges incident to the
star’s center, 𝑃 containing a single crossing edge fully determines 𝑃 for this subgraph of 𝐿
from Construction 3.5. Edges in 𝑃 are highlighted in red.

Theorem 3.6: The graph 𝐿 from Construction 3.5 admits no planarization edge set that is a
matching.

Proof. Let 𝑄 be the planar skeleton of 𝐿 . By Lemma 2.31, a set 𝑃 ↔ 𝑊 (𝐿) is a planarization
edge set of 𝐿 if and only if it hits all 4-faces of 𝑄 . Assume for the sake of contradiction that
there exists a planarization edge set 𝑃 of 𝐿 such that 𝑃 is a matching.
Our goal is to show that for some 𝑕 ↑ {1, ..., 9}, the set 𝑃 contains multiple edges incident

to 𝑙𝑂 , contradicting 𝑃 being a matching. To that end, we show that 𝑃 hits at least one of the
faces 𝑍𝑂 and 𝑤𝑂 using an edge not incident to 𝑙𝑂 for at most eight 𝑕 ↑ {1, ..., 9}.
As 𝑃 is a matching, 𝑃 contains at most one edge incident to 𝑁1 and 𝑁2 each. Each edge hits

at most two 4-faces. Thus, 𝑃 hits at least one of 𝑍𝑂 and 𝑤𝑂 using an edge incident to 𝑁1 or 𝑁2
but not to 𝑙𝑂 for at most four 𝑕 ↑ {1, ..., 9}.

Now consider the case that there exists a nonempty interval {𝑈, ..., 𝑚} ↔ {1, ..., 9} such that
𝑃 does not contain any of the edges in {𝑁1𝑞𝐿 , ..., 𝑁1𝑞𝑋+1, 𝑁1𝑙𝐿 , ..., 𝑁1𝑙𝑋 }. In that case, if 𝑃 contains
the edge 𝑞𝑂𝑞𝑂+1 for some 𝑕 ↑ {𝑈, ..., 𝑚}, then the matching property of 𝑃 fully determines which
edges in 𝑃 hit the faces 𝑍𝐿 , ...,𝑍𝑋 (see Figure 3.2). In particular, 𝑃 contains the edge 𝑞𝑂𝑞𝑂+1 for
at most one 𝑕 ↑ {𝑈, ..., 𝑚}.
The set 𝑃 contains at most one edge incident to 𝑁1. Therefore, the set of 𝑕 ↑ {1, ..., 9} such

that 𝑃 does not hit𝑍𝑂 using an edge incident to 𝑁1 can be partitioned into at most two intervals
with the properties described above. Thus, 𝑃 hits 𝑍𝑂 using the edge 𝑞𝑂𝑞𝑂+1 for at most two
𝑕 ↑ {1, ..., 9}. Note that 𝑞𝑂𝑞𝑂+1 is the only edge hitting 𝑍𝑂 that is incident to neither 𝑁1 nor 𝑙𝑂 ,
and no edge hitting 𝑍𝑂 is incident to 𝑁2. Therefore, 𝑃 hits 𝑍𝑂 using an edge incident to neither
𝑁1, 𝑁2, nor 𝑙𝑂 for at most two 𝑕 ↑ {1, ..., 9}
Analogously, 𝑃 hits 𝑤𝑂 using an edge incident to neither 𝑁1, 𝑁2, nor 𝑙𝑂 for at most two

𝑕 ↑ {1, ..., 9}.

3.1 Reduction to TQ-Embedded Graphs

In this section, we reduce the problem of !nding clustered 4-colorings via clustered planariza-
tion edge sets from all 1-planar graphs to TQ-embedded graphs. As a coloring of a graph
induces a coloring of all its subgraphs, it su%ces to consider maximally 1-embedded graphs.
In particular, we use maximally 1-embedded graphs that are also well-embedded. As a !rst
step towards our reduction, we show that such an embedding always exists.
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3 General 1-Planar Graphs

Lemma 3.7: Let 𝐿0 = (𝑉 , 𝑊) be an embedded 1-planar graph. Then there exists an embedded
supergraph 𝐿 ↙ 𝐿0 that is both maximally 1-embedded and well-embedded.

Proof. We iteratively construct the graph 𝐿 . We start with the 1-embedding of 𝐿0.
If the current 1-embedding is not maximal, we add edges so that we obtain a maximal

1-embedding. Then, as long as the current embedding is not a well-embedding, we redraw
edges one by one to reduce the number of crossings until we arrive at a well-embedding.
We repeat that process until we arrive at an embedding that is both a maximal 1-embedding

and a well-embedding. In each step, we either add an edge or we reduce the number of
crossings in the embedding without changing the graph. We do not add new vertices to our
graph. Thus, the number of edges is upper-bounded by 4|𝑉 | → 8 according to Proposition 2.20,
and the number of crossings is lower-bounded by 0. Therefore, our process !nishes after a
!nite number of steps.

For this section, let 𝐿 be a maximally 1-embedded well-embedded graph and let 𝑄 be the
planar skeleton of 𝐿 .

Next, we analyze the structure of the 𝑄 . First, we remark that 𝑄 is 2-connected.

Proposition 3.8 (Eades et al., 2013 [Ead+13]): Let 𝐿 = (𝑉 , 𝑊) be a maximally 1-embedded
graph such that |𝑉 | ⇐ 3. Let 𝑄 be the planar skeleton of 𝐿 . Then 𝑄 is 2-connected.

Note that Proposition 3.8 implies that every face of the planar skeleton 𝑄 is bounded by a
cycle.
To prove our reduction, we need to study the relationship between faces of the planar

skeleton 𝑄 and crossing edge pairs of 𝐿 found within them. Recall that as 𝐿 is maximally
1-embedded and well-embedded, the endpoints of a pair of crossing edges in𝐿 form a cycle
in the planar skeleton by Lemma 2.26. The following lemma is a complementary statement to
that fact.

Lemma 3.9: Let𝐿 be a maximally 1-embedded and well-embedded graph. Let 𝑄 be the planar
skeleton of 𝐿 .

Let 𝑐 be a closed Jordan curve in the embedding of 𝐿 with the following properties:

All points of 𝑐 lie on a vertex or edge of 𝐿 .

No edge of 𝐿 crosses 𝑐 .

At least four vertices lie on 𝑐 .

The interior int(𝑐) contains no vertices and no uncrossed edges.

Then there exists at least one pair of crossing edges within int(𝑐).

Proof. Let 𝑉 (𝑐) denote the set of vertices on 𝑐 and let 𝑀 = |𝑉 (𝑐) |. Observe that as no edge
of 𝐿 crosses 𝑐 , for each crossed edge that int(𝑐) contains a part of, int(𝑐) fully contains the
interiors of both edges of the corresponding crossing edge pair.
Assume for the sake of contradiction that there is no pair of crossing edges in int(𝑐). Then

int(𝑐) is a connected component of the plane in the embedding of 𝐿 . Thus, by maximality
of the 1-embedding of 𝐿 , the vertex set 𝑉 (𝑐) induces a subgraph isomorphic to 𝑏𝑀 in 𝐿 .
Furthermore, because 𝐿 is well-embedded, all edges of 𝐿 [𝑉 (𝑐)] are uncrossed.

Because int(𝑐) is a connected component of the plane, it is possible to add a new vertex 𝑆
to int(𝑐) so that 𝑆 is joined to each vertex of 𝑉 (𝑐) via an uncrossed edge. Thereby, we obtain
a planar drawing of 𝑏𝑀+1. That is a contradiction, as 𝑀 ⇐ 4 and 𝑏5 is not planar.
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3.1 Reduction to TQ-Embedded Graphs

Figure 3.3: Curve ful!lling the criteria from Lemma 3.9. Note that the depicted graph is not
maximally 1-embedded and thus, Lemma 3.9 does not apply.

Important examples of the curves described in Lemma 3.9 are the boundaries of faces of
the planar skeleton 𝑄 . Another example of such a curve is depicted in Figure 3.3.
The previous lemmas show that maximal 1-planar well-embeddings are closely related

to TQ-embeddings: Every face of 𝑄 is bounded by a cycle, 𝐿 contains a crossing edge pair
within each 𝑈-face of 𝑄 with 𝑈 ⇐ 4, and for every crossing edge pair in 𝐿 , the endpoints of
the crossing edges form a 4-cycle in the planar skeleton. Note, however, that the edges of the
4-cycle formed by the endpoints of a crossing edge pair do not necessarily belong to the same
face of 𝑄 as the crossing edge pair itself. These insights lead us to a structure characteristic of
maximal 1-planar well-embeddings that are not TQ-embeddings: large face separators.

Definition 3.10 (Large Face Separator): Let 𝐿 be a maximally 1-embedded well-embedded
graph. Let 𝑓𝑁 and 𝑔𝑂 be edges of 𝐿 crossing at point 𝑥 .
For {𝑞,𝑟} ↑ {{𝑓,𝑔}, {𝑔, 𝑁}, {𝑁,𝑂}, {𝑂,𝑓}}, the closed curve 𝑐 formed by the edge 𝑞𝑟 and the

segments of 𝑓𝑁 and 𝑔𝑂 between 𝑞 , 𝑥 , and 𝑟, is called a large face separator if int(𝑐) contains at
least one vertex.

Figure 3.4 shows a large face separator.

Lemma 3.11: Let 𝐿 = (𝑉 , 𝑊) be a maximally 1-embedded well-embedded graph such that
|𝑉 | ⇐ 4. Let 𝑄 be the planar skeleton of𝐿 . For each 𝑈-face 𝑘 of 𝑄 with 𝑈 ⇐ 5,𝐿 contains a large
face separator intersecting 𝑘 .

Proof. Let 𝑘 be a 𝑈-face of 𝑄 such that 𝑈 ⇐ 5. By Proposition 3.8, the boundary of 𝑘 is a cycle.
Therefore, by Lemma 3.9, there exists a pair of crossing edges 𝑞1𝑞3 and 𝑞2𝑞4 of𝐿 within 𝑘 . The
boundary of 𝑘 contains the vertices 𝑞1, 𝑞2, 𝑞3, 𝑞4 in that cyclic order. As 𝑈 ⇐ 5, the boundary
of 𝑘 contains a path 𝑆1, ...,𝑆𝑋 with 𝑚 ⇐ 3 and (𝑆1,𝑆𝑋 ) = (𝑞𝑂 , 𝑞𝑂+1) for some 𝑕 ↑ {1, 2, 3, 4}, where
𝑕 is understood modulo 4.

By Lemma 2.26, the edge 𝑆1𝑆𝑋 exists in 𝑄 . The edge 𝑆1𝑆𝑋 is outside of 𝑘 . Thus, the interior of
the curve 𝑐 , formed by 𝑆1𝑆𝑋 and the parts of 𝑞1𝑞3 and 𝑞2𝑞4 up to the crossing point, contains
the vertex 𝑆2. Therefore, 𝑐 is a large face separator.
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Figure 3.4: Large face separator in a maximally 1-embedded well-embedded graph. Vertices,
curves, points, and areas are labeled as named in the proof of Theorem 3.12.

Next, we prove the main Theorem for our reduction.

Theorem 3.12: If there exist 𝑈,ω ↑ ω0 so that all TQ-embedded graphs admit a 𝑈-clustered
planarization edge set with maximum degree at most ω, then all maximally 1-embedded well-
embedded graphs admit a (4ω + 1)𝑈-clustered planarization edge set.

Proof. Assume there exist 𝑈,ω ↑ ω0 so that all TQ-embedded graphs admit a 𝑈-clustered
planarization edge set with maximum degree at most ω.

Let𝐿 = (𝑉 , 𝑊) be amaximally 1-embeddedwell-embedded graph. Without loss of generality,
let |𝑉 | ⇐ 4. Let 𝑄 be the planar skeleton of𝐿 . By Proposition 3.8, every face of 𝑄 is bounded
by a cycle. By Lemma 3.9, every 4-face of 𝑄 contains a crossing edge pair. Thus, 𝐿 is
TQ-embedded if and only if 𝑄 does not contain a face of degree at least 5.
We do induction on the number 𝑀 of large face separators in 𝐿 .
Induction Base: For 𝑀 = 0, 𝐿 does not contain a face of degree at least 5 by Lemma 3.11.

Therefore, 𝐿 is TQ-embedded. Thus, 𝐿 admits a 𝑈-clustered planarization edge set by our
premise.
Induction Hypothesis: Every maximally 1-embedded well-embedded graph containing at

most 𝑀 large face separators admits a (4ω + 1)𝑈-clustered planarization edge set.
Induction Step: Let𝐿 contain 𝑀+ 1 large face separators. Let 𝑦 be the boundary of the outer

face of 𝑄 . If the crossing points on all large face separators of𝐿 lie in ext(𝑦), we invert int(𝑦)
and ext(𝑦) by re&ecting our drawing of 𝐿 in 𝑦. Note that the resulting drawing is a maximal
1-embedding and a well-embedding, and it has the same crossings as our original drawing.
We choose a large face separator𝑐 so that the crossing point 𝑥 on𝑐 is in int(𝑦), and int(𝑐)

is inclusion-minimal among all large face separators with their crossing points in int(𝑦). Let
𝑘 be the face of 𝑄 that contains the crossing point 𝑥 , and let 𝑓𝑁 and 𝑔𝑂 be the corresponding
pair of crossing edges. Without loss of generality, 𝑓 and 𝑔 are the two vertices on 𝑐 . Let
𝑆1, ...,𝑆𝑋 be the path on the boundary of 𝑘 from 𝑓 to 𝑔. Note that (𝑆1,𝑆𝑋 ) = (𝑓,𝑔).

