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Abstract

The strong product of two graphs is a graph product that combines the Cartesian and tensor
product of two graphs. In this thesis, we investigate the structure of the strong product of two
graphs and how it can be exploited to derive solutions for graph problems based on the factor
graphs. Specifically, we focus on three fundamental problems: the maximum independent
set problem, the minimum dominating set problem, and, as the main focus of this thesis,
the minimum feedback vertex set problem. We first analyze the maximum independent set
problem and the minimum dominating set problem on the strong product of an arbitrary graph
with a path, giving constructions for maximum independent sets and minimum dominating
sets of the strong product based on independent sets and dominating sets of the factor graph.
Then, we focus on the minimum feedback vertex set problem and investigate the strong
product of paths, trees and different combinations of these graph types.

Zusammenfassung

Das starke Produkt von zwei Graphen ist ein Graphprodukt, das das kartesische und tensori-
elle Produkt von zwei Graphen kombiniert. In dieser Arbeit untersuchen wir die Struktur des
starken Produkts von zwei Graphen und wie sie ausgenutzt werden kann, um Losungen fiir
grundlegende Graphprobleme basierend auf der Struktur der Faktorgraphen zu entwickeln.
Insbesondere konzentrieren wir uns auf drei grundlegende Probleme: das Maximum Indepen-
dent Set Problem, das Minimum Dominating Set Problem, und als Hauptfokus dieser Arbeit,
das Minimum Feedback Vertex Set Problem. Zunéchst analysieren wir das Maximum Indepen-
dent Set Problem und das Minimum Dominating Set Problem auf dem starken Produkt eines
beliebigen Graphen mit einem Pfad, indem wir Konstruktionen fiir maximale independent
Sets und minimale dominating Sets des starken Produkts basierend auf independent Sets und
dominating Sets des Faktorgraphen geben. Dann konzentrieren wir uns auf das Minimum
Feedback Vertex Set Problem und untersuchen das starke Produkt von Pfaden, Biumen und
verschiedenen Kombinationen dieser Graphentypen.
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1 Introduction

Products of graphs are used to form complex graphs from simpler ones. Knowing the properties
of the factor graphs can help to understand the structure of the product graph and to derive
solutions for graph problems on the product graph. The strong product () of two graphs
forms a graph consisting of vertices for all pairs of vertices from the two factor graphs, and
edges between vertices that are adjacent in either one or both of the factor graphs. A detailed
definition of the strong product is given in Section 2.4.

The importance of the strong product of graphs has been highlighted by recent results
in product structure theory, as it has been shown that graphs of relevant graph classes are
subgraphs of the strong product of simpler graphs. One example of such a class is planar
graphs, which are subgraphs of the strong product of a graph of treewidth at most 6 and
a path [Duj+20 |UWY22]. For them, a decomposition into the factor graphs can even be
computed in polynomial time [Mor21].

Motivated by these results and the fact that graphs of some complex graph classes can be
embedded into the strong product of simpler graphs, in this thesis we focus on the fundamental
properties of the strong product itself. Specifically, we focus on graphs of the form G = H; R Hj,
where H; and H; are simpler graphs, for example paths or trees. The goal of this thesis is
to understand if and how the structure of graphs formed by the strong product of simpler
graphs can be exploited to derive solutions for graph problems on G based on solutions for the
same problem or other problems on the factor graphs. To achieve this, we investigate three
fundamental graph problems that are NP-hard on general graphs. The maximum independent
set problem asks for a maximum set of vertices such that no two vertices in the set are adjacent.
The minimum dominating set problem asks for a minimum set of vertices such that every
vertex in the graph is either in the set or adjacent to a vertex in the set. Lastly and most
importantly, the minimum feedback vertex set problem asks for a minimum set of vertices such
that the graph obtained by removing these vertices and all edges incident to them is acyclic.

We show that for graphs of the form G = H ® Py, where H is an arbitrary graph and P, is a
path, for some problems we can derive optimal solutions for G directly from optimal solutions
of H. For the maximum independent set problem and the minimum dominating set problem
we rely on the factor’s solution of the same problem to construct an optimal solution for G.

The main focus and most interesting problem of this thesis is the minimum feedback vertex
set problem on the strong product of graphs of different well-known graph classes, such as
paths and trees. Unlike independent sets and dominating sets, this problem does not allow
for a direct, optimal construction of a solution for G from the feedback vertex sets of the
factor graphs. Similar to the other problems, this problem has been studied in the past for the
Cartesian product of graphs, for example on grids [BV97], but there are not many results for
the strong product of graphs. To address this, we study the structure of cycles in the strong
product graphs and derive solutions for G based on matchings and vertex covers of the factor
graphs.



1 Introduction

1.1 Related Work

In this section we give an overview of related work on graph products and the investigated
graph problems.

1.1.1 Work on Different Graph Products

A lot of research has been done on the structure of Cartesian products of graphs, mostly
because of its natural construction and connection to grid networks. For grid graphs, defined as
the Cartesian product of two paths, P, O Py, the maximum independent set is straightforward
to determine since they are bipartite, but the minimum dominating set and the minimum
feedback vertex set are more complex and have been investigated in the past. The exact size
of the minimum dominating set on grid graphs was first proposed as a conjecture by Chang
and Clark who show formulas on specific cases of grids [Cha92 | CC93 | CCH94] and later
Gongalves, Pinlou, Rao, and Thomassé [GPRT11] confirm that for every 16 < n < m, the
domination number of P, O P, is exactly y(P, O Py,) = ij — 4. The most important
motivation for the study of domination on Cartesian products is Vizing’s conjecture, which
states that y(G 0 H) > y(G)y(H) for all graphs G and H [Viz68]. While this conjecture is still
open, the best known bound is y(G 0 H) > %y(G)y(H), which Clark and Suen prove [CS00].
For chordal graphs, which are graphs that do not contain induced cycles of length at least 4,
the conjecture holds [AS09]. Further investigations include results on Cartesian products of
cycles by Klavzar and Seifter [KS95] and paths with cycles by Pavlic and Zerovnik [PZ13].
The independence number of Cartesian products that are not grids was investigated by Abay-
Asmerom, Hammack, Larson, and Taylor. They show that for the radius r(G) of a graph G it
holds that «(G O H) > 2r(G)r(H) and that this bound is tight for specific graphs [AHLT11].
The feedback vertex number of P, O P,,,, i.e., the size of a minimum feedback vertex set of the

Cartesian product of two paths, was shown to be at least w by Luccio [Luc+98].