The path 𝑆1, ...,𝑆𝑋 subdivides int(𝑐) into two areas 𝑌1 and 𝑌2. Let 𝑌2 be the area incident
to 𝑥 . By Lemma 2.26, the edge 𝑓𝑔 exists in 𝑄 . As 𝑐 is a large face separator, we have 𝑚 ⇐ 3,
and 𝑓𝑔 is outside of 𝑘 . See Figure 3.4 for a visualization of the structure of 𝐿 around 𝑐 .
Let 𝐿 ↓ = 𝐿 → ext(𝑐), and let 𝑄 ↓ be the planar skeleton of 𝐿 ↓. We claim that 𝐿 ↓ is TQ-

embedded and 𝑄 ↓ has a 3-face as its outer face.
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Figure 3.5: If the path 𝑆1, ...,𝑆𝑋 contains more than 3 vertices (here: 𝑚 = 4), we arrive at a
contradiction to the inclusion-minimality of int(𝑐).

Every inner face of 𝑄 ↓ is a face of 𝑄 . Thus, every inner face of 𝑄 ↓ is bounded by a cycle and
𝐿 ↓ contains a pair of crossing edges within every inner 4-face of 𝑄 ↓. By inclusion-minimality
of int(𝑐) and Lemma 3.11, every inner face of 𝑄 ↓ is a 3-face or 4-face.
The edge 𝑓𝑔 and the path 𝑆1, ...,𝑆𝑋 form the boundary of the outer face of𝐿 ↓. We claim that

𝑚 = 3 and thus, the outer face of 𝐿 ↓ is a 3-face.
Assume for the sake of contradiction that 𝑚 ⇐ 4. As 𝑌2 is a subset of 𝑘 , 𝑌2 contains no

vertices or uncrossed edges. Then by Lemma 3.9 applied to the curve through 𝑆1, ...,𝑆𝑋 , 𝑓𝑁 , and
𝑔𝑂 bounding 𝑌2, there exists a pair of crossing edges 𝑅𝑆 and 𝑞𝑟 within 𝑌2. The vertices 𝑅,𝑆, 𝑞 ,
and 𝑟 are distinct vertices on 𝑆1, ...,𝑆𝑋 . By Lemma 2.26, the vertices 𝑅, 𝑞,𝑆,𝑟 form a 4-cycle in
𝑄 . At least one edge 𝑗 of that 4-cycle is not part of the path 𝑆1, ...,𝑆𝑋 . As 𝑌2 does not contain
uncrossed edges, 𝑗 is either equal to 𝑓𝑔, or 𝑗 lies in𝑌1. In both cases, 𝑗,𝑅𝑆 , and 𝑞𝑟 form a large
face separator 𝑇 so that int(𝑇) ⊋ int(𝑐), contradicting the inclusion-minimality of int(𝑐)
(see Figure 3.5).
Thus, 𝐿 ↓ is TQ-embedded. By our premise, 𝐿 ↓ admits a 𝑈-clustered planarization edge 𝑃 ↓

0
set with maximum degree at most ω.

Recall that as 𝐿 ↓ is TQ-embedded, an edge set 𝑍 ↔ 𝑊 (𝐿 ↓) is a planarization edge set if and
only if 𝑍 hits all 4-faces of 𝑄 ↓ by Lemma 2.31. For every 4-face 𝑘 of 𝑄 ↓, the vertices of 𝑘
induce a subgraph isomorphic to 𝑏4 in𝐿 ↓. Thus,𝐿 ↓ contains an edge hitting 𝑘 that is incident
to neither 𝑓 nor 𝑔.
The set 𝑃 ↓

0 contains at most ω edges incident to 𝑓 and 𝑔 each. Together, they hit at most
4ω 4-faces of 𝑄 ↓. We modify 𝑃 ↓

0 by replacing all edges incident to 𝑓 or 𝑔 with edges neither
incident to 𝑓 nor to 𝑔, that hit all 4-faces hit by the replaced edges. The resulting planarization
edge set 𝑃 ↓ contains at most 4ω edges not present in 𝑃 ↓

0, thus each cluster of 𝑃 ↓ is a subset of
the union of at most 4ω + 1 clusters in 𝑃 ↓

0. Thus, 𝑃
↓ is (4ω + 1)𝑈-clustered.

Let𝐿 ↓↓ =𝐿 → int(𝑐). The removal of int(𝑐) creates no new large face separators and makes
𝑐 no longer a large face separator. Thus, 𝐿 ↓↓ contains at most 𝑀 large face separators.

Next, we show that 𝐿 ↓↓ is maximally 1-embedded. Assume for the sake of contradiction
that it is possible to add an edge 𝑗 to the drawing of 𝐿 ↓↓. As 𝐿 is maximally 1-embedded, the
edge 𝑗 intersects int(𝑐). The vertices 𝑓 and 𝑔 are the only vertices incident to int(𝑐) in 𝐿 ↓↓.
Thus, 𝑓 or 𝑔 is an endpoint of 𝑗 . As 𝑓𝑔 exists in𝐿 ↓↓, the other endpoint of 𝑗 is in ext(𝑐). Thus,
𝑗 crosses 𝑐 .

25



3 General 1-Planar Graphs
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Figure 3.6: If it is possible to draw an edge 𝑗 in 𝐿 ↓ crossing 𝑓𝑔, it is also possible to draw 𝑗
in 𝐿 while avoiding int(𝑐). Red: drawing of 𝑗 as added to 𝐿 ↓, blue: alternative drawing of 𝑗
possible in 𝐿 .

Speci!cally, 𝑗 crosses the edge 𝑓𝑔, as the rest of 𝑐 consists of vertices and crossed edges.
As the edge 𝑓𝑔 is uncrossed in 𝐿 ↓↓, it is possible to draw 𝑗 alongside of 𝑓𝑔 to avoid int(𝑐)
(see Figure 3.6). Therefore, 𝑗 can also be drawn in 𝐿 , contradicting the maximality of the
embedding of 𝐿 .
Next, we show that 𝐿 ↓↓ is well-embedded, that is, it is not possible to redraw any crossed

edge of 𝐿 ↓↓ as an uncrossed edge. Assume for the sake of contradiction that it is possible to
redraw a crossed edge 𝑗 in𝐿 ↓↓ as an uncrossed edge. As𝐿 is well-embedded, we must redraw
𝑗 so that 𝑗 intersects int(𝑐). If 𝑗 is neither 𝑓𝑁 nor 𝑔𝑂 , then the new drawing of 𝑗 does not cross
𝑐 and thus, we redraw 𝑗 without intersecting int(𝑐), contradicting the well-embeddedness of
𝐿 . Thus, 𝑗 equals 𝑓𝑁 or 𝑔𝑂 . Without loss of generality, let 𝑗 = 𝑓𝑁 . Then 𝑓,𝑔,𝑂 , and the subpath
of the boundary of 𝑘 between 𝑂 and 𝑓 form a cycle 𝑇 in the planar skeleton of 𝐿 ↓↓ → 𝑗 (see
Figure 3.6). Note that int(𝑐) ↔ int(𝑇). As 𝑁 lies in ext(𝑇) and we redraw 𝑗 as an uncrossed
edge, we redraw 𝑗 without intersecting int(𝑐), contradicting the well-embeddedness of 𝐿 .
𝐿 ↓↓ has at most 𝑀 large face separators, is maximally 1-embedded, and well-embedded. By

our induction hypothesis, 𝐿 ↓↓ admits a (4ω + 1)𝑈-clustered planarization edge set 𝑃 ↓↓.
The set 𝑃 ϱ 𝑃 ↓ ⇔ 𝑃 ↓↓ is a planarization edge set of 𝐿 . As 𝑓 and 𝑔 form a separator and 𝑃 ↓

contains no edge incident to 𝑓 or 𝑔, every cluster of 𝑃 is either a cluster of 𝑃 ↓ or a cluster of
𝑃 ↓↓. Thus, 𝑃 is (4ω + 1)𝑈-clustered.

Together with Lemmas 3.4 and 3.7, we obtain the following corollary from Theorem 3.12.

Corollary 3.13: Let 𝐿 be a 1-planar graph. If there exist 𝑁,ω ↑ ω so that all TQ-embedded
graphs admit a 𝑁-clustered planarization edge set with maximum degree at most ω, then 𝐿
admits a (4ω + 1)𝑁-clustered 4-coloring.
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In this chapter, we discuss approaches for applying Theorem 3.12 by !nding planarization
edge sets with bounded clustering for TQ-embedded graphs.
We begin by analyzing structural properties of TQ-embedded graphs. First, we observe

that every TQ-embedding is a well-embedding.

Lemma 4.1: Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph. Then 𝐿 is well-embedded.

Proof. Let 𝑇 be the embedding of 𝐿 , and let 𝑄 be the planar skeleton of 𝐿 with respect to 𝑇 .
Let 𝑅𝑆 ↑ 𝑊 be an edge.
Assume for the sake of contradiction that we can redraw 𝑅𝑆 in 𝑇 to obtain an embedding

of 𝐿 with fewer crossings than 𝑇 . Then 𝑅𝑆 is a crossed edge in 𝑇 , and it is possible to redraw
𝑅𝑆 as an uncrossed edge. As 𝑇 is a TQ-embedding, 𝑅𝑆 is drawn within a 4-face 𝑘 of 𝑄 . As it is
possible to redraw𝑅𝑆 as an uncrossed edge,𝑅 and 𝑆 have a common incident face 𝑘 ↓ of𝑄 other
than 𝑘 . Because 𝑅𝑆 , as drawn in 𝑇 , is not uncrossed, 𝑅𝑆 does not exist in 𝑄 . Therefore, 𝑘 ↓ is a
4-face of 𝑄 with 𝑅 and 𝑆 not adjacent on the boundary of 𝑘 ↓. Then, as 𝐿 is TQ-embedded, 𝐿
contains the edge 𝑅𝑆 both in 𝑘 and in 𝑘 ↓. That contradicts 𝐿 being simple.

For TQ-embedded graphs, we observe that the planar skeleton and the associated planar
graph are 3-connected.

Lemma 4.2: Let𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph such that |𝑉 | ⇐ 4, and let 𝑄 be the planar
skeleton of 𝐿 . Then 𝑄 is 3-connected.

Proof. Observe that because every face of 𝑄 has a cycle as its boundary, 𝑄 is 2-connected.
Assume for the sake of contradiction that 𝑄 is not 3-connected. Then there exist vertices

𝑞,𝑟 ↑ 𝑉 such that𝑄 ↓ is disconnected, where𝑄 ↓ = 𝑄 →𝑞 →𝑟. Let𝑄1 be a connected component
of 𝑄 ↓ and let 𝑄2 = 𝑄 ↓ →𝑄1. As 𝑄 is 2-connected, both 𝑄1 and 𝑄2 contain at least one vertex
that is adjacent to 𝑞 in 𝑄 and at least one vertex that is adjacent to 𝑟 in 𝑄 . Thus, 𝑞 and 𝑟 have
at least two common incident faces 𝑘1 and 𝑘2 in 𝑄 (see Figure 4.1).

If 𝑘1 is a 3-face, then the boundary of 𝑘1 contains the edge 𝑞𝑟. If 𝑘1 is a 4-face, then the edge
𝑞𝑟 exists either on the boundary of 𝑘1 or as a crossing edge from 𝐿 within the interior of 𝑘1.
Analogously, the boundary or the interior of 𝑘2 contains the edge 𝑞𝑟.

Because𝐿 is simple, 𝑞𝑟 lies in the intersection of the boundaries of 𝑘1 and 𝑘2. That contradicts
both 𝑄1 and 𝑄2 containing at least one vertex (see Figure 4.1).

Lemma 4.3: Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph such that |𝑉 | ⇐ 4, and let 𝐿𝑃 be the
associated planar graph of 𝐿 . Then 𝐿𝑃 is 3-connected.

Proof. Let 𝑄 be the planar skeleton of 𝐿 . By Lemma 4.2, 𝑄 is 3-connected. The graph 𝑄 is a
subgraph of 𝐿𝑃 that spans all true vertices. Furthermore, all cross-vertices of 𝐿𝑃 have four
distinct neighbors that all exist in 𝑄 . Therefore, 𝐿𝑃 is 3-connected.

Note that the 3-connectivity implies that every face of 𝑄 and 𝐿𝑃 is bounded by a cycle.
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Figure 4.1: The cut vertex pair 𝑞 and 𝑟 from the proof of Lemma 4.2 with the two common
incident faces. Note that depending on the graph, 𝑄1 and 𝑄2 may be swapped.

4.1 Approach using Triangle Representations

Our !rst approach for !nding planarization edge sets uses the triangle representation of the
planar skeleton.
Recall that for a TQ-embedded graph, the planar skeleton is 3-connected according to

Lemma 4.2. Therefore, by Proposition 2.36, the planar skeleton of a TQ-embedded graph
always admits a triangle representation.

Recall that the contact points of a triangle representation can be classi!ed into six types as
depicted in Figure 2.6. Based on that classi!cation, we de!ne a type of edge in the represented
graph.

Definition 4.4 (In-Edge): Let 𝐿 be a TQ-embedded graph, 𝑄 the planar skeleton of 𝐿 , and
𝑜 a triangle representation of 𝑄 . We call an edge 𝑗 ↑ 𝑊 (𝑄 ) an in-edge if the contact point
representing 𝑗 in 𝑜 has the type dual-left, dual-right, or dual-horizontal.

We use in-edges to !nd planarization edge sets.

Lemma4.5: Let𝐿 be a TQ-embedded graph,𝑄 its planar skeleton, and𝑜 a triangle representation
of 𝑄 . The set 𝑃 of all in-edges with respect to 𝑜 is a planarization edge set of𝐿 with maximum
degree at most 3.

Proof. As𝐿 is TQ-embedded, 𝑃 is a planarization edge set if and only if 𝑃 hits all 4-faces of 𝑄
by Lemma 2.31.

Let 𝑘 be a 4-face of 𝑄 , and let 𝑂𝑈 be the dual triangle representing 𝑘 in 𝑜 . The edges on the
boundary of 𝑘 in 𝑄 correspond to the contact points on the boundary of 𝑂𝑈 in 𝑜 .

Observe that contact points of the types primal-left, primal-right, or primal-horizontal lie
on the corners of both incident dual triangles (see Figure 2.6). As 𝑂𝑈 has three corners, at
least one contact point on the boundary of 𝑂𝑈 has one of the types dual-left, dual-right, or
dual-horizontal. The corresponding edge of 𝑄 on the boundary of 𝑘 is an in-edge. Thus, 𝑃
hits 𝑘 .

Observe that a contact point representing an in-edge is always located at a corner of both
incident primal triangles (see Figure 2.6). Thus, the maximum degree of 𝑃 is at most 3.
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... ...

... ...

(a)

(b)

Figure 4.2: Construction for arbitrarily long paths formed by in-edges. (a) depicts the formed
path. (b) depicts part of the auxiliary graph of the triangle representation around the formed
path.

As the set of all in-edges with respect to any triangle representation has a boundedmaximum
degree by Lemma 4.5, the only potential problem for clustering is unbounded path length
according to Lemma 2.33.
In Figure 4.2, we demonstrate a trivial construction for arbitrarily long paths formed by

in-edges. However, that construction is only possible in triangle representations with both
clockwise and counterclockwise cycles.

In the following, we demonstrate that we cannot always reverse cycles of a triangle repre-
sentation so that the set of in-edges in the resulting representation is clustered. We do this by
constructing a family of triangle representations without directed cycles for which the set of
in-edges forms arbitrarily long paths.

Construction 4.6:
For 𝑚 ↑ ω, 𝑚 ⇐ 2, we construct a triangle representation containing a path of length 𝑚 formed
by in-edges.

We start with two dual triangles 𝑂1 and 𝑂2, connected via a primal-horizontal contact point.
The triangle 𝑂2 is positioned to the left of 𝑂1, and the tip of 𝑂2 is lower than the tip of 𝑂1.

For each 𝑕 ↑ {3, ..., 𝑚 + 2}, we do the following: Add a new dual triangle 𝑂𝑂 so that the ends
of its base touch the tip of 𝑂𝑂→2 and the side of 𝑂𝑂→1. We place the tip of 𝑂𝑂 so that the outer
side of 𝑂𝑂 forms a straight line with the outer side of 𝑂𝑂→2. For 𝑕 < 𝑚 + 2, we place the tip of 𝑂𝑂
lower than the tip of 𝑂𝑂→1. For 𝑕 = 𝑚 + 2, we instead place the tip of 𝑂𝑂 at the same height as the
tip of 𝑂𝑂→1.

Finally, we add three primal triangles to the left, right, and top of the construction to obtain
the tiling property of the triangle representation.

Figure 4.3 shows the result of this construction for 𝑚 = 5.
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Figure 4.3: The triangle representation from Construction 4.6 for 𝑚 = 5.

Lemma 4.7: For all 𝑚 ↑ ω, 𝑚 ⇐ 2, the triangle representation from Construction 4.6 contains no
directed cycle.

Proof. Consider the drawing of the auxiliary graph as described in Section 2.5.1.
As the auxiliary graph is bipartite, with the edge-vertices and the triangle-vertices as

the bipartition, any directed cycle contains at least two triangle-vertices. We show that no
triangle-vertex is on a directed cycle, and thus, no directed cycles exist.

Note that the outgoing edges from all edge-vertices on the boundary of the representation
lead to the vertex 𝑘⇒ of the auxiliary graph, which is a drain. Thus, none of these edge-vertices
is on any directed cycle. The vertices representing the three !nal primal triangles have
outgoing edges only to edge-vertices on the boundary of the representation, and therefore
are not on any directed cycle.
All other primal triangle-vertices, as well as the triangle-vertices of 𝑂1 and 𝑂𝑋+2, have no

ingoing edges (see Figure 4.3) and are thus not on any directed cycle.
For 𝑕 ↑ {2, ..., 𝑚 + 1}, the triangle-vertex of 𝑂𝑂 has exactly one ingoing edge, coming from the

edge-vertex of its contact point with 𝑂𝑂+1. Thus, all directed walks visit these triangle-vertices
in strictly decreasing order. Therefore, none of the triangle-vertices 𝑂2, ..., 𝑂𝑋+1 is on any
directed cycle.
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In Construction 4.6, most 4-faces have more than one incident in-edge. In particular,
picking every other in-edge along the path yields a set of edges that still hits all 4-faces and
has bounded clustering. That leads to the question of whether a clustered subset of in-edges
that hits all 4-faces always exists. We give a negative answer to this question for triangle
representations without counterclockwise cycles.

To construct a counterexample, we analyze the graphs with the following property.

Definition 4.8 ((𝑈, 𝑚)-regularity): Let𝐿 = (𝑉 , 𝑊) be a graph. The graph𝐿 is called (𝑈, 𝑚)-regular
if𝐿 is bipartite and there exists a proper 2-coloring𝑉 = 𝑧 ↗⇔ 𝑦 such that 𝑂𝑗𝑣(𝑆) = 𝑈 for all 𝑆 ↑ 𝑧
and 𝑂𝑗𝑣(𝑆) = 𝑚 for all 𝑆 ↑ 𝑦.

The property of (𝑈, 𝑚)-regularity lets us !nd a class of graphs for which no proper subset of
the in-edges with respect to any triangle representation is a planarization edge set.

Lemma 4.9: Let 𝐿 be a TQ-embedded graph, let 𝑄 be the planar skeleton of 𝐿 , and let 𝑜 be a
triangle representation of 𝑄 . If 𝑄 ≃ is (3, 4)-regular, then no proper subset of the set of in-edges
with respect to 𝑜 is a planarization edge set of 𝐿 .

Proof. Let 𝑄 ≃ be (3, 4)-regular. Then in 𝑄 , each 4-face shares edges only with 3-faces and vice
versa. Thus, in𝑜 , dual triangles representing 4-faces only touch triangles representing 3-faces
and vice versa.
Let 𝑒 be a proper subset of the in-edges with respect to 𝑜 . Let 𝑗 be an in-edge such that

𝑗 ε 𝑒 . Consider the dual triangle 𝑂 whose side the contact point representing 𝑗 touches. The
triangle 𝑂 represents a 4-face. All corners of 𝑂 touch triangles representing 3-faces because
of the (3, 4)-regularity of 𝑄 ≃. Thus, the edges represented by these corners are not in-edges.
Therefore, 𝑒 does not hit the 4-face represented by 𝑂 . Thus, 𝑒 is not a planarization edge set
of 𝐿 by Lemma 2.31.

We give a construction for a family of minimal triangle representations of graphs with a
(3, 4)-regular dual for which the set of in-edges forms arbitrarily long paths.

Construction 4.10:
For 𝑚 ↑ ω such that 𝑚 ∝ 0 (mod 3), we construct a triangle representation containing a path of
length 𝑚 formed by in-edges.
In the following, we refer to a dual triangle representing a 𝑈-face as a 𝑈-triangle. We use

three building blocks 𝑦1,𝑦2, and 𝑦3 for our construction, as depicted in Figure 4.4. We use
triangle representations without counterclockwise cycles for each building block.
𝑦1 is a single 3-triangle.
𝑦2 is a tiled triangle which has a 4-triangle at its left corner and 3-triangles at its other two

corners. All contact points representing in-edges of 4-triangles in 𝑦2 are in the interior of 𝑦2.
We treat the rest of 𝑦2 as a black box.

𝑦3 is a tiled triangle which has a 4-triangle 𝑂 at its right corner and 3-triangles at its other
two corners. The contact point representing the in-edge of 𝑂 lies along the base of 𝑦3. All
other contact points representing in-edges lie in the interior of 𝑦3. We treat the rest of 𝑦3 as a
black box as well.

In the following, the terms left corner, right corner, tip, and base always refer to corners and
sides as depicted in Figure 4.4, regardless of the rotation of the speci!c instance of a building
block described in the construction.
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Figure 4.4: The building blocks for Construction 4.10. The numbers indicate the degree of
the face represented by the corresponding triangle.

We build a path formed by in-edges in the shape of a spiral.
We begin with one instance of 𝑦1,𝑦2, and 𝑦3 each, named 𝑓1,𝑓2, and 𝑓3, respectively. The

right corner of 𝑓1 touches the left corner of 𝑓2. The tips of 𝑓1 and 𝑓2 are at the same height.
The right corner of 𝑓3 is connected to the tip of 𝑓2. The in-edge of the right 4-face of 𝑓3
belongs to the tip of 𝑓1.

Then, for all 𝑕 ↑ {4, ..., 𝑚 + 2}, we add an instance of 𝑦3 named 𝑓𝑂 . We rotate and scale 𝑓𝑂 so
that its right corner touches the left corner of 𝑓𝑂→1, and the tip of 𝑓𝑂→3 belongs to the in-edge
on the base of 𝑓𝑂 .

Finally, we add three primal triangles to the top, left, and right of the construction to obtain
the tiling property.

Figure 4.5 shows Construction 4.10 for 𝑚 = 3.
Next, we verify the existence of (3, 4)-regular graphs matching the building blocks 𝑦2 and

𝑦3.

Lemma 4.11: There exist internally 3-connected planar (3, 4)-regular graphs matching the
building blocks 𝑦2 and 𝑦3.

Proof. Recall that a triangle representation 𝑜 of a graph tiles a triangle so that the tip of 𝑜
points upwards and the corners of 𝑜 belong to primal triangles. The triangle that 𝑜 tiles
represents the outer face of the graph.

On the other hand, the tips of our building blocks point downwards, and the corners belong
to dual triangles. Furthermore, they interface with our construction instead of representing
an outer face as the tiled triangle.
We resolve these di"erences by giving suspension graphs with vertices matching the dual

triangles of our building blocks. We then rotate the triangle representations of those graphs
by 180 degrees to obtain the building blocks.

Recall from Section 2.5.1 that the half-edges of the suspension reaching into the outer face
correspond to the corners of the triangle representation. As our building blocks integrate into
a larger triangle representation, we need to count the half-edges towards the vertex degrees of
our graphs. Analogously, the in-edge on the base of 𝑦3 corresponds to an ingoing half-edge.

Figures 4.6 and 4.7 show such graphs.
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Figure 4.5: Construction 4.10 for 𝑚 = 3. The numbers indicate the degree of the face repre-
sented by the corresponding triangle. We depict the construction rotated by 90 degrees.

33



4 TQ-Embedded Graphs

Figure 4.6: Graph matching the building block 𝑦2 from Construction 4.10.

Figure 4.7: Graph matching the building block 𝑦3 from Construction 4.10.
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B1 B2 B3

Figure 4.8: The simpli!ed auxiliary graphs of the three building blocks from Lemma 4.12.

Finally, we verify that the triangle representation from Construction 4.10 does not contain
counterclockwise cycles.

Lemma 4.12: For all 𝑚 ↑ ω such that 𝑚 ∝ 0 (mod 3), the triangle representation from Construc-
tion 4.10 contains no counterclockwise cycle.

Proof. By Proposition 2.42, triangle representations of the building blocks 𝑦1,𝑦2, and 𝑦3
without counterclockwise cycles exist. It remains to show that the interaction of the building
blocks in Construction 4.10 does not form any counterclockwise cycle.
To simplify the analysis, we abstract from the auxiliary graph inside of each building block

by contracting it to a single vertex, as depicted in Figure 4.8. Furthermore, we deduplicate
outward-pointing edge-vertices along the outer sides of the building blocks. That way, for any
cycle in the triangle representation, there is a cycle of the same direction in our simpli!cation.
We show that our simpli!ed version of the auxiliary graph still contains no counterclockwise
cycle.
We use the term central vertices to refer to the vertices representing the interior of a building

block, as well as the vertices representing a single triangle.
As the simpli!ed auxiliary graph is bipartite, with the edge-vertices and the central vertices

as the bipartition, any directed cycle contains at least two central vertices.
First, we observe that the central vertices of 𝑦1 and 𝑦2 have only outgoing edges. The same

holds for the central vertices of the !nal three primal triangles. Thus, none of these central
vertices is on any directed cycle.

Next, we de!ne a vertex ordering 𝛥 on the central vertices of the primal triangles and
the instances of 𝑦3. To do that, we walk along the path formed by in-edges, starting at the
innermost primal triangle. Each time we encounter a primal triangle, we append its central
vertex at the end of 𝛥 . Each time we encounter an in-edge, we consider the 4-triangle 𝑂
incident to the in-edge. We append to 𝛥 the central vertex of the 𝑦3-instance to which 𝑂
belongs.
We then append the central vertex of the left, top, and right !nal primal triangle in that

order to 𝛥 . Finally, we append the vertex representing the outer face to 𝛥 . Observe that 𝛥
contains 2𝑚 + 5 vertices. The !rst vertex of 𝛥 is 𝛥 (1). Furthermore, except for the last four
vertices, the central vertices of primal triangles and of instances of 𝑦3 alternate in 𝛥 .

Let 𝑕 ↑ {1, ..., 2𝑚 + 4}. We observe the following property of our ordering: Consider the
central vertex 𝛥 (𝑕) and its neighborhood 𝑋 (𝛥 (𝑕)) of edge-vertices. For 𝑗 ↑ 𝑋 (𝛥 (𝑕)), let 𝑁 (𝑗)
be the central vertex to which 𝑗 has an outgoing edge.

If 𝛥 (𝑕) belongs to an instance of 𝑦3, then for all 𝑗 ↑ 𝑋 (𝛥 (𝑕)) we have 𝛥→1(𝑁 (𝑗)) > 𝑕 .
If 𝛥 (𝑕) belongs to a primal triangle, then for all 𝑗 ↑ 𝑋 (𝛥 (𝑕)) we have 𝛥→1(𝑁 (𝑗)) ⇐ 𝑕 → 1.
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From that, it follows that all directed cycles in our triangle representation have the form
[𝛥 (𝑕) - edge vertex - 𝛥 (𝑕 + 1) - edge vertex - 𝛥 (𝑕)], where 𝛥 (𝑕) is an instance of 𝑦3. We observe
that these cycles are all clockwise.
We provide a visualization of the simpli!ed auxiliary graph for 𝑚 = 3 in Figure 4.9.