Later Lien, Fu and Shih [LFS14] show [Z=2=D* < y(p, g p,,) < [0y 4
and some exact values for specific n and m, where V(G) denotes the feedback vertex number
of a graph G. Pike and Zou show an exact formula for the feedback vertex number of the
Cartesian product of two cycles, C,, O Cp, in [PZ05]. More recent work on the feedback vertex
set includes results by Ghalavand, Klavzar, and Yang [GKY25], where they show that if T
and T’ are trees with n and n’ vertices, and S, and S, are stars with n and n’ vertices, then
V(roT’) > V(S,0S8y).

1.1.2 Work on the Strong Product

The most important motivation for the study of strong products is recent results in graph
product structure theory, introduced by Dujmovi¢, Joret, Micek, Morin, Ueckerdt, and Wood in
2020 [Duj+20] and further developed by others [UWY22 | ISW24], which show that complicated
graph classes, such as planar graphs or K;-minor-free graphs, can be structurally decomposed
into subgraphs of the strong product of simpler graphs. Planar graphs, for example, are
subgraphs of the strong product of a graph with treewidth at most 6 and a path [UWY22]
and K;-minor-free graphs are subgraphs of the strong product of a graph with treewidth
tw(H) < t—2 and a complete graph of size tw(G)+1 [I[SW24]. Additionally, bounded treewidth
graphs in general are subgraphs of the strong product of a graph with smaller treewidth and a
bounded-size complete graph [Cam+24]. A lot more results on the product structure of various
graph classes have been shown in the past years [DMW23 | Dvo+21 | HHMW24 | DW23].



1.2 Outline and Contribution

The problem of finding maximum independent sets on the strong product of graphs has roots
in information theory. The Shannon capacity of a graph, introduced by Claude Shannon in
1956 to determine the zero-error capacity of a noisy communication channel [Sha56], is defined
using the independence number « of the strong product of a graph with itself over multiple
powers, expressed as ©(G) = sup,. Va(GF), with G¥ being the strong product of G with itself
k times. As the computational complexity of the Shannon capacity is not known, studying the
behavior of the independent set on strong products is of great interest. The most famous result
in this area is the Lovasz theta function, which provides a polynomially computable upper
bound on the Shannon capacity and was used by Lovasz to show that ©(Cs) = V/5, where Cs
is the cycle on 5 vertices [Lov79]. This result shows that the independence number of the
strong product of Cs with itself is @(Cs ® Cs) = 5. The minimum dominating set problem on
strong grids has been investigated by Thangam, Venkataraman and Thinakaran [TVT25], but
variations of the problem, such as the total domination number, are a lot more prevalent in
the literature.

Not only fundamental structural properties of graphs have been investigated on the strong
product of graphs, but also game-related problems, such as the cop number of a graph, which
is the minimum number of cops needed to catch a robber in a game played on the vertices of a
graph. The cop number of the strong product of two graphs was investigated by Nowakowski
and Winkler [NN98], where they show that for the strong product of two graphs G and H, the
cop number ¢(G R H) is at most ¢(G) + ¢(H) + 1. They also investigate the Cartesian product
of different graphs.

The feedback vertex set is generally less covered for the strong product. A notable exception
is the work by Xie [Xie07], who investigates the feedback vertex number on the strong product
of two paths and Xie, Chen and Lai [XCL14], who analyze the feedback vertex number
on strong products of cycles. This still leaves more room for investigation towards more
combinations of graph classes and a deeper understanding of the structure of feedback vertex
sets on strong products, which is the main focus of this thesis.

1.2 OQOutline and Contribution

We start with some preliminaries on graph theory and the definition of the strong product
in Chapter 2. As an introduction to the topic, in Chapter 3 and Chapter 4 we investigate
the maximum independent set and the minimum dominating set on graphs of the form
G = H R Py for an arbitrary graph H and a path P,. We show in Theorem 3.2 that for
the maximum independent set problem for G, it holds that the independence number is
a(G) =a(H) - [g] and that there exists a maximum independent set of G that consists of all
vertices corresponding to vertices in a maximum independent set of H and P,.

For the minimum dominating set problem for G, similar to the maximum independent set
problem, we show that there exists a minimum dominating set of G that consists of the copies
of a minimum dominating set of H, with the size y(G) = y(H) - |’§‘| in Theorem 4.2.

The main contribution of this thesis is the investigation of the minimum feedback vertex
set problem on the strong product of graphs from different, simple graph classes. In Chapter 5
we first give two constructions of a feedback vertex set of G = H ® P;,. We then compare the
two constructions and show in Corollary 5.2 that for G = H ® P, a feedback vertex set based
on a minimum vertex cover of H is always smaller or equal to the other construction.
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After this first investigation, we focus on the minimum feedback vertex set problem on
the strong product of two paths, G = P, ® P}, also known as the strong grid graph. An
exact formula for the feedback vertex number of G was previously established by Xie [Xie07].
We independently derive the same exact formula using an alternative proof, which is based
on local K subgraphs of G and provides a different structural perspective in Theorem 5.6,
Theorem 5.7 and Theorem 5.10. We show that there always exists a minimum feedback vertex
set of G that consists of either all vertices on every second row or all vertices on every second
column of the grid.

Following this, we investigate the minimum feedback vertex set problem on the strong
product of a tree and a path, G = T ® P,. Here, we learn that if one of the two factors has a
perfect matching, we can derive a minimum feedback vertex set of G directly with a minimum
vertex cover of the other factor. We use this to also derive exact formulas for the feedback
vertex number of the strong product of two trees, G = T; ® T, when one of the two trees has a
perfect matching.