Lemma 4.9 and Construction 4.10 show that a clustered subset of in-edges hitting all 4-faces
does not exist for all minimal triangle representations. This leads us to discard the approach
of constructing planarization edge sets based on in-edges.
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4.1 Approach using Triangle Representations

Figure 4.9: The simpli!ed auxiliary graph of the triangle representation from Construc-
tion 4.10 for 𝑚 = 3. We depict the construction rotated by 90 degrees.
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4 TQ-Embedded Graphs

4.2 Reduction to Rectangular Duals

In this section, we reduce the problem of !nding clustered planarization edge sets from all
TQ-embedded graphs to those for which the associated planar graph admits a rectangular dual.
As an intermediate step, we reduce the problem of !nding clustered planarization edge sets
from all TQ-embedded graphs to those for which the planar skeleton contains no separating
triangles in Theorem 4.14.

Recall that by Lemma 4.2, the planar skeleton of a TQ-embedded graph on at least four
vertices is 3-connected. The following lemma shows an important property of separating
triangles in 3-connected planar graphs.

Lemma 4.13: Let 𝐿 be a 3-connected embedded planar graph and let 𝑜 be a triangle in 𝐿 . Then
𝑜 is a separating triangle if and only if 𝑜 is not the boundary of a face of 𝐿 .

Proof. Let 𝑜 be a triangle in 𝐿 such that 𝑜 is not the boundary of a face of 𝐿 . Then both
int(𝑜 ) and ext(𝑜 ) contain at least one edge or vertex. As𝑜 is a clique, both int(𝑜 ) and ext(𝑜 )
contain at least one vertex. As 𝐿 is planar, 𝑜 separates the vertices in int(𝑜 ) from those in
ext(𝑜 ).
Now let 𝑜 be a separating triangle. We show that both int(𝑜 ) and ext(𝑜 ) contain at least

one vertex. Thus, 𝑜 is not the boundary of a face of 𝐿 .

Let𝐿1 and𝐿2 be distinct connected components of𝐿 →𝑜 . Without loss of generality,𝐿1 is
contained in ext(𝑜 ). As 𝐿 is 3-connected, 𝐿1 and 𝐿2 are both joined to each vertex of 𝑜 by
at least one edge in 𝐿 . In 𝐿 , contract all edges within 𝐿1 to obtain a vertex 𝑆𝑌1 . The vertex
𝑆𝑌1 and the vertices of 𝑜 induce a planar subgraph isomorphic to 𝑏4. The component 𝐿2 is
fully contained in one face of that induced 𝑏4. The only face of the induced 𝑏4 that is incident
to all three vertices of 𝑜 is int(𝑜 ). Thus, 𝐿2 is contained in int(𝑜 ). Refer to Figure 4.10 for a
visualization.

vG1T G2

Figure 4.10: The graph obtained from contraction in the proof of Lemma 4.13.
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4.2 Reduction to Rectangular Duals

Using Lemma 4.13, we reduce the problem of !nding clustered planarization edge sets for
TQ-embedded graphs to those for which the planar skeleton contains no separating triangles.

Theorem 4.14: Let G be the class of TQ-embedded graphs for which the planar skeleton contains
no separating triangle. If there exist 𝑁,ω ↑ ω so that all𝐿 ↑ G admit a 𝑁-clustered planarization
edge set with maximum degree at most ω, then all TQ-embedded graphs admit a (6ω + 1)𝑁-
clustered planarization edge set.

Proof. Assume there exist 𝑁,ω ↑ ω so that all 𝐿 ↑ G admit a 𝑁-clustered planarization edge
set with maximum degree at most ω.
Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph. Without loss of generality, let |𝑉 | ⇐ 4. Let 𝑄 be

the planar skeleton of 𝐿 . Recall that 𝑄 is 3-connected by Lemma 4.2. We do induction on the
number 𝑀 of separating triangles in 𝑄 .

Induction Base: For 𝑀 = 0, 𝐿 admits a 𝑁-clustered planarization edge set by our premise.
Induction Hypothesis: All TQ-embedded graphs for which the planar skeleton contains at

most 𝑀 separating triangles admit a (6ω + 1)𝑁-clustered planarization edge set.
Induction Step: Let 𝑄 have 𝑀 + 1 separating triangles. We choose a separating triangle 𝑜

such that int(𝑜 ) is inclusion-minimal. Let 𝑓,𝑔, and 𝑁 be the vertices of𝑜 . Let𝐿 ↓ =𝐿 → ext(𝑜 ),
and let 𝑄 ↓ be the planar skeleton of 𝐿 ↓. Note that 𝐿 ↓ is TQ-embedded and contains at least
four vertices. By Lemma 4.2, 𝑄 ↓ is 3-connected.

By the inclusion-minimality of 𝑜 and Lemma 4.13 applied to 𝑄 , every triangle in 𝑄 ↓ is the
boundary of a face. Notably, 𝑜 is the boundary of the outer face of 𝑄 ↓. As 𝑄 ↓ is 3-connected,
𝑄 ↓ contains no separating triangle by Lemma 4.13.

By our premise, 𝐿 ↓ admits a 𝑁-clustered planarization edge 𝑃 ↓
0 set with maximum degree at

most ω.
Recall that by Lemma 2.31, an edge set 𝑍 ↔ 𝑊 (𝐿 ↓) is a planarization edge set of 𝐿 ↓ if and

only if 𝑍 hits all 4-faces of 𝑄 ↓. We claim that for every 4-face 𝑘 of 𝑄 ↓, 𝐿 ↓ contains an edge
hitting 𝑘 that is not incident to any vertex of 𝑜 .
As 𝐿 ↓ is TQ-embedded, the vertices of 𝑘 induce a subgraph isomorphic to 𝑏4 in 𝐿 ↓. Thus,

if 𝑘 contains at most two vertices from 𝑜 , then our claim holds. Assume for the sake of
contradiction that 𝑘 contains all three vertices of 𝑜 . Let 𝑞 be the fourth vertex of 𝑘 . Without
loss of generality, the order of the vertices on the boundary of 𝑘 is 𝑓,𝑔, 𝑞, 𝑁 . Then 𝑔, 𝑁 is a cut
vertex pair of 𝑄 ↓ (see Figure 4.11), contradicting the 3-connectivity of 𝑄 ↓.
The set 𝑃 ↓

0 contains at most ω edges incident to 𝑓,𝑔, and 𝑁 each. Together, they hit at most
6ω 4-faces of 𝑄 ↓. We modify 𝑃 ↓

0 by replacing all edges incident to vertices of 𝑜 with edges
not incident to any vertex of 𝑜 , that hit all 4-faces hit by the replaced edges. The resulting
planarization edge set 𝑃 ↓ contains at most 6ω edges not present in 𝑃 ↓

0, thus each cluster of 𝑃 ↓

is a subset of the union of at most 6ω + 1 clusters in 𝑃 ↓
0. Thus, 𝑃

↓ is (6ω + 1)𝑁-clustered.
Let 𝐿 ↓↓ = 𝐿 → int(𝑜 ), and let 𝑄 ↓↓ be the planar skeleton of 𝐿 ↓↓. Analogous to 𝐿 ↓, the

removal of int(𝑜 ) from 𝐿 creates no new separating triangles. By Lemma 4.13, 𝑜 is not a
separating triangle in 𝑄 ↓↓. Thus, 𝑄 ↓↓ contains at most 𝑀 separating triangles. By our induction
hypothesis,𝐿 ↓↓ admits a (6ω+ 1)𝑁-clustered planarization edge set 𝑃 ↓↓. The set 𝑃 ϱ 𝑃 ↓ ⇔𝑃 ↓↓ is
a planarization edge set of𝐿 . As 𝑜 is a separator and 𝑃 ↓ contains no edge incident to 𝑜 , every
cluster of 𝑃 is either a cluster of 𝑃 ↓ or a cluster of 𝑃 ↓↓. Thus, 𝑃 is (6ω + 1)𝑁-clustered.

39
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Figure 4.11: In the proof of Theorem 4.14, if a 4-face in 𝑄 ↓ contains three vertices from the
separating triangle 𝑜 , then a cut vertex pair in 𝑄 ↓ exists.

The associated planar graphs of the 1-planar graphs in G from Theorem 4.14 are closely
related to planar graphs admitting a rectangular dual. Recall that by Proposition 2.44, for an
embedded planar graph 𝐿 to admit a rectangular dual, it is necessary that all inner faces of
𝐿 are 3-faces and 𝐿 contains no separating triangle. Both of these properties apply to the
associated planar graphs of TQ-embedded graphs without separating triangles in the planar
skeleton.

Lemma 4.15: Let 𝐿 be a TQ-embedded graph. Then all faces of the associated planar graph 𝐿𝑃

of 𝐿 are 3-faces.

Proof. Consider the planar skeleton 𝑄 of 𝐿 . The graph 𝑄 contains only 3- and 4-faces. The
3-faces of 𝑄 are also 3-faces in 𝐿𝑃 . For each 4-face of 𝑄 bounded by a cycle 𝑓,𝑔, 𝑁,𝑂,𝑓, there
exists a pair of crossing edges 𝑓𝑁,𝑔𝑂 in 𝐿 . Let 𝑙 be the cross-vertex of 𝐿𝑃 corresponding to
the crossing 𝑓𝑁,𝑔𝑂 . Then 𝑙 forms four 3-faces with the vertices 𝑓,𝑔, 𝑁 , and 𝑂 in 𝐿𝑃 .

Lemma 4.16: Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph such that |𝑉 | ⇐ 4, 𝑄 the planar skeleton
of 𝐿 , and 𝐿𝑃 the associated planar graph of 𝐿 . The graph 𝑄 contains a separating triangle if
and only if the graph 𝐿𝑃 contains a separating triangle.

Proof. Recall that by Lemmas 4.2 and 4.3, 𝑄 and 𝐿𝑃 are 3-connected.
Let 𝑜 be a separating triangle in 𝑄 . By Lemma 4.13, there exist vertices in both int(𝑜 ) and

ext(𝑜 ). As 𝑄 is a subgraph of 𝐿𝑃 and 𝐿𝑃 is planar, 𝑜 is also a separating triangle in 𝐿𝑃 .
Let 𝑜 be a separating triangle of 𝐿𝑃 . We !rst show that no vertex of 𝑜 is a cross-vertex

and thus 𝑜 exists in 𝑄 . Then, we show that 𝑜 is not the boundary of a face of 𝑄 and thus, a
separating triangle of 𝑄 by Lemma 4.13.
As 𝐿 is 1-planar, no two cross-vertices of 𝐿𝑃 are adjacent. The triangle 𝑜 is a clique. Thus,

at most one vertex of𝑜 is a cross-vertex. As𝐿 is TQ-embedded, all triangles of𝐿𝑃 with a cross-
vertex are the boundary of a 3-face of 𝐿𝑃 and thus, not separating triangles by Lemma 4.13.
Therefore, no vertex of 𝑜 is a cross-vertex.

Now, assume for the sake of contradiction that 𝑜 is the boundary of a face in 𝑄 , without
loss of generality, an inner face. The graph 𝐿 contains no edges or vertices in int(𝑜 ). Thus,
int(𝑜 ) contains no cross-vertex in𝐿𝑃 . Thus,𝑜 is the boundary of a face in𝐿𝑃 . By Lemma 4.13,
that contradicts the 3-connectivity of 𝐿𝑃 .
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Next, we show that if we remove a single edge from the associated planar graph 𝐿𝑃 of a
graph 𝐿 ↑ G, the resulting graph admits a rectangular dual.

Lemma 4.17: Let 𝐿 be a TQ-embedded graph such that |𝑉 (𝐿) | ⇐ 4 and the planar skeleton of
𝐿 contains no separating triangle. Let 𝐿𝑃 be the associated planar graph of 𝐿 , and let 𝑗 be an
edge on the boundary of the outer face of 𝐿𝑃 . Then 𝐿𝑃 → 𝑗 admits a rectangular dual.

Proof. By Lemma 4.15, 𝐿𝑃 is a planar triangulation. The deletion of 𝑗 merges the outer face
of 𝐿𝑃 with an inner face, both of which are 3-faces. Thus, the outer face of 𝐿𝑃 → 𝑗 is a 4-face,
and all inner faces of 𝐿𝑃 → 𝑗 are 3-faces.
Let the cycle 𝑓,𝑔, 𝑁,𝑓 be the boundary of the outer face of 𝐿𝑃 and, without loss of gener-

ality, 𝑗 = 𝑔𝑁 . By Lemma 4.16, 𝐿𝑃 contains no separating triangle. Assume for the sake of
contradiction that 𝐿𝑃 → 𝑔𝑁 contains a separating triangle 𝑜 .
The inner face of𝐿𝑃 incident to the edge 𝑔𝑁 is a triangle𝛩 . Let 𝑔, 𝑁 , and 𝑂 be the vertices of

𝛩 . If 𝑂 = 𝑓, then𝐿𝑃 ! 𝑏3, which contradicts |𝑉 (𝐿) | ⇐ 4. The separating triangle 𝑜 contains
both 𝑓 and 𝑂 , as otherwise all paths from 𝐿𝑃 → 𝑜 could be modi!ed to avoid the edge 𝑔𝑁 ,
contradicting 𝑜 being a separating triangle in 𝐿𝑃 → 𝑔𝑁 . Therefore, 𝑓𝑂 ↑ 𝑊 (𝐿𝑃 → 𝑔𝑁).
Thus, 𝐿𝑃 contains the three triangles {𝑓,𝑔,𝑂}, {𝑓, 𝑁,𝑂}, and {𝑔, 𝑁,𝑂}. By Lemma 4.13, these

three triangles are faces of 𝐿𝑃 . In particular, there is no vertex in the interior of any of these
triangles. Furthermore, 𝑓,𝑔, and 𝑁 form the boundary of the outer face of𝐿𝑃 . Therefore,𝐿𝑃 is
isomorphic to 𝑏4, contradicting the existence of a separating triangle in 𝐿𝑃 → 𝑔𝑁 .
The outer face of𝐿𝑃 → 𝑗 is a 4-face, all inner faces of𝐿𝑃 → 𝑗 are 3-faces, and𝐿𝑃 → 𝑗 contains

no separating triangle. By Proposition 2.44, 𝐿𝑃 → 𝑗 admits a rectangular dual.