To further analyze the strong product of a tree and a path, where neither of the two factors
has a perfect matching, we investigate the subclass caterpillars of trees and show that for a
strong product G =T R P of a caterpillar T and a path P, we can derive a minimum feedback
vertex set of G based on the structure of the caterpillar in Theorem 5.17. There we cannot
give a closed formula for the feedback vertex number of G, but we give a recursive algorithm
with linear running time in the size of T to compute a minimum feedback vertex set of G.

We then show that a comparable odd subtree structure also exists for general trees with a
single unmatched vertex, that allows us to give a lower bound in Theorem 5.21 applicable to
the size of a minimum feedback vertex set of G = T ® P for trees T with a single unmatched
vertex. Using Conjecture 5.23 on the structure of minimum feedback vertex sets of the strong
product of a tree and a path, we give a linear time dynamic programming algorithm to solve
the minimum feedback vertex set problem for G = T ® P for general trees T and paths P in
Section 5.3.3.

As a final contribution, we investigate the minimum feedback vertex set problem on the
strong product of more than two paths in Section 5.5 and Section 5.6, as a generalization of the
strong grid graph in higher dimensions, i.e., on graphs of the form G = Py, R Py, R --- R Py,
with x3, ..., x4 € IN. We show exact formulas for the strong product of three paths, as long as
at least one of the paths has an even number of vertices in Theorems 5.30 to 5.32 and for the
strong product of d paths, as long as at least one of the paths has an even number of vertices
in Theorem 5.37, we give a recursive formula for the feedback vertex number of G.

Finally, we give an outlook on open problems and potential future research directions in
Chapter 6.



2 Preliminaries

In this chapter we give an introduction to the necessary graph theoretic concepts and defi-
nitions that are used in this thesis. First, in Section 2.1 we give some basic definitions and
properties of graphs. Then, in Section 2.2 we introduce some specific graph classes that we
refer to in the following chapters. In Section 2.3 we introduce the graph problems that we
investigate in this work and finally in Section 2.4 we give the definitions of graph products
and in particular the strong product, which is the main focus of this work.

2.1 Graphs

Let G = (V, E) be a graph with vertex set V and edge set E. We only consider simple, undirected
and finite graphs in this work, so V is a finite set of vertices and E is a subset of (‘2/) To
refer to the vertex set and edge set of a graph G, we write V(G) and E(G), respectively. For
edges, we write uv or vu to denote the edge between the vertices u and v. Given a subset of
vertices S C V(G), the induced subgraph of G on S is the graph with vertex set S and edge set
E(G)Nn (g) and is denoted as G[S]. A cycle is a sequence of vertices vy, vy, ..., Vg with k > 3
such that v;v;4; € E(G) fori € [k — 1] and wv; € E(G). A graph is called acyclic if it does
not contain any cycles. Two graphs G; and G, are called isomorphic if there exists a bijection
f: V(Gy) = V(Gz) such that for every pair of vertices u, v € V(Gy), it holds that uv € E(G)
if and only if f(u)f(v) € E(Gz). We use the notation G; = G, to denote that G; and G, are
isomorphic. Given a graph G and a vertex v € V(G), we write G — v to denote the graph
obtained from G by removing the vertex v and all edges incident to v. Given a graph G and a
subset of vertices S C V(G), we write G — S to denote the graph obtained from G by removing
all vertices in S and all edges incident to any vertex in S.

2.2 Graph Classes

We introduce some specific graph classes that we refer to in the following chapters. A path
P, is a graph with vertex set {py, p2, ..., pn} and edge set {p;pi+1 | i € [n — 1]}, where [n]
denotes the set {1,2,...,n}. We call a path with an even number of vertices an even path
and a path with an odd number of vertices an odd path. A complete graph K, is a graph with
vertex set {vy,v2,...,V,} and edge set {v;v; | i, j € [n],i # j} where every pair of distinct
vertices is connected by an edge. A tree is a connected acyclic graph and a forest is a graph
whose connected components are trees. A caterpillar is a tree such that the removal of all
leaves results in a path. For caterpillars, we refer to a maximal path in the caterpillar as a
spine of the caterpillar and to the vertices on the spine as spine vertices.



2 Preliminaries

2.3 Graph Problems

In this thesis we investigate three fundamental graph problems, the Maximum Independent
Set (MIS) Problem, the Minimum Dominating Set (MDS) Problem and the Minimum Feedback
Vertex Set (MFVS) Problem. An independent set of a graph G is a set of vertices I C V(G) such
that for every pair of distinct vertices u, v € I, it holds that uv ¢ E(G). The independence
number a(G) of a graph G is the size of a maximum independent set of G. A dominating
set is a set of vertices D C V(G) such that for every vertex v € V(G), either v € D or there
exists a vertex u € D such that uv € E(G). The domination number y(G) of a graph G is the
size of a minimum dominating set of G. Finally, a feedback vertex set of a graph G is a set of
vertices F C V(G) such that the graph obtained from G by removing all vertices in F and all
edges incident to any vertex in F, i.e. G \ F, is acyclic. We call the size of a minimum feedback
vertex set of G the feedback vertex number and we denote it as V(G). Finding a maximum
independent set, a minimum dominating set or a minimum feedback vertex set of a graph is
NP-hard in general.

Some other graph problems that we refer to in the following chapters are the vertex cover
problem and the matching problem. A vertex cover of a graph G is a set of vertices C C V(G)
such that for every edge uv € E(G), at least one of the endpoints u or v is in C. The vertex cover
number 7(G) of a graph G is the size of a minimum vertex cover of G. The complement of a
vertex cover is an independent set and 7(G) = |V(G)| — a(G) for every graph G. A matching
of a graph G is a set of edges M C E(G) such that for every pair of distinct edges e; # e; in
M, it holds that e; and e; do not share a common endpoint. Considering the vertices covered
by the edges in a matching M, we can also refer to M as a set of vertices, which we call the
vertex set of the matching. A maximum matching of a graph G is a matching of maximum
size and a perfect matching of a graph G is a matching that covers every vertex of G exactly
once. According to Kénig’s theorem, in bipartite graphs the size of a maximum matching is
equal to the size of a minimum vertex cover [Kén31].

2.4 Graph Products

To define the strong product of two graphs, we first introduce the Cartesian product and
the tensor product of two graphs. Given two graphs H; = (V, E1) and H, = (V,, E,), their
Cartesian product G = H; O H, is defined as follows. The vertex set of G is the Cartesian
product of the two vertex sets, V(G) = V; X V,. Two vertices (uy, v1) and (uy, v2) in G are
adjacent if and only if either u; = u, and v1v, € Ey, or v; = v, and uju, € E;. Given two
graphs H; = (V, Ey) and H, = (V;, Ey), their tensor product G = Hy X H, has the same vertex
set as the Cartesian product, V(G) = Vi X V;, but two vertices (u1, v1) and (uz, v2) in G are
adjacent if and only if uyu, € E; and vqv; € E,.

Finally, the strong product of two graphs H and H,, denoted as G = H; ® Hy, shares the same
vertex set as the Cartesian and tensor product, V(G) = V; X V,. Its edge set is the union of the
edge sets of the Cartesian and tensor product, so two vertices (uy, v1) and (up, v;) in G are
adjacent if and only if either u; = u; and v;v; € E,, or vi = v, and wyu, € Eq, or uyu, € E; and
v1vy € E,. Similar to both other products, the strong product is commutative and associative.
An example for all graph products, including G = H ® P, for an arbitrary graph H, is shown
in Figure 2.1.
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H P4 HDP4 H®P4

Figure 2.1: An example graph H, a path P, and from left to right, the Cartesian product
H O Py, the tensor product H X P, and the strong product H ® P, of the two graphs. The layers
in the strong product graph are highlighted in gray.

In the following chapters, we often consider graphs of the form G = H ® P, for an arbitrary
graph H and a path P,. The structure of this graph consists of ¢ copies of H and we refer to
the induced subgraph of the vertices (V(H) X {p;}) corresponding to the i-th vertex p; of P,
as the i-th layer of G. This layer can also be denoted as H ® {p;}, or H O {p;}. For a vertex
v € V(H), we call the vertex (v, p;) € V(G) the copy of vertex v in layer i. We refer to the
edges between vertices on the same layer as intra-layer edges or edges contained in a layer
and the edges from the tensor product as tensor edges.






3 Maximum Independent Set

3.1 Maximum Independent Set

As a first problem, we look at the maximum independent set problem on strong products
of the form G = H ® P, for an arbitrary graph H. It is a well studied property on graphs in
general and we show that the structure of the strong product allows us to derive a maximum
independent set of G directly from a maximum independent set of H.

We start by considering the subgraph induced by two consecutive layers of G, which is
isomorphic to H ® P,.

Lemma 3.1: Let G = H R P, and H be an arbitrary graph. Then, it holds that a(G) = a(H).

Proof. Let G = H R P, with an arbitrary graph H. Assume that there exists an independent
set I C V(G) of G with |I| > a(H). By the definition of the independent set, it holds for each
pair of distinct vertices v;, v; € I that v;v; ¢ E(G). Following the definition of the strong
product, for every vertex v € V(H) and a vertex p; of the path, we get a corresponding vertex
in G, so (v,p1) € (V(H) x{p1}) and (v, p;) € (V(H) X {p,}) are the copies of v in layer 1
and layer 2, respectively. These two vertices are connected by an edge in G. In addition,
for every edge uv € E(H) there are edges (u, p1)(v,p1) and (u, p2)(v, p2) in G, as well as
the tensor edges (u, p1) (v, p2) and (v, p1) (u, p2). The direct connection (v, p1) (v, p2) € E(G)
implies that for every vertex v € V(H), either the vertex (v, p;) or its copy (v, p2) in layer 2
is not part of the independent set I. Since (v, p1) and (v, p;) share the same neighborhood
in G — {(v, p1), (v, p2)}, we can arbitrarily decide whether to include (v, p;) or (v, p) in the
independent set I. Using this, by selecting the layer i vertex for every v € I we get an
independent set I, solely on layer i consisting of the vertices (V(H) X {p;}). This results in an
independent set on the Graph H with size strictly larger than «(H) which is a contradiction.
Therefore, there cannot exist an independent set of G with size larger than a(H) and since H
is an induced subgraph of G, there exists an independent set of G with size at least a(H), so it
holds that «(G) = a(H). a

This lemma implies that for any two consecutive layers of G = H ® P, there can only ever
be an independent set of size at most a(H), since the two layers together are isomorphic to
H ® P,. We now use this observation to show that there is a minimum independent set of
G, which consists of the copies of a maximum independent set of H on every odd layer of G.
This is illustrated in Figure 3.1 for an example graph H and G = H R Ps.

Theorem 3.2: Let Iy be a maximum independent set of a graph H and G = H R P, be the strong
product of H with a path of € vertices. Then, there exists a maximum independent set I of G
with size a(G) = |’§] -a(H).

Proof. First we show that there exists an independent set of G with size a(G) = [g] -a(H).
We define the set I = {(v,p;) | v € Iy, i € [£],iis odd} as the set of all copies of Iy on
every odd layer of G.
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H Ps

Figure 3.1: G = H ® P; for an example graph H. The maximum independent sets of H, P;
and G are highlighted in blue.

If ¢ = 1, G is isomorphic to H and the set I; is exactly the maximum independent set of G
with size a(H) = [%'l -a(H).

Now, let £ > 1. To show that I is indeed an independent set of G, we note that any vertex
v € V(G) on alayer H O {p;} is only adjacent to vertices on the same layer H O {p;} and the
neighboring layers H O {p;_1} and H O {p;4+1} fori € [£—1],i > 1. All edges between vertices
on the same layer H O {p;} correspond to edges in H and since Iy is an independent set of H,
there are no edges between any two vertices v, w € I on the same layer v,w € V(H O {p;}).

Any two vertices (v, p;) and (w, p;) on different layers H O {p;} and H O {p; } with |[i—j| > 1
are not adjacent in G, since by the definition of the strong product, (v, p;) and (w, p;) are only
adjacent if i = jor |i — j| =1 and vw € E(H).

Since I only contains vertices (v, p;) with odd i, there are also no edges between any two
vertices in I; that are not on the same layer.