In Section 4.3, we discuss approaches for !nding clustered planarization edge sets of TQ-
embedded graphs for which the planar skeleton contains no separating triangles. These
approaches are based on the rectangular dual of the associated planar graphs.

Another way to use the structural insight on the associated planar graph is in conjunction
with a theorem by Whitney.

Proposition 4.18 (Whitney, 1931 [Whi31]): Every planar triangulation without separating
triangles admits a Hamilton cycle.

Lemma 4.19: Let𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph such that |𝑉 | ⇐ 4 and the planar skeleton
of 𝐿 contains no separating triangle. Then 𝐿 admits a planarization edge set with maximum
degree 2.

Proof. Consider the associated planar graph𝐿𝑃 . By Lemmas 4.15 and 4.16,𝐿𝑃 is a triangulation
without separating triangles. By Proposition 4.18,𝐿𝑃 admits a Hamilton cycle𝑐 . We construct
a Hamilton cycle 𝑐↓ in 𝐿 so that the edges of 𝑐↓ form a planarization edge set of 𝐿 .
Let 𝑓𝑁,𝑔𝑂 be a pair of crossing edges in 𝐿 , and let 𝑙 be the corresponding cross-vertex in

𝐿𝑃 . The cycle 𝑐 visits 𝑙 exactly once. If 𝑐 contains the edges 𝑓𝑙 and 𝑙𝑁 , we replace 𝑓𝑙 and 𝑙𝑁
with 𝑓𝑁 in 𝑐↓. Analogously, if 𝑐 contains the edges 𝑔𝑙 and 𝑙𝑂 , we replace them with 𝑔𝑂 in 𝑐↓.
Otherwise, the predecessor 𝑞 and the successor 𝑟 of 𝑙 on 𝑐 are adjacent in 𝐿 , and we replace
𝑞𝑙, 𝑙𝑟 with 𝑞𝑟 in 𝑐↓.

Refer to Figure 4.12 for a visualization of the construction of 𝑐↓ from 𝑐 .
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C

C →

Figure 4.12: Construction of the Hamilton cycle 𝑐↓ in Lemma 4.19.

While the maximum degree of the planarization edge set from Lemma 4.19 is 2, it forms
a single cluster containing all vertices of 𝐿 . As the number of vertices in a TQ-embedded
graph without separating triangles in the planar skeleton is unbounded, the planarization
edge set does not have bounded clustering. Furthermore, the maximum vertex degree in such
a graph is unbounded as well, thus we obtain the following corollary on defective colorings
from Lemma 4.19.

Corollary 4.20: Let 𝐿 be a well-embedded 1-planar graph. Let 𝑃 be a planarization edge set of
𝐿 with maximum degree 𝑂 . The 4-coloring of 𝐿 obtained from the construction in Lemma 3.4 is
not necessarily 𝑂-defective.

4.3 Approaches using Rectangular Duals

We focus on approaches for !nding planarization edge sets in two special variants of rectan-
gular duals: pierceable rectangular duals and modi!ed rectangular duals.
Let 𝐿 = (𝑉 , 𝑊) be a TQ-embedded graph such that the planar skeleton of 𝐿 contains no

separating triangle. Let 𝐿𝑃 be the associated planar graph of 𝐿 , 𝑗 an edge on the boundary of
the outer face of 𝐿𝑃 , and 𝐿𝑍 =𝐿𝑃 → 𝑗 . By Lemma 4.17, 𝐿𝑍 admits a rectangular dual 𝑇 . We
investigate approaches for !nding a planarization edge set of 𝐿 based on 𝑇 .
A set 𝑃 ↔ 𝑊 is a planarization edge set of 𝐿 if and only if for every cross-vertex 𝑙 of 𝐿𝑍 ,

the set 𝑃 contains an edge hitting the crossing corresponding to 𝑙.
Consider a cross-vertex 𝑙 of 𝐿𝑍 and the rectangle 𝑧𝑎 representing 𝑙 in 𝑇 . If 𝑙 is not an

endpoint of 𝑗 , then deg(𝑙) = 4. Therefore, no meeting point of three rectangles lies along the
interior of any side of 𝑧𝑎 . Thus, 𝑇 represents the uncrossed edges of 𝐿 hitting the crossing
of 𝑙 as rectangle side segments starting at the corners of 𝑧𝑎 . Furthermore, 𝑇 represents the
crossing edges of𝐿 corresponding to 𝑙 as a pair of opposing sides of 𝑧𝑎 . Figure 4.13 visualizes
the relationship between 𝑧𝑎 and the edges of 𝐿 hitting the crossing corresponding to 𝑙.
As 𝐿 is simple, no two rectangles representing cross-vertices share both the top and the

bottom neighbors. Analogously, no two rectangles representing cross-vertices share both the
left and right neighbors.
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Figure 4.13: Rectangle representing a cross-vertex 𝑙 in the rectangular dual of 𝐿𝑍 . The
corresponding vertices of 𝐿 and the edges hitting the crossing corresponding to 𝑙 are drawn
in.

Recall that by Proposition 4.18, 𝐿𝑃 admits a Hamilton cycle and thus, a Hamilton path. If
𝐿𝑍 admits a pierceable rectangular dual, we obtain a Hamilton path with stronger properties
regarding the order in which it visits the neighbors of cross-vertices.

Lemma 4.21: Let 𝐿 be a TQ-embedded graph such that the planar skeleton of 𝐿 contains no
separating triangle. Let 𝐿𝑃 be the associated planar graph of 𝐿 , and let 𝑗 be an edge on the
boundary of the outer face of 𝐿𝑃 .

If𝐿𝑃 → 𝑗 admits a pierceable rectangular dual, then there exists a directed Hamilton path 𝑃 in
𝐿𝑃 → 𝑗 such that:

For every cross-vertex 𝑙 of 𝐿𝑃 , if 𝑙 is not an endpoint of 𝑗 , then exactly two neighbors 𝑔 and 𝑚
of 𝑙 are predecessors of 𝑙 on 𝑃 . Let 𝑝 and 𝛬 be the other two neighbors of 𝑙. The edges 𝑔𝑚 and 𝑝𝛬
exist in 𝐿𝑃 → 𝑗 .

We call 𝑔 and 𝑚 preceding neighbors of 𝑙, and we call 𝑝 and 𝛬 succeeding neighbors of 𝑙.

Proof. Let 𝐿𝑃 → 𝑗 admit a pierceable rectangular dual 𝑇 . Walking along the piercing diagonal
from the bottom-left corner of 𝑇 to the top-right corner of 𝑇 yields a directed Hamilton path
𝑃 of 𝐿𝑃 by de!nition of pierceablility.

Let 𝑙 be a cross-vertex of 𝐿𝑃 such that 𝑙 is not an endpoint of 𝑗 , and let 𝑧𝑎 be the rectangle
representing 𝑙 in 𝑇 . Let 𝑔, 𝑚, 𝑝 , and 𝛬 be the vertices represented by the rectangle to the bottom,
left, top, and right of 𝑧𝑎 , respectively. The piercing diagonal enters 𝑧𝑎 from the left or bottom
side and exits 𝑧𝑎 from the right or top side. Thus, 𝑔 and 𝑚 are predecessors of 𝑙 on 𝑃 while 𝑝
and 𝛬 are successors of 𝑙 on 𝑃 .
The rectangles representing 𝑔 and 𝑚 meet at the bottom-left corner of 𝑧𝑎 , thus 𝑔𝑚 ↑ 𝑊 (𝐿𝑃 →𝑗).

Analogously, the rectangles representing 𝑝 and 𝛬 meet at the top-right corner of 𝑧𝑎 , thus
𝑝𝛬 ↑ 𝑊 (𝐿𝑃 → 𝑗).

As 𝐿 is TQ-embedded, the neighbors of a cross-vertex in 𝐿𝑃 form a 4-cycle in 𝐿𝑃 . An idea
for using the Hamilton path 𝑃 from Lemma 4.21 to construct a planarization edge set is the
following.

For each cross-vertex 𝑙 such that 𝑙 is not an endpoint of 𝑗 , choose the edge that joins the two
preceding neighbors of 𝑙. Another variation of that idea is to choose the edge that joins the
direct successor of 𝑙 on 𝑃 to a preceding neighbor of 𝑙. Note that which preceding neighbor
of 𝑙 is adjacent to the direct successor of 𝑙 depends on 𝑙 and 𝑇 . Therefore, we cannot choose
a !xed preceding neighbor in the second variation. As illustrated in Figures 4.14 and 4.15,
neither of these approaches yields a planarization edge set with bounded path length.
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Figure 4.14: Sketch for the construction of an arbitrarily long path formed by the set of edges
connecting the two predecessors of each cross-vertex on the Hamilton path from Lemma 4.21.
Gray: cross-vertices, blue: piercing diagonal, red: picked edges, pink: formed path.

Figure 4.15: Sketch for the construction of an arbitrarily long path formed by the set of edges
connecting the direct successor of each cross-vertex on the Hamilton path from Lemma 4.21
to the adjacent predecessor of the cross-vertex.
Gray: cross-vertices, blue: piercing diagonal, red: picked edges, pink: formed path.
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Figure 4.16: Sketch for the construction of an arbitrarily long path formed by the set of edges
picked based on the late-value. Rectangles representing true vertices are labeled with their
corresponding late-value. When picking only uncrossed edges, the vertex represented by the
bottom rectangle has an unbounded number of incident picked edges.
Gray: cross-vertices, blue: piercing diagonal, pink: formed path.

Rotating Figure 4.14 by 180 degrees also covers the variant of choosing the edge that
joins the two succeeding neighbors of 𝑙. Analogously, Figure 4.15 also covers the variant of
choosing the edge that joins the direct predecessor of 𝑙 on 𝑃 to a succeeding neighbor of 𝑙.
Thereby, we cover all variants of choosing uncrossed edges based on the positions of their
endpoints on 𝑃 .

A more global approach to using the vertex ordering induced by the Hamilton path 𝑃 from
Lemma 4.21 is the following.
For 𝑆 ↑ 𝑉 (𝐿𝑃 ), let 𝛥 (𝑆) denote the position of 𝑆 on 𝑃 . For 𝑆 ↑ 𝑉 (𝐿𝑃 ), we de!ne

late(𝑆) = max({0} ⇔ {𝛥 (𝑅) | 𝑅 ↑ 𝑋 (𝑆),𝑅 is cross-vertex}). For 𝑅𝑆 ↑ 𝑊, we de!ne late(𝑅𝑆) =
max{late(𝑅), late(𝑆)}.

The concept of late-values is inspired by the idea of iterating over the vertices of 𝐿𝑃 in the
order given by 𝑃 and choosing edges so that the last iteration impacted by each choice lies as
close in the future as possible. To achieve that, for each cross-vertex 𝑙 of𝐿𝑃 , we pick the edge
𝑗 ↑ 𝑊 hitting the crossing corresponding to 𝑙 with the minimum late(𝑗).

However, as illustrated in Figure 4.16, doing so does not yield a bounded path length for
our planarization edge set. The path in Figure 4.16 consists of crossing edges of𝐿 . If we limit
ourselves to uncrossed edges of 𝐿 , the planarization edge set constructed for Figure 4.16 has
an unbounded maximum degree instead.

4.3.1 Modified Rectangular Duals

None of the approaches for constructing planarization edge sets we described so far achieve
bounded path length, while some of them achieve bounded maximum degree. To improve
our understanding of how to avoid unbounded path length, we investigate a class of 1-planar
graphs for which achieving bounded maximum degree is trivial, allowing us to focus on path
length. For that, we de!ne a modi!ed variant of rectangular duals in which we drop the
requirements that no four rectangles meet at a single point and that exactly four rectangles
are on the boundary of the representation. We then analyze TQ-embedded graphs for which
the planar skeleton admits a modi!ed rectangular dual. For two special cases, we give
constructions for planarization edge sets with bounded clustering.
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Figure 4.17: Meeting point representing a 4-face 𝑘 of the planar skeleton in the modi!ed
rectangular dual. Black: modi!ed rectangular dual, blue: edges of the 1-planar graph corre-
sponding to 𝑘 .

Definition 4.22 (Modified Rectangular Dual): Let𝐿 be an embedded 3-connected planar graph.
The modi!ed rectangular dual represents each vertex of𝐿 as a rectangle. Together, all rectangles
representing vertices tile a single, larger rectangle. Like the regular rectangular dual, the modi!ed
rectangular dual represents each edge of 𝐿 as a side contact of the rectangles corresponding to
the edges’ endpoints.
For each face 𝑘 of 𝐿 , the rectangles representing the vertices on the boundary of 𝑘 meet in a

single point. If 𝑘 is a 𝑈-face, we call the corresponding meeting point a 𝑈-point.

Note that if an embedded planar graph 𝐿 admits a modi!ed rectangular dual, each face of
𝐿 has degree at most 4 and every vertex of 𝐿 is incident to at most four 4-faces.

Let 𝐿 be a TQ-embedded graph with a planar skeleton 𝑄 such that 𝑄 admits a modi!ed
rectangular dual 𝑇 . Each 4-face 𝑘 of 𝑄 corresponds to a 4-point 𝑠 in 𝑇 . The rectangle side
segments incident to 𝑠 correspond to the edges on the boundary of 𝑘 . Furthermore, the
crossing edges of 𝐿 within 𝑘 correspond to the pairs of rectangles meeting at 𝑠 diagonally.
Refer to Figure 4.17 for a visualization of the relationship between 4-faces of 𝑄 and 4-points
in 𝑇 .

If 𝑄 admits a modi!ed rectangular dual, !nding a planarization edge set of𝐿 with bounded
maximum degree is trivial: Picking all segments incident to at least one 4-point yields a
planarization edge set with a maximum degree of at most 8. Thus, the only di%culty in !nding
planarization edge sets for such graphs lies in avoiding paths of arbitrary length.
A simple special case of modi!ed rectangular duals are regular grids of squares. If 𝑇 is a

regular grid of squares, we !nd a 2-clustered planarization edge set of 𝐿 by picking every
other horizontal segment of each row, with an o"set of one space between subsequent rows,
as depicted in Figure 4.19.

Next, we consider a generalization of regular grids of squares.

Definition 4.23 (Domino-Covered Grid): Let 𝑇 be a modi!ed rectangular dual. If 𝑇 is obtained
from a regular grid of squares by fusing pairs of horizontally adjacent squares, then 𝑇 is called a
domino-covered grid.

Figure 4.18 shows an example of a domino-covered grid.
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Figure 4.18: Example of a domino-covered grid.

If 𝑇 is a domino-covered grid, we iteratively construct a clustered planarization edge set.

Theorem 4.24: Let 𝐿 be a TQ-embedded graph with a planar skeleton 𝑄 that admits a repre-
sentation as a domino-covered grid 𝑇 . Then 𝐿 admits an 8-clustered planarization edge set.

Proof. We denote the 𝑕-th row of rectangles and their vertical sides in 𝑇 as 𝑧𝑂 , starting at
the bottom of 𝑇 . For vertical segments 𝑡 and 𝑝 within the same row, we de!ne the distance
between 𝑡 and 𝑝 in 𝑇 as the number of squares between them in the regular grid of squares
from which 𝑇 is obtained. For 4-points 𝑠 and 𝛯, we de!ne dist(𝑠,𝛯) as the distance between
the vertical segments below them.
For any set 𝑍 of segments of 𝑇 , we denote the set of edges of 𝐿 corresponding to the

segments in 𝑍 as 𝑊𝑏 . We construct a set of segments 𝑃 iteratively, row by row, bottom-up, so
that 𝑊𝑄 is a planarization edge set of 𝐿 . We only pick vertical segments, thus every cluster of
𝑊𝑄 is a path con!ned to a single row of 𝑇 .
We call a vertical segment 𝑡 within 𝑧𝑂 a forced segment if the lower endpoint of 𝑡 is a 4-point

𝑠 , and 𝑃 does not contain a segment from 𝑧𝑂→1 incident to 𝑠 . We maintain as an invariant
that after processing 𝑧𝑂 , the forced segments of 𝑧𝑂+1 have a distance of at least 3. Note that 𝑧1
does not have any forced segments, as there are no 4-points along the bottom of 𝑇 .
We call a pair of 4-points (𝑠,𝛯) on the same horizontal line, with 𝑠 to the left of 𝛯, a

problematic pair if neither 𝑠 nor 𝛯 has an incident segment in 𝑃 and dist(𝑠,𝛯) ↘ 2. We call a
triple of 4-points (𝑠,𝛯, 𝛬 ) a problematic triple if (𝑠,𝛯) and (𝛯, 𝛬 ) are problematic pairs. For a
problematic triple (𝑠,𝛯, 𝛬 ), we de!ne 𝑧(𝑠,𝛯, 𝛬 ) as the set of rectangles between the vertical
segments below 𝑠 and 𝛬 .
For all 𝑧𝑂 , we perform the following steps. First, we add all forced segments of 𝑧𝑂 to 𝑃 .

Thus, 𝑃 hits all 4-points in 𝑇 up to the bottom of 𝑧𝑂 . As the left and right segment of each
rectangle in 𝑇 have a distance of at most 2, our invariant ensures that the paths formed by
𝑊𝑄⇑𝑐𝐿 contain at most two vertices each.

Second, we eliminate the problematic triples at the top of 𝑧𝑂 one by one. In each iteration,
we choose a problematic triple (𝑠,𝛯, 𝛬 ) such that 𝑧(𝑠,𝛯, 𝛬 ) is inclusion-maximal among all
remaining problematic triples. We eliminate the problematic triple by adding all vertical
segments between rectangles in 𝑧(𝑠,𝛯, 𝛬 ) to 𝑃 , as depicted in Figure 4.20. As dist(𝑠, 𝛬 ) ↘ 4,
the path formed by the edges of 𝐿 corresponding to the picked vertical segments contains at
most four vertices.
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We show that the segments below 𝑠 and 𝛬 remain unpicked, separating the paths created in
step 2 from each other. Furthermore, these segments remaining unpicked ensures that each
path created in step 1 is either fully contained in a single path created in step 2, or disjoint
from all paths created in step 2. Therefore, after the second step, each path formed by 𝑊𝑄⇑𝑐𝐿
contains at most four vertices.
Assume for the sake of contradiction that we pick a segment below 𝑠 or 𝛬 in a later iteration

of step 2, without loss of generality, a segment below 𝛬 . Then 𝛬 lies between the endpoints of
a problematic triple (𝑞,𝑟, 𝑙). In particular, 𝑙 lies to the right of 𝛬 . Furthermore, as we pick an
incident segment for all 4-points between 𝑠 and 𝛬 when we eliminate (𝑠,𝛯, 𝛬 ), either 𝑞 = 𝑠
or 𝑞 lies to the left of 𝑠 . Thus, 𝑧(𝑠,𝛯, 𝛬 ) ⊋ 𝑧(𝑞,𝑟, 𝑙), contradicting our choice of problematic
triple.
Third, we eliminate all problematic pairs at the top of 𝑧𝑂 . For each problematic pair (𝑠,𝛯),

we add the vertical segment below 𝑠 to 𝑃 . As we eliminate all problematic triples before this
step, 𝛯 is not part of another problematic pair. Thus, we merge groups of at most two paths
from step 2, yielding a maximum of eight vertices per path.

By eliminating all problematic triples and pairs, we maintain our invariant.

Note that the planar skeleton from Construction 3.5 does not admit a modi!ed rectangular
dual. Thus, we investigate an iterative approach for constructing a matching as a planarization
edge set based on modi!ed rectangular duals.
Let 𝐿 be a TQ-embedded graph such that the planar skeleton 𝑄 of 𝐿 admits a modi!ed

rectangular dual 𝑇 . For each 4-point 𝑠 of 𝑇 , we assign a !xed priority to each of the six edges
of 𝐿 hitting 𝑠 , based on the position of the representation of the edges in 𝑇 . Then we iterate
over the 4-points, and for each 4-point 𝑠 , we pick the edge with the highest priority among
all edges hitting 𝑠 for which neither endpoint has a picked incident edge yet.
For the iteration order of the 4-points, we !rst choose an ordering 𝛥𝑐 of the rectangles.

We direct the edges of 𝑄 based on 𝑇 so that each edge corresponding to a vertical segment
is directed from the left to the right rectangle and each edge corresponding to a horizontal
segment is directed from the bottom to the top rectangle. Then we choose a topological
ordering as 𝛥𝑐 . We order the 4-points based on the order in which the rectangles to the
top-right of each 4-point appear in 𝛥𝑐 .

Figure 4.21 shows counterexamples for two families of priority assignments. In Figure 4.21a,
we assign the highest priority to the segment to the right of each 4-point. All other priorities
remain undetermined. Then the 4-point at the bottom-left corner of rectangle 11 has no
available edge to pick.
In Figure 4.21b, we assign the highest priority to the segment to the left of each 4-point.

All other priorities remain undetermined. The 4-point at the bottom-left corner of rectangle
16 has only the top segment available to pick. Then, the 4-point at the bottom-left corner of
rectangle 17 has no available edge to pick.

The fact that both of the aforementioned families of priority assignments only encompass
a single decision and still admit counterexamples leads us to discard this approach for !nding
matchings as planarization edge sets.
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Figure 4.19: Sketch for the construction of a 2-clustered planarization edge set in a modi!ed
rectangular dual that is a regular grid of squares. Red: picked edges, pink: formed clusters

(a)

(b)

p q r

s

p q r

p q r sp q r

Figure 4.20: Elimination of problematic triples in the proof of Theorem 4.24.
(a) The problematic triple (𝑠,𝛯, 𝛬 ) is eliminated.
(b) There are four problematic triples: (𝑠,𝛯, 𝛬 ), (𝛯, 𝛬 , 𝑡), (𝑠,𝛯, 𝛬 ), and (𝑠, 𝛬 , 𝑡). As we eliminate
inclusion-maximal problematic triples, we choose either (𝑠,𝛯, 𝑡) or (𝑠, 𝛬 , 𝑡) to eliminate. Here,
both choices lead to the same picked edges.
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Figure 4.21:Counterexamples for the priority list approach. The numbers signify the rectangle
ordering 𝛥𝑐 . The ordering is chosen so that whenever multiple choices for the next rectangle
produce a valid topological ordering, we choose the rectangle with the lowest base. Red:
picked edges, pink: formed clusters
(a) We assign the highest priority to the segment to the right of each 4-point.
(b) We assign the highest priority to the segment to the left of each 4-point.
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5 Optimal 1-Planar Graphs
Although optimal 1-planar graphs contain the maximum number of edges possible for 1-planar
graphs, achieving this maximum enforces strong constraints on the structure of the graphs.
An important one is the following property of the planar skeleton.

Proposition 5.1 (Czap and Hudák, 2013 [CH13]): Let 𝐿 be an embedded optimal 1-planar
graph, and let 𝛱 be its planar skeleton. The planar skeleton 𝛱 is a quadrangulation, that is,
the boundary of every face of 𝛱 is a 4-cycle. Furthermore, for each 4-face 𝑘 of 𝛱 , the graph 𝐿
contains a pair of crossing edges within 𝑘 .

Thus, all embedded optimal 1-planar graphs are TQ-embedded. Using this property, we
can show the following theorem.

Theorem 5.2 (Ueckerdt [Uec]): Let 𝐿 be an embedded optimal 1-planar graph and let 𝛱 be its
planar skeleton. If 𝛱 contains no separating 4-cycle, then 𝐿 admits a 10-clustered 4-coloring.

In Section 5.1, we present a proof of Theorem 5.2 based on a proof sketch by Ueckerdt [Uec].
In Section 5.2, we discuss an issue for generalizing Theorem 5.2 to all optimal 1-planar graphs
analogously to Theorem 4.14.

5.1 Proof of Theorem 5.2

Let𝐿 = (𝑉 , 𝑊) be an embedded optimal 1-planar graph such that its planar skeleton𝛱 contains
no separating 4-cycle. By Proposition 5.1, 𝛱 is a quadrangulation.

We !rst analyze the structure of𝐿 and 𝛱 to obtain a pair of planar induced subgraphs of𝐿
that are dual to each other and cover the vertices of𝐿 . That pair of planar graphs allows us to
interpret the triangle contact representation from Proposition 2.36 as a representation of 𝛱 .
Using this representation, we show that 𝐿 has a 10-clustered planarization edge set.

First, we show that 𝛱 is bipartite. To do this, we !rst show that 𝛱 contains no cycle of odd
length. Then we show that all graphs without cycles of odd length are bipartite.

Lemma 5.3: Let 𝛱 be a planar quadrangulation. Then 𝛱 contains no cycle of odd length.

Proof. Consider any planar drawing of 𝛱 . Assume for the sake of contradiction that 𝛱
contains an odd cycle. Let 𝑐 (0) = 𝑆0, ...,𝑆𝐿 be an odd cycle in 𝛱 such that the interior of 𝑐 (0)

is inclusion-minimal among all odd cycles in 𝛱 . Note that 𝑆0 = 𝑆𝐿 .
As 𝑐 (0) is odd and every face in 𝛱 is bounded by a cycle of length 4, the interior of 𝑐 (0) is

not a face. Thus, there exists a path subdividing the interior of 𝑐 (0) . In particular, there exists
a subdividing path 𝑃 = 𝑠0, ..., 𝑠𝑋 , where 𝑠0 = 𝑆𝑂 and 𝑠𝑋 = 𝑆 𝑑 for distinct 𝑕, 𝛴 ↑ {0, ...,𝑈 → 1} and
{𝑠1, ..., 𝑠𝑋→1} ⇑ {𝑆0, ...,𝑆𝐿 } = ⇓. Without loss of generality, 𝑕 < 𝛴 holds.
Together with 𝑐 (0) , 𝑃 forms two cycles 𝑐 (1) = 𝑆0, ...,𝑆𝑂 , 𝑠1, ..., 𝑠𝑋 ,𝑆 𝑑+1, ...,𝑆𝐿 and 𝑐 (2) =

𝑆𝑂 , ...,𝑆 𝑑 , 𝑠𝑋→1, ..., 𝑠0 (see Figure 5.1).
Observe that | |𝑐 (1) | | + | |𝑐 (2) | | = | |𝑐 (0) | | + 2 · | |𝑃 | |. As | |𝑐 (0) | | is odd, | |𝑐 (1) | | + | |𝑐 (2) | | is also

odd and thus, exactly one of | |𝑐 (1) | | and | |𝑐 (2) | | is odd. The interiors of 𝑐 (1) and 𝑐 (2) each
are proper subsets of the interior of 𝑐 (0) , contradicting the minimality of the interior of 𝑐 (0)

among all odd cycles.
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vi

vj
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Figure 5.1: The cycle 𝑐 (0) and the path 𝑃 form cycles 𝑐 (1) and 𝑐 (2)

Lemma 5.4: Let 𝐿 = (𝑉 , 𝑊) be a graph with no odd cycle. Then 𝐿 is bipartite.

Proof. We present a proof sourced from [MS25].
Let 𝑆 ↑ 𝑉 be any vertex. We consider the 2-coloring 𝑉1 = {𝑅 ↑ 𝑉 | dist(𝑅,𝑆) is even} and

𝑉2 = {𝑅 ↑ 𝑉 | dist(𝑅,𝑆) is odd}. We claim that this 2-coloring is proper.
Assume for the sake of contradiction an edge 𝑓𝑔 ↑ 𝑊 exists so that dist(𝑓, 𝑆) ∝ dist(𝑔,𝑆)

mod 2. Consider a shortest path 𝑃𝑒 from 𝑆 to 𝑓 and a shortest path 𝑃𝑓 from 𝑆 to 𝑔. Let 𝑁 be the
last common vertex of 𝑃𝑒 and 𝑃𝑓 . Let 𝑃 ↓

𝑒 and 𝑃 ↓
𝑓 be the subpaths of 𝑃𝑒 and 𝑃𝑓 starting from 𝑁 ,

respectively. Note that | |𝑃 ↓
𝑒 | | + | |𝑃 ↓

𝑓 | | is even. Thus, 𝑃 ↓
𝑒 and 𝑃 ↓

𝑓 form an odd cycle together with
the edge 𝑓𝑔.