To show that I; is a maximum independent set of G, we partition the layers of G into |_§J
pairs of consecutive layers (H O {p1}, H O {p,}), (HO {ps}, H O {ps}),..., and, if £ is odd, a
single remaining layer H O {p,}. If £ is even, G consists of exactly g such disjoint pairs. From
Lemma 3.1, we know that for any pair of consecutive layers, any independent set can contain
at most a(H) vertices. Summing up this upper bound for each pair, the maximum size of an
independent set in G with even ¢ is at most (g) - a(H). The constructed set I with a(H) on
each odd layer achieves exactly this size, so it is optimal.

If ¢ is odd, G consists of (£ — 1)/2 pairs and one single layer. The pairs contribute at most
(%) - a(H) vertices. The last remaining layer H O {p,} is again isomorphic to H, so it
can contribute at most a(H) vertices to the independent set. Since p,_; is even, H O {p,—1}
is not part of I and thus does not contain any vertices of I5. Therefore, the last layer
H O {p,} can contribute at most a(H) vertices to the independent set without violating the
independence property of Is. Thus, the total size of an independent set in G with odd ¢ is at
most ([;21) -a(H)+a(H) = |’§'| -a(H).

The set I with a(H) vertices on each odd layer achieves exactly this size, so itis optimal. @

Note that this set I = {(v,p;) | v € Iy, i € [¢£],iis odd} matches the set Iy X Ip, for a
maximum independent set Iy of H and Ip, of the path P,. This means that the maximum
independent set of G is a direct application of the maximum independent sets of the factor
graphs H and P;.

It is known that the property of @(G) = a(H) - «(P;) does not hold for the strong product of
two arbitrary graphs H; and Hj, as the example of C5 ® Cs was shown to have an independence
number of 5 while a(Cs) = 2 through results of Shannon, and Lovasz [Sha56 | Lov79].
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3.2 Connection to Minimum Vertex Cover

3.2 Connection to Minimum Vertex Cover

As a direct consequence of the relation between the independence number and the vertex
cover number of a graph, since a maximum independent set of a graph G is the complement
of a minimum vertex cover of G, we can also derive a minimum vertex cover of G = H X P,
directly from a minimum vertex cover of H.

In this case, for a minimum vertex cover Cy of H and a minimum vertex cover Cp, of P, by
the complement relation, a minimum vertex cover of G is given by Cg = Cp, X Cyg U (V(P;) \
Cp,) X Cy. For at least £ > 2, this is also always a connected vertex cover of G, which is another
known problem connected to vertex covers, where the vertex cover is required to induce a
connected subgraph of G.
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4 Minimum Dominating Set

In this chapter, we analyze the minimum dominating set problem on the strong product of an
arbitrary graph H and a path P;. We show that we can construct a minimum dominating set
of G = H & Py efficiently by strategically combining copies of a minimum dominating set of H.
Similarly to the approach for the maximum independent set problem, we first look at a
product graph G = H R P; consisting of three layers and show that the copy of a minimum
dominating set of H on the middle layer of G is a minimum dominating set of G.

Lemma 4.1: Let H be an arbitrary graph and let G = H R P5. Let Dy C V(H) be a minimum
dominating set of H. Then, Dy X {p2} is a minimum dominating set of G.

Proof. Let Dy be a minimum dominating set of H and define D = Dy X {p,} as the set
containing the copies of vertices in Dy on the second layer of G. It follows that D is a
minimum dominating set of H ® {p,}. By definition, for every vertex (v, p;) € V(H R {p2}),
either (v, p;) € D or there is a neighbor (u, p2) € D such that (v, ps)(u, p2) € E(H R {p2}).
It holds that for the vertices (v, p1) € V(H ® {p1}), either their copy (v, p;) is in D or there
is a neighbor of (v, p,), (4, p2) € D, so by the definition of the strong product, (v, p;) is
adjacent to either (v, pz) or (u, p;) and thus dominated by D. An analogous argument holds
for the vertices on layer 3. Therefore, D is a dominating set of G. To see that D is a minimum
dominating set of G, we note that any dominating set of G must contain at least y(H) vertices
to dominate the middle layer, as all layers are isomorphic to H and a vertex on the middle
layer is only connected to copies of its neighbors on the same layer and the neighboring
layers. Since D contains exactly y(H) vertices, it is a minimum dominating set of G. a

We use this lemma to show that for any number of layers ¢, there is a minimum dominating
set of G = H ® P,, which consists of the copies of a minimum dominating set of H on every
third layer of G starting from layer 2. This is illustrated in Figure 4.1 for an example graph H
and G = HR® P.

Theorem 4.2: Let H be an arbitrary graph and let G = H ® P;. Then, G has a minimum
dominating set of size |'§'| - y(H).

Figure 4.1: G = H R P, for an example graph H. The minimum dominating sets of H, P, and
G are highlighted in orange.

13



4 Minimum Dominating Set

Proof. Let Dy be a minimum dominating set of H, with size y(H). If £ < 2, then either £ =1
and G = H, making Dy a minimum dominating set for G, or £ = 2 and by the same argument
as in Lemma 4.1, Dy X {p;} is a minimum dominating set of G. In both cases, the size is
y(H) =[] - y(H).

First, we show that there exists a dominating set of G with size |'§'| -Y(H). For £ > 3, we
show that a dominating set D for G exists, containing only copies of Dy on specific layers.
Let Dj = {(v,p;) | v € Dy} denote the copy of Dy on layer j. It follows from Lemma 4.1, that
a copy D; on an inner layer j dominates the layers j — 1, j,and j+ 1. Let D’ ={D; | j = 2
(mod 3), j < ¢} be the set of copies of Dy on every third layer starting from layer 2.

In the case £ = 0 (mod 3), we partition the layers into £/3 groups of three consecutive
layers. As each part G; = G[V(HO {p;—1}) UV(H O {p;}) UV (H O {pi+1})] is isomorphic to
H ® P, and D’ N V(G;) = D;, by Lemma 4.1, D’ dominates each partition and thus the whole
graph G. In the case £ = 2 (mod 3), we use the same partitioning except for the last part
G[V(H O {p,-1}) UV(H O {p,})] of two layers. Since D’ contains Dy it again dominates all
parts and thus the whole graph G. In the case £ = 1 (mod 3), let D, be the copy of Dy on the
last layer ¢£. As D’ dominates G — V(H O {p,}) and D, dominates H O {p,}, the set D’ U D;
dominates the whole graph G.