By Lemmas 5.3 and 5.4, 𝛱 is bipartite. Let 𝑧 (red) and 𝑦 (blue) be the color classes of a
proper 2-coloring of 𝛱 . We de!ne 𝐿𝑐 = 𝐿 [𝑧] and 𝐿𝑔 = 𝐿 [𝑦]. Note that 𝐿𝑐 , 𝐿𝑔 , and 𝛱
partition the edges of 𝐿 . In the following, we call the edges of 𝛱 black edges, the edges of𝐿𝑐

red edges, and the edges of 𝐿𝑔 blue edges.
We consider the drawings of 𝐿𝑐 and 𝐿𝑔 obtained from the 1-planar drawing of 𝐿 by

omitting vertices and edges not present in the respective subgraph. As each pair of crossing
edges in 𝐿 consists of one red and one blue edge, these drawings of 𝐿𝑐 and 𝐿𝑔 are planar.

To interpret a primal-dual triangle representation of 𝐿𝑔 as a representation of 𝛱 , we show
that𝐿𝑔 and𝐿𝑐 are dual to each other. Then, we show that𝐿𝑔 is 3-connected and thus admits
a triangle representation as described in Proposition 2.36. To prove these statements, we !rst
show that 𝐿𝑔 is 2-connected as an intermediate step.

Lemma 5.5: Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑧 and 𝑦 the
color classes of a proper 2-coloring of 𝛱 , and 𝐿𝑔 =𝐿 [𝑦].

Then 𝐿𝑔 is 2-connected.

Proof. Recall that 𝐿 is TQ-embedded and thus, by Lemma 4.2, 𝛱 is 3-connected. Let 𝑁 ↑ 𝑦 be
a blue vertex. We show that 𝐿𝑔 → 𝑁 is connected. Let 𝑅,𝑆 ↑ 𝑦\{𝑁}.
As𝛱 is 3-connected,𝛱 →𝑁 is connected. Thus, there exists a path 𝑃 = 𝑆1 ... 𝑆𝑀,𝑆1 = 𝑅,𝑆𝑀 = 𝑆

connecting𝑅 and 𝑆 in𝛱 . Red and blue vertices alternate on 𝑃 . We show that for all red vertices
𝑆𝑂 on 𝑃 , there exist two paths 𝑃 (1)

𝑂 and 𝑃 (2)
𝑂 from 𝑆𝑂→1 to 𝑆𝑂+1 in 𝐿𝑔 such that 𝑃 (1)

𝑂 ⇑ 𝑃 (2)
𝑂 =

{𝑆𝑂→1,𝑆𝑂+1}. Thus, at least one of 𝑃 (1)
𝑂 and 𝑃 (2)

𝑂 exists in 𝐿𝑔 → 𝑁 . Applying that result to all red
vertices on 𝑃 yields a path connecting 𝑅 and 𝑆 in 𝐿𝑔 → 𝑁 .
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Figure 5.2: A red vertex 𝑆𝑂 with the surrounding angles and neighbors as described in the
proof of Lemma 5.5. Red edges omitted for clarity.

Let 𝑆𝑂 be a red vertex on 𝑃 . Note that 𝑆𝑂 is not an endpoint of 𝑃 . Consider the two angles
𝛶, 𝛷 between the edges 𝑆𝑂→1𝑆𝑂 and 𝑆𝑂𝑆𝑂+1, including these edges themselves. Let 𝑓1, ...,𝑓𝐿 and
𝑔1, ...,𝑔𝑋 , in clockwise order, be the blue neighbors of 𝑆𝑂 in 𝛱 that connect to 𝑆𝑂 via an edge
in 𝛶 and 𝛷 , respectively. Then {𝑓1, ...,𝑓𝐿 } ⇑ {𝑔1, ...,𝑔𝑋 } = {𝑆𝑂→1,𝑆𝑂+1}. Refer to Figure 5.2 for a
visualization.

For all 𝛴 ↑ {1, ...,𝑈 → 1}, the edges 𝑓 𝑑𝑆𝑂 and 𝑓 𝑑+1𝑆𝑂 connect to subsequent neighbors of
𝑆𝑂 in clockwise order. Thus, the two edges share an incident face in 𝛱 . By Proposition 5.1,
𝑓 𝑑𝑓 𝑑+1 exists in 𝐿 and thus, in 𝐿𝑔 . Therefore, 𝑓1...𝑓𝐿 is a path between 𝑆𝑂→1 and 𝑆𝑂+1 in 𝐿𝑔 .
Analogously, 𝑔1...𝑔𝑋 is a path between 𝑆𝑂→1 and 𝑆𝑂+1 in 𝐿𝑔 .

Note that it follows from Lemma 5.5 that the boundary of each face of𝐿𝑐 and𝐿𝑔 is a cycle.
Now, we prove the duality of 𝐿𝑔 and 𝐿𝑐 .

Lemma 5.6: Let𝐿 be an optimal 1-planar graph,𝛱 its planar skeleton, 𝑧 and 𝑦 the color classes
of a proper 2-coloring of 𝛱 , and 𝐿𝑔 =𝐿 [𝑦],𝐿𝑐 =𝐿 [𝑧].

Then 𝐿𝑐 is dual to 𝐿𝑔 , that is, 𝐿𝑐 =𝐿≃
𝑔 .

Proof. We show that our drawing of 𝐿𝑐 matches the standard drawing of 𝐿≃
𝑔 as described in

Lemma 2.14.
Let 𝑀 = |𝑉 (𝐿) |,𝑀𝑐 = |𝑧 |,𝑀𝑔 = |𝑦 | and𝑎𝑔 = |𝑊 (𝐿𝑔) |. Let 𝑘𝑔 be the number of faces of 𝐿𝑔 .

Note that 𝑀 = 𝑀𝑐 + 𝑀𝑔 , and by Proposition 2.25, we have𝑎𝑔 = 𝑀 → 2.
Consider a face 𝑘 of𝐿𝑔 . Each edge on the boundary of 𝑘 is crossed by exactly one red edge.

As we started with a 1-planar drawing of 𝐿 , none of these red edges cross a blue edge again.
Thus, each of these red edges has an endpoint within the interior of 𝑘 .

It only remains to show that the interior of 𝑘 does not contain multiple red vertices. As no
red vertex is contained in multiple faces of 𝐿𝑔 , and each face contains at least one red vertex,
this is equivalent to showing that 𝑀𝑐 = 𝑘𝑔 .
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The graph 𝐿𝑔 is planar and, by Lemma 5.5, connected, thus we can apply Euler’s formula
to 𝐿𝑔 and obtain:

𝑀𝑔 →𝑎𝑔 + 𝑘𝑔 = 2

′∞ 𝑀𝑔 + 𝑀𝑐 → 𝑀𝑐 →𝑎𝑔 + 𝑘𝑔 = 2

′∞ 𝑀 → 𝑀𝑐 → (𝑀 → 2) + 𝑘𝑔 = 2

′∞ →𝑀𝑐 + 𝑘𝑔 = 0

′∞ 𝑀𝑐 = 𝑘𝑔

In addition to the duality of 𝐿𝑔 and 𝐿𝑐 , we need the following relationship between 𝐿𝑔 ,
𝐿𝑐 , and the edges of 𝛱 .

Lemma 5.7: Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑧 and 𝑦 the
color classes of a proper 2-coloring of 𝛱 , and 𝐿𝑔 =𝐿 [𝑦],𝐿𝑐 =𝐿 [𝑧].

By Lemma 5.6, 𝐿𝑐 =𝐿≃
𝑔 .

For all 𝑆 ↑ 𝑧, the blue neighbors of 𝑆 are exactly the vertices on the boundary of the face 𝑆≃

corresponding to 𝑆 in 𝐿𝑔 .

Proof. As all edges in𝐿 connecting 𝑆 to blue vertices are black, and black edges are uncrossed,
all blue neighbors of 𝑆 lie on the boundary of 𝑆≃.

Let 𝑞 be any vertex on the boundary of 𝑆≃. The vertex 𝑞 has a neighbor 𝑟 on the boundary
of 𝑆≃, that is, the blue edge 𝑞𝑟 exists and is part of the boundary of 𝑆≃. Let 𝑆𝑅 = (𝑞𝑟)≃. The
edges 𝑆𝑅 and 𝑞𝑟 are a pair of crossing edges in𝐿 . As𝐿 is optimal,𝐿 is maximally 1-embedded,
and as 𝐿 is TQ-embedded, by Lemma 4.1, 𝐿 is well-embedded. Therefore, by Lemma 2.26, 𝑆𝑞
exists in 𝛱 .

Nowwe can get back to proving that𝐿𝑔 is 3-connected. Recall that𝛱 contains no separating
4-cycle.

Lemma 5.8: Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑧 and 𝑦 the
color classes of a proper 2-coloring of 𝛱 , and 𝐿𝑔 =𝐿 [𝑦].

If 𝛱 contains no separating 4-cycle, then 𝐿𝑔 is 3-connected.

Proof. We show the contraposition: If 𝐿𝑔 is not 3-connected, then 𝛱 contains a separating
4-cycle.

Let 𝐿𝑔 not be 3-connected. Then there exists a pair of vertices 𝑞,𝑟 ↑ 𝑦 such that 𝐿 ↓
𝑔

is disconnected, where 𝐿 ↓
𝑔 = 𝐿𝑔 → 𝑞 → 𝑟. Let 𝐿1 be a connected component of 𝐿 ↓

𝑔 and let
𝐿2 =𝐿 ↓

𝑔 →𝐿1. By Lemma 5.5, 𝐿𝑔 is 2-connected. Thus, both 𝐿1 and 𝐿2 contain at least one
vertex that is adjacent to 𝑞 in 𝐿𝑔 and at least one vertex that is adjacent to 𝑟 in 𝐿𝑔 . As 𝐿𝑔

contains no edges between𝐿1 and𝐿2, it follows that 𝑞 and 𝑟 share two distinct incident faces
in 𝐿𝑔 .

By Lemmas 5.6 and 5.7, we !nd a red vertex adjacent to both 𝑞 and 𝑟 in each of these faces.
Together with 𝑞 and 𝑟, they form a separating 4-cycle in 𝛱 as depicted in Figure 5.3.
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G1

G2 x

y

Figure 5.3: The subgraphs 𝐿1 and 𝐿2 of 𝐿𝑔 from the proof of Lemma 5.8, together with the
faces of 𝐿𝑔 enclosed by the boundaries of 𝐿𝑔 →𝐿1 and 𝐿𝑔 →𝐿2.

Consider a minimal triangle representation 𝑜 of𝐿𝑔 . Recall that a minimal triangle repre-
sentation contains no counterclockwise cycles in the corresponding s-orientation.
Each contact point of 𝑜 corresponds to an edge of 𝐿𝑔 and its dual edge. By Lemma 5.6,

this is equivalent to a pair of crossing edges from𝐿 . The contact points divide each side of
each triangle of 𝑜 into segments. We observe that because of Lemma 5.7, each segment of 𝑜
corresponds to a black edge of 𝐿 and vice versa.

These properties let us interpret 𝑜 as a representation of 𝛱 : Each 4-face of 𝛱 corresponds
to a contact point of 𝑜 with the incident segments corresponding to the edges of the 4-face.
Recall that we classify contact points of 𝑜 into six types as depicted in Figure 2.6. For our

representation 𝑜 , this classi!cation also applies to the 4-faces of 𝛱 .
Now, we !nd a planarization edge set using 𝑜 :

Construction 5.9 (Ueckerdt [Uec]):
Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑦 a color class of a proper
2-coloring of 𝛱 , and 𝐿𝑔 =𝐿 [𝑦]. Let 𝑜 be a minimal triangle representation of 𝐿𝑔 .
We construct an edge set 𝑃 ↔ 𝑊 by picking the corresponding segments in 𝑜 using the

following set of rules:
For each primal triangle 𝑝 of 𝑜 :

(R1) If the 4-faces at both ends of the base of 𝑝 are horizontal and no primal triangle’s tip
touches the base of 𝑝 , pick no segments of 𝑝 .

(R2) If (R1) does not apply to 𝑝 , pick the leftmost and rightmost segment along the base of 𝑝 .

(R3) Let 𝑝1, ..., 𝑝𝐿 be the primal triangles whose tips touch the interior of the base of 𝑝 , ordered
from left to right based on the position of their tips. If 𝑈 ⇐ 3, pick the uppermost
segment on the left side of 𝑝2, ..., 𝑝𝐿→1.

For each dual triangle 𝑂 of 𝑜 , we de!ne a rule symmetric to (R3):

(R4) Let 𝑂1, ...,𝑂𝐿 be the dual triangles whose tips touch the interior of the base of 𝑂 , ordered
from left to right based on the position of their tips. If 𝑈 ⇐ 3, pick the lowermost
segment on the right side of 𝑂2, ...,𝑂𝐿→1.

Refer to Figure 5.4 for a visualization of the rule set.
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Rule (R1)

Rules (R2) and (R3)

Rule (R4)

Figure 5.4: Visualization of the rule set from Construction 5.9. Picked segments are high-
lighted in red.

Next, we verify that the constructed set is a planarization edge set.

Lemma 5.10: Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑧 and 𝑦 the
color classes of a proper 2-coloring of 𝛱 , 𝐿𝑔 =𝐿 [𝑦], and 𝑜 a minimal triangle representation of
𝐿𝑔 .

Then the set 𝑃 from Construction 5.9 is a planarization edge set of 𝐿 .

Proof. Recall that as 𝐿 is TQ-embedded, 𝑃 is a planarization edge set if and only if it hits all
4-faces of 𝛱 by Lemma 2.31. Each 4-face of 𝛱 corresponds to a contact point of 𝑜 , thus we
need to show that the rule set picks at least one incident segment for each contact point of 𝑜 .