Let Dg be D’ for £ = 0,2 (mod 3) and D’ U D, for £ = 1 (mod 3). We note that in all cases,
D¢ contains [g] - Y(H) vertices, since it contains |'§'| copies of Dy.

We now show the lower bound, by showing that the set Dg is a minimum dominating set of
G. To show that D¢ is a minimum dominating set of G, we note that for any three consecutive
layers of G, by Lemma 4.1, a dominating set must contain at least y(H) vertices to dominate
the middle layer, which is isomorphic to H. Thus, for £ = 0 (mod 3), D¢ is optimal.

For the remaining cases £ = 1 (mod 3) and £ = 2 (mod 3), we use induction on ¢ to
show that D¢ is optimal. For the first base case £ = 4, we know that at least y(H) vertices
are necessary to dominate H O {p;} and at least y(H) vertices are necessary to dominate
H O {p4}. Since H O {p1 } and H O {p,} do not share any neighbors, at least 2 - y(H) vertices
are necessary to dominate G. For the second base case ¢ = 5, in the same way, to dominate
H O {p;} and H O {ps}, the dominating set must contain at least 2 - y(H) vertices. The set
Dg is valid and contains 2 - y(H) vertices, so it is optimal.

For the inductive step, assume that Dg is optimal for all £ < k where k > 5and ¢ = 1
(mod 3) or £ = 2 (mod 3). For £ = k, we look at the last three layers of G and note
that at least y(H) vertices are necessary to dominate the last layer. Since H 0O {p,—3} and
H O {p,} do not share any neighbors, the vertices dominating H 0O {p,} cannot be adjacent
to any vertex on layer H O {p,-3} and thus do not contribute to dominating the layers
Ho{pi},HO{ps},....,HO{pe—3}. Therefore, we reduce the problem to dominating G’ =
H®P,_3, which by the inductive hypothesis has a minimum dominating set of size [%‘l -y(H).
As [%1 -y(H) +y(H) = fg-l - Y(H), the set Dg is optimal for £ = k as well.

Therefore, the set D¢ is a minimum dominating set of G, and y(G) = |'§'| -y(H). a

Similar to the maximum independent set problem, note that the minimum dominating set
of G is a direct application of the minimum dominating sets of the factor graphs H and P,. For
a minimum dominating set Dy of H and a minimum dominating set Dp, of Py, a minimum
dominating set of G is given by Dg = Dy X Dp,. This is a consequence of the fact that for
the path Py, there is a minimum dominating set containing only vertices on every third layer
starting from layer 2.
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5 Minimum Feedback Vertex Set

This chapter is dedicated to the minimum feedback vertex set problem and forms the main
part of this thesis. First, we show two general constructions for a feedback vertex set of a
graph G = H ® P,, then we analyze the strong product of specific graph types.

5.1 Two General Feedback Vertex Set Constructions

Before we show the two constructions for a feedback vertex set of G = H R P,, we want to
give some intuition on the structure of cycles in G.

The edges of G can be partitioned into three types. First, the intra-layer edges (u, p;) (v, p;)
with uv € E(H) and i € [£], which are the edges contained in the layers of G. Second, the
layer-connecting edges, (u, p;) (4, pi+1) connecting a vertex to its copy on the neighboring
layer for every u € V(H) and i € [¢ — 1]. And third, the tensor edges, (u, p;) (v, pi+1) and
(v, pi) (u, pi+1) connecting neighbors in H across neighboring layers for every edge uv € E(H)
andi€ [f—1].

For each edge uv in H and two adjacent vertices p; and p;.q in Py, the four vertices (u, p;),
(v, pi), (u, pi+1) and (v, p;41) in G are pairwise adjacent, and therefore induce a Ky in G.

5.1.1 Alternating Layer Construction

A natural first approach to remove all cycles in G = H ® P, is to remove the cycles within each
layer completely, and then address the cycles spanning across layers. This leads to our first
construction, which conceptually utilizes a vertex cover of the path P, to isolate the remaining
intra-layer structures from each other.

Let Fyy be a minimum feedback vertex set of H. To break all intra-layer cycles, we define
F' ={(v,pi) | v € Fy,i € [£]} as the set containing the copies of Fy on every layer of G.
However, the graph G — F still contains cycles. In particular, for any edge uv remaining in the
acyclic graph H — Fy, the corresponding copies on any two consecutive layers still induce a Kj.
To guarantee that all layer-crossing cycles are broken, we use an alternating layer approach,
where we take all remaining vertices on every second layer. Equivalent to using a minimum
vertex cover of Py, we define F”’ = {(v,p;) | v € V(H) \ Fy,i € [£],i is even}.

Let F = F/UF”. The removal of F leaves only the induced forests of the odd layers, which are
completely disconnected from each other. These parts are acyclic, so the F is a valid feedback
vertex set of G. Because F contains Fy on all the |'§'| odd layers and all |V (H)| vertices on the
Léj even layers, this feedback vertex set has a total size of |'§-| -V(H) + Lg] -|[V(H)|.

5.1.2 Factor Vertex Cover Construction

For our second construction, instead of utilizing the vertex cover of the path P,, we rely
entirely on a minimum vertex cover of the arbitrary factor graph H.
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5 Minimum Feedback Vertex Set

Let Cy be a minimum vertex cover of H. Since the removal of a vertex cover from a graph
leaves an independent set, H — Cy contains no edges and therefore no cycles. In particular, a
vertex cover of a graph is always a valid feedback vertex set on the same graph as well.

We define F = {(v,p;) | v € Cy,i € [£]} as the set of all copies of Cy on each layer of G.
Clearly, the removal of F breaks all cycles within the layers of G. By covering all edges uv
in H, the tensor edges in G, (u, p;) (v, pi+1) and (v, p;) (u, pi+1) for every i € [¢ — 1], are also
covered by F, since either u or v is in the vertex cover Cy.

Therefore, the only edges remaining in G — F are E(G — F) = {(u,pi)(u,pi+1) | u €
(V(H) \ Cg),i € [£]}. As a result, the graph G — F is a collection of vertex-disjoint paths and
thus acyclic. The set F is thus a valid feedback vertex set of G with size 7(H) - £.

5.1.3 Comparison of the Two Constructions

We show that for G = H ® P, the size of the factor vertex cover based feedback vertex set is
always at most the size of the alternating layer feedback vertex set. To show this, we derive a
relation between the feedback vertex number V(H) and the vertex cover number 7(H) of an
arbitrary graph H.

Lemma 5.1: Let H be an arbitrary graph. Then, it holds that 2c(H) < V(H) + |V (H)].

Proof. Let f be the size of a maximum induced forest M of H. Since forests are bipartite, we
have f < 2a(M) < 2a(H). Using this and the relation (H) = |V(H)| — a(H), we derive the
following inequality:

2t(H) =2(|V(H)| - a(H))
<2lV(H)| - f=2lV(H)| - (V(H)| - V(H)) = |[V(H)| + V(H).

Thus, 2t(H) < V(H) + |V(H)| always holds. a

Corollary 5.2: Let H be an arbitrary graph and G = H R Py for some k € N*. Then, the
factor vertex cover based feedback vertex set of G of size T(H) - 2k is smaller or equal to the layer
alternating feedback vertex set of G with size V(H) - k + |V(H)| - k.

Proof. To show that the argument still holds for any even number of layers, we partition the
layers of G into k pairs of consecutive layers. By applying Lemma 5.1 k times, to each pair
of consecutive layers, we conclude that the factor vertex cover based feedback vertex set is
smaller or equal to the layer alternating feedback vertex set on each partition of two layers
and thus also for the whole graph G. a

5.2 Strong Product of Paths

In this section we focus on graphs of the form G = P, ® P}, for some a,b € N*, called strong
grid. Such graphs have grid-like structure with the additional tensor product edges in each
grid cell, as illustrated in Figure 5.1. For easier understanding we talk about a strong grid of a
rows with b columns. To refer to the vertices of G we use the notation v; ; with i € [a], j € [b]
for the vertex in row i and column j. We determine the exact feedback vertex number for
the strong grid. The exact value was first proven by Xie [Xie07] using a different inductive
approach. In the following, we present an independent, alternative proof.

The following general observation for the feedback vertex number is a key tool to derive
lower bounds in this chapter.
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5.2 Strong Product of Paths

b vertices

a vertices

Figure 5.1: The strong product of two paths P, and P, with a, b € N*.

Lemma 5.3: Let G be a graph and Hy, . . ., Hi be pairwise vertex-disjoint subgraphs of G. Then
it holds that V(G) > Y V(H)).

Proof. Let F be a minimum feedback vertex set of G. Since Hj, ..., Hi are pairwise vertex-
disjoint subgraphs of G, the set F can be partitioned into k subsets Fi,..., Fx, where F; =
F N V(H;) for every i € [k]. Since F is a feedback vertex set of G, the set F; is a feedback
vertex set of H; for every i € [k]. Therefore, we have |F;| > V(H;) for every i € [k]. Summing
up these inequalities for all i € [k], we get V(G) = |F| = Zf=1|F,~| > Zle V(H;). a

In the following we prove an exact formula for the feedback vertex number of G.

To do that, we first focus on the K4 subgraphs of G that are induced by the edges of P, and
Py,. These help us to partition the graph into small subgraphs with a known lower bound on
the feedback vertex number, which we can then use to derive a lower bound for the whole
graph. First we show that there are exactly 7 - % vertex-disjoint Ky subgraphs in G for even a

and b.

Lemma 5.4: Let P, and Py, be two paths with a,b € N*. Then, the graph G = P, ® P}, contains
g % vertex-disjoint copies of Ky.

Proof. The path P, contains § vertex-disjoint edges, {v;vi41 | i € {1,3,...,a — 1}}. Similarly,
the path P}, contains % vertex-disjoint edges. By the definition of the strong product, every pair
of an edge uv in P, and an edge xy in P, forms a complete graph of size four, with the vertices
(4, x), (u,y), (v, x), (v, y). Since there are 5 vertex-disjoint edges in P, and g vertex-disjoint
edges in Py, there exist 7 - % vertex-disjoint K4 copies in G. a

The K, subgraphs of G are illustrated in Figure 5.2 for the case of even a and b.
To help derive a lower bound for the feedback vertex number of G, we now look at the
feedback vertex number of the K4 subgraphs of G.

Lemma 5.5: A minimum feedback vertex set of the complete graph K4 on 4 vertices has size 2.

Proof. Let K4 be the complete graph on the vertices v;,. .., v4. Since v;v; € E(K}) for every
i, j € [4] with i # j, any three vertices v;, v;, vi with i, j, k pairwise distinct induce a triangle
in K4. Any two vertices v;, v; induce a single edge, which is acyclic. Therefore, each minimum
feedback vertex set of K contains exactly 2 vertices. a

With the two previous lemmas we now derive an exact formula for the feedback vertex
number of G = P, ® P,. We have to distinguish between the cases of a and b being even or
odd, since the number of vertex-disjoint K4 subgraphs in G as we have seen, only partitions
the graph exactly for even a and b.
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b vertices

Sy

Figure 5.2: The strong product of two paths P, and P, with a,b € N* both even and the § - 3
vertex-disjoint K4 copies highlighted in gray.

a vertices

Theorem 5.6: Let G = P, R P, with a,b € N* both even. Then, every minimum feedback vertex
set of G has size V(G) = %b.

Proof. From Lemma 5.4 we know that G contains 7 - % vertex-disjoint K4 subgraphs. By
Lemma 5.5 we also know that every K, has a minimum feedback vertex set of size 2. Since
the K4 subgraphs are vertex-disjoint, by Lemma 5.3 the sum of the feedback vertex numbers

of all K4 subgraphs is a lower bound for the feedback vertex number of G. Thus, the size of a
feedback vertex set of G is at least 2 - 5 - % = %b.