Consider a contact point 𝑠 of 𝑜 . We do case distinction based on the type of 𝑠 .
Case 1: 𝑠 is not horizontal
The point 𝑠 lies at the end of the base of exactly one primal triangle 𝑝 (see Figure 2.6). As 𝑠

is not horizontal, rule (R1) does not apply to 𝑝 . Thus, rule (R2) picks a segment of the base of 𝑝
incident to 𝑠 .

Case 2: 𝑠 is primal-horizontal
Let 𝑝1 be the upper primal triangle and 𝑝2 the lower primal triangle incident to 𝑠 . The point

𝑠 lies on the interior of the base of 𝑝1. (R1) does not apply to 𝑝1, because 𝑝2 touches the base of
𝑝1 at the point 𝑠 . If 𝑝2 is the leftmost or rightmost primal triangle touching the interior of the
base of 𝑝1, then one of the outermost segments of the base of 𝑝1 is incident to 𝑠 . In that case,
rule (R2) applied to 𝑝1 picks a segment incident to 𝑠 . Otherwise, rule (R3) applied to 𝑝1 picks a
segment of 𝑝2 incident to 𝑠 (see Figure 5.4).

Case 3: 𝑠 is dual-horizontal
The point 𝑠 lies at the end of the bases of two primal triangles 𝑝1 and 𝑝2. Let 𝑠1 and 𝑠2 be

the endpoints opposite of 𝑠 of the bases of 𝑝1 and 𝑝2, respectively. If 𝑠1 or 𝑠2 is not horizontal,
or if a primal triangle touches the base of 𝑝1 or 𝑝2, then rule (R1) does not apply to both 𝑝1 and
𝑝2. Thus, rule (R2) applies to 𝑝1 or 𝑝2 and picks a segment incident to 𝑠 .
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pt1 t2p1 p2

d

Figure 5.5: Dual-horizontal point where rule (R1) applies to both incident primal triangles.

Otherwise, the bases of 𝑝1 and 𝑝2 form a horizontal line that no primal triangle touches from
below. Thus, the line belongs to the base of a single dual triangle 𝑂 . At 𝑠 , 𝑠1, and 𝑠2, the tips
of other dual triangles touch the interior of the base of 𝑂 . As 𝑠 lies in the middle of the three
points, rule (R4) applied to 𝑂 picks a segment incident to 𝑠 (see Figure 5.5).

Next, we verify that the constructed planarization edge set is clustered.

Lemma 5.11: Let 𝐿 = (𝑉 , 𝑊) be an optimal 1-planar graph, 𝛱 its planar skeleton, 𝑧 and 𝑦 the
color classes of a proper 2-coloring of 𝛱 , 𝐿𝑔 =𝐿 [𝑦], and 𝑜 a minimal triangle representation of
𝐿𝑔 .

Then the planarization edge set 𝑃 from Construction 5.9 is 10-clustered.

Proof. Our goal is to show that all connected components of 𝐿𝑄 = (𝑉 , 𝑃) contain at most 10
vertices.

First, we analyze the edges corresponding to horizontal segments in 𝑜 . Let 𝑃𝑕 ↔ 𝑃 be the
set of picked edges corresponding to horizontal segments in 𝑜 . We show that all connected
components of 𝐿𝑕 = (𝑉 , 𝑃𝑕 ) contain at most four vertices. Let 𝑐𝑕 be the set of triangles in 𝑜
representing the vertices of a connected component of 𝐿𝑕 .
We observe that each picked horizontal segment is an outermost segment for the base of

both incident triangles. For primal triangles, this immediately follows from the rule set. For
each dual triangle 𝑂 with at least three segments along its base, consider a non-outermost
segment 𝑡 . The primal triangle 𝑝 above 𝑡 has horizontal points at both ends of its base, and no
primal triangle’s tip touches the base of 𝑝 . Thus, by rule (R1), we pick no horizontal segment
for 𝑝 (see Figure 5.4).
From the fact that all picked horizontal segments are outermost segments, it follows that

each triangle has at most two picked horizontal segments. Furthermore, the bases of all
triangles in 𝑐𝑕 have their base along the same horizontal line. That leaves four cases for how
two adjacent triangles of 𝑐𝑕 can lie in 𝑜 :

(1) The leftmost segments of both triangles align. Then 𝑐𝑕 can only continue to the right.
Thus, this case happens at most once in 𝑐𝑕 .

(2) The rightmost segments of both triangles align. Then 𝑐𝑕 can only continue to the left.
Thus, this case happens at most once in 𝑐𝑕 .

(3) The leftmost segment of the primal triangle aligns with the rightmost segment of the
dual triangle. This case can be ruled out as it forms a counterclockwise cycle in 𝑜 .

(4) The rightmost segment of the primal triangle aligns with the leftmost segment of the
dual triangle. Only case (3) can connect multiple instances of case (4). As we ruled case
(3) out, case (4) can happen at most once in 𝑐𝑕 .

Thus, 𝑐𝑕 contains no more than four triangles. Refer to Figure 5.6 for a visualization.
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(1) (2) (3) (4)

Figure 5.6: Types of picked horizontal segments. In type (3), the counterclockwise cycle of
the triangle representation is highlighted.

Next, we analyze the edges corresponding to non-horizontal segments in 𝑜 . Let 𝑃𝑖 ↔ 𝑃
be the set of edges corresponding to picked non-horizontal segments in 𝑜 . We show that all
connected components of 𝐿𝑖 = (𝑉 , 𝑃𝑖 ) contain at most three vertices.

We observe that we only pick non-horizontal segments on the left side of primal triangles
and on the right side of dual triangles. Furthermore, we only pick non-horizontal segments if
they are incident to a horizontal point. Thus, all picked non-horizontal segments are outermost
segments of the non-horizontal sides of both incident triangles. It follows that we pick at
most two non-horizontal segments per triangle.

We also observe that if we pick two non-horizontal segments of a triangle 𝑝 , we pick one
segment via rule (R3) and one via rule (R4). In this case, the side of 𝑝 ends in two horizontal
points. Therefore, all triangles neighboring 𝑝 on that side have only a single segment on their
side touching 𝑝 , see Figure 5.7. In particular, they have at most one picked non-horizontal
segment. It follows that connected components of 𝐿𝑖 contain at most three vertices.

Next, we analyze how the connected components of𝐿𝑖 interact with the edges in 𝑃𝑕 . Our
goal is to show that all connected components of 𝐿𝑖 contain at most one vertex incident to
an edge from 𝑃𝑕 .

If we pick a non-horizontal segment 𝑡 on the side of a primal triangle 𝑝1 and a dual triangle
𝑂 via rule (R3), then 𝑂 has no picked horizontal segment: The tip of 𝑝1 is not the leftmost tip
touching the base of the above primal triangle 𝑝2. Thus, the base of 𝑂 is a segment of the
base of 𝑝2, and that segment is not an outermost segment of the base of 𝑝2. Thus, we pick no
horizontal segment of 𝑂 .

If we pick a non-horizontal segment on the side of a primal triangle 𝑝 via rule (R4), then
rule (R1) applies to 𝑝 , and therefore 𝑝 has no picked horizontal segment.

... ...
t

Figure 5.7: Example of a primal triangle with two picked left segments in Construction 5.9.
The right sides of the dual triangles touching the left side of 𝑝 only have one segment.
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t1

d1d2

t2
... ...

Figure 5.8: Maximum component formed by picked horizontal segments in Construction 5.9.

For components of 𝐿𝑖 of size two, it immediately follows that at most one of its vertices
has an incident edge in 𝑃𝑕 . A component of 𝐿𝑖 of size three contains a vertex represented
by a triangle 𝑝 with two picked non-horizontal segments. As we pick one of these segments
via rule (R3) and one via rule (R4), both 𝑝 and one of its neighbors in the component have no
picked horizontal segment.
Thus, edges in 𝑃𝑖 do not form connections between components of 𝐿𝑕 . Therefore, we

can think of all components of 𝐿𝑄 with at least four vertices as a path in 𝐿𝑕 with additional
disjoint paths of length one or two attached via edges from 𝑃𝑖 . This immediately yields a
component size of at most 12 for 𝐿𝑄 . We further improve this bound to 10.
Let 𝑐 be a connected component of 𝐿𝑄 . Observe that if 𝑐 contains at least 10 vertices, 𝑐

contains a path𝑍 from𝐿𝑕 such that𝑍 visits four vertices. Together, the triangles representing
𝑍 in𝑜 have a picked segment of each of the types (1), (2), and (4). Let 𝑝1 be the primal triangle,
and 𝑂1 be the dual triangle sharing the picked segment of type (4). Let 𝑂2 be the dual triangle
sharing the picked segment of type (1) with 𝑝1. Let 𝑝2 be the primal triangle sharing the picked
segment of type (2) with 𝑂1. Refer to Figure 5.8 for a visualization.

If 𝑝2 or 𝑂2 has no picked non-horizontal segment, then 𝑐 contains at most 10 vertices.
Consider the case where 𝑝2 and 𝑂2 both have a picked non-horizontal segment. Let 𝑂3 and

𝑝3 be the triangles connected to 𝑝2 and 𝑂2 respectively via the picked non-horizontal segment
The point 𝑠 at the right corner of 𝑂2 is primal-horizontal because 𝑝1 has a segment of type

(4). The point 𝑠 is the leftmost point where another primal triangle’s tip touches the interior
of the base of 𝑝1. Therefore, we do not pick the non-horizontal segment of 𝑂2 via rule (R3), so
we pick it via rule (R4). Thus, the tip of 𝑂2 is a horizontal point. Therefore, the left side of 𝑝3 is
a subset of the right side of 𝑂2. Thus, 𝑝3 has at most one picked non-horizontal segment and is
therefore a leaf. Analogously, 𝑂3 is a leaf. Thus, 𝑐 contains at most 10 vertices.

The upper bound of 10 for the component sizes of𝐿𝑄 is tight. Figure 5.9 shows a component
of size 10 formed by the segments picked in Construction 5.9.

Finally, we obtain Theorem 5.2 as a corollary of Lemmas 3.4, 5.10, and 5.11.

5.2 On Generalizing Theorem 5.2

In Theorem 4.14, we present a reduction from all TQ-embedded graphs to those with a planar
skeleton that has no separating triangles. Attempting to generalize Theorem 5.2 to all optimal
1-planar graphs in a similar way suggests itself.
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Figure 5.9:Maximum component formed by picked segments in Construction 5.9.

Recall that in Section 4.2, for our TQ-embedded graph 𝐿 , we pick an inclusion-minimal
separating triangle 𝑜 in the planar skeleton, obtain a planarization edge set 𝑃 for 𝐿 → ext(𝑜 )
from our premise, modify it to contain no edges incident to 𝑜 , and then merge 𝑃 with a
planarization edge set of 𝐿 → int(𝑜 ) we obtain from induction.
In an analogous approach to eliminating separating 4-cycles in the planar skeleton of

optimal 1-planar graphs, we encounter the following issue. Let 𝐿 be the embedded optimal
1-planar graph with the planar skeleton 𝛱 depicted in Figure 5.10. Consider the highlighted
separating 4-cycle 𝑐 of 𝛱 . The graph 𝛱 → int(𝑐) is not 3-connected. Therefore, the graph
obtained from𝛱 → int(𝑐) by adding a pair of crossing edges to each 4-face is not simple, which
prevents us from calling induction on 𝛱 → int(𝑐).

Choosing a larger separating 4-cycle so that𝛱 → int(𝑐) is 3-connected creates another issue.
Consider the separating 4-cycle 𝑇 in 𝛱 that encloses int(𝑐) and the face 𝑘 . The boundary of
𝑘 contains three of the four vertices of 𝑇 . Thus, it is not possible to !nd a planarization edge
set for 𝐿 → ext(𝑇) that hits 𝑘 and contains no edge incident to any vertex of 𝑇 .

C

f

Figure 5.10: Planar skeleton of an optimal 1-planar graph for which our approach for elimi-
nating separating 4-cycles does not work.
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6 Conclusion

In this thesis, we mainly investigate the question of whether all 1-planar graphs admit a
4-coloring with bounded clustering. We investigate approaches based on !nding planarization
edge sets.
Unfortunately, we do not arrive at a conclusive answer to our main research question.

However, we answer it a%rmatively for the special case of optimal 1-planar graphs without
separating 4-cycles in the planar skeleton. As the approach we discuss for generalizing
this result to all optimal 1-planar graphs does not succeed, further research attempting this
generalization is of interest.
In our research on clustered colorings of general 1-planar graphs, we introduce TQ-

embedded graphs. TQ-embedded graphs let us reduce the problem of !nding planarization
edge sets to a class of graphs with strong and intuitive structural properties. Thus, further
research into TQ-embedded graphs and their planarization edge sets would be helpful to
better understand and potentially resolve di%culties in !nding clustered planarization edge
sets.

In our own approaches towards !nding clustered planarization edge sets of TQ-embedded
graphs, a recurring problem lies in avoiding paths of arbitrary length. While we present a
simple way to avoid stars of arbitrary size in general TQ-embedded graphs with our approach
based on the primal-dual triangle representation, we only manage to avoid long paths for two
special cases.

In our result on optimal 1-planar graphs, we use the intricate notion of a minimal triangle
representation. Our other construction managing to avoid long paths is restricted to the very
limited class of TQ-embedded graphs with a planar skeleton that admits a representation as a
horizontally domino-covered grid. Even for domino-covered grids where both horizontally
and vertically adjacent cells may be fused, we do not !nd a construction for a planarization
edge set avoiding long paths.
Therefore, we believe research on planarization edge sets that avoid long paths to be the

most important step towards answering whether all TQ-embedded graphs admit a clustered
planarization edge set.

It is possible that not all TQ-embedded graphs admit a planarization edge set with bounded
clustering, even if all 1-planar graphs admit a 4-coloring with bounded clustering. Other
approaches for constructing clustered 4-colorings may be more fruitful. Our inductive re-
duction to TQ-embedded graphs is not applicable to clustered 4-colorability directly because
we do not know how to reconcile non-isomorphic colorings of our separator. However, it
may be possible to apply a similar reduction to other approaches for constructing clustered
4-colorings, depending on the degree of control they provide over the produced colorings.
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