To show that “2—” is also an upper bound, we show that a feedback vertex set of G with size %
exists. The set F = {v; ; € V(G) | i is even} marked in orange in Figure 5.3 has exactly size %
and separates the graph G into paths and thus G — F is acyclic. F is therefore a valid feedback

vertex set of size %, which is minimal. Alternatively, the set F’ = {v;; € V(G) | j is even} is

also a valid and minimal feedback vertex set of size “z—b containing every even column instead

of every even row. a

b vertices

A ) (

a vertices
L

Figure 5.3: A minimum feedback vertex set of the strong product of two paths P, and P,
with a, b € N* both even marked in orange.

In the case of one of either a or b being odd, using the commutativity of the strong product,
we can assume without loss of generality that a is odd and b is even. Therefore, we only show
one proof for the case of a odd and b even, which also covers the case of a even and b odd.

Theorem 5.7: Let G = P, ® P, witha € N* odd and b € N" even. Then, every minimum
feedback vertex set of G has size V(G) = | 5] - b.
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5.2 Strong Product of Paths

Proof. First, we use Lemma 5.3 again to derive a lower bound for the feedback vertex number
of G. The graph G has P,_; ® P}, as a subgraph, which is a strong product of two even paths.
From Theorem 5.6 we know that P,_; ® P, contains “T_l . g vertex-disjoint Ky subgraphs.
Summing up their lower bounds results in the lower bound for G of at least 2 - “T_l : g =[5]-b.

To prove the upper bound, we define the set F = {v;; € V(G) | iis even} of size | 5] - b.
F separates the graph G into disjoint paths with b vertices each. This is again illustrated in

Figure 5.4. Therefore, F is a valid feedback vertex set of size | | - b, which is minimal. a

b vertices

St

|\ s

a vertices
%

OO

Figure 5.4: A minimum feedback vertex set of the strong product of two paths P, and P,
with a odd and b even marked in orange.

Now the only remaining case is the one of a and b both being odd. In this case, the feedback
vertex set of P;_; ® Pp,_; is not a valid feedback vertex set of G anymore. Thus, we use a
different approach to derive the lower bound for the feedback vertex number of G.

For this case, we first look at the K, subgraph of G induced by the vertices v; 1, v 2, V21 and

Vo.2.

Lemma5.8: Let G = P, ® P, witha,b € N, a,b > 2 and vy 1, v12, v21 and v, be the vertices
of the Ky subgraph of G in the top left corner. Then, there either exist a minimum feedback vertex
set of G containing v1 2 and vy 2, or a minimum feedback vertex set of G containing vy and v 3.

Proof. The vertices vy 1, V12, V2,1 and v, 2 induce a Ky in G. By Lemma 5.5, at least two of these
four vertices are in every feedback vertex set of G.

We look at the different cases of which two vertices of the Kj are in a minimum feedback
vertex set of G. If v and vy, are in a feedback vertex set of G, then replacing v;; with
vy results in a feedback vertex set that is not larger than the original one. As the graph
G — {v12, va2} is a subgraph of G — {vy 1, v12}, the new feedback vertex set is at least as good
as the original one. Similarly, G — {v; 2, v52} is a subgraph of G — {v; 2, v51}, so replacing v
with v, also keeps the validity and is at least as good as the original feedback vertex set.
In the remaining case of v;; and v, being in a feedback vertex set of G, replacing v, ; with
V1,2 again keeps the validity as G — {v; 2, vo2} is a subgraph of G — {v; 1, v,2}. Again the new
feedback vertex set is at least as good as the original one. These cases are visually shown in
Figure 5.5, with the remaining case of v, ; and v;; being in a feedback vertex set of G being
symmetric to the case of v, and v;,. Therefore, there either exists a minimum feedback
vertex set of G containing v, ; and v, ,, or a minimum feedback vertex set of G containing v, ;
and vy 5. a

From this result, we want to further analyze the structure of such a minimum feedback
vertex set of G.
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awd aws awd
v B V1,1 .
V2,2 Y2z
V2,1 @——= rmal
G — {111,1,111,2} G — {01,2, U2,1} G — {01,171)2,2} G — {111,2,112,2}

Figure 5.5: From left to right, for a graph G = P, ® P, we have G — {vy1,v12}, G — {vi2, va1},
G — {v11,v22} and G — {vy2, v22} which is a subgraph of all the other three graphs.

Lemma 5.9: Let G = P, ® P, witha,b € N*, a,b > 2. Then, there either exist a minimum
feedback vertex set of G containing all vertices v; ; withi = 2 and j € [b], or a minimum feedback
vertex set of G containing all vertices v; ; withi € [a] and j = 2.

Proof. From Lemma 5.8, we know that there exists either a minimum feedback vertex set of G
containing vy, and v, or a minimum feedback vertex set of G containing v,; and v, ;. We
show, that if a minimum feedback vertex set of G contains v, ; and v;,, then there also exists
a minimum feedback vertex set of G containing all vertices v; ; with i € [a] and j = 2. The
other case of a minimum feedback vertex set of G containing v, ; and v, 5 is symmetric.

Let F be a minimum feedback vertex set of G containing vy, and v,3. The vertices v, 1,
Vo2, V3.1, V32 induce a Ky subgraph in G. Since v, is only part of a single triangle with v3 ;
and vs, in the remaining graph, any for any feedback vertex set of G containing v; 2, vz, and
Va1, there is a feedback vertex set of at most the same size containing v; 3, v,2 and either
V31 or vs, instead of v,;. As the graph G — {vy3,v22} — v32 is isomorphic to a subgraph
of G — {v12, v22} — v3.1, any feedback vertex set of G containing vy 3, v, and vs; cannot be
smaller than a feedback vertex set of G containing v, 3, V22 and vs ;. Visually this is shown in
Figure 5.6. This argument repeats for every Ky copy in the first two columns of the strong
grid, resulting in {v;, | i € [a]} being part of the minimum feedback vertex set F.

Therefore, we can conclude from Lemma 5.8 that there either exists a minimum feedback
vertex set of G containing all vertices v; ; with i = 2 and j € [b], or a minimum feedback
vertex set of G containing all vertices v; ; with i € [a] and j = 2. a

We now have a very specific structure for a minimum feedback vertex set of G, which we
can use to derive the lower bound for the feedback vertex number of G. We only show the
case of a < b since the other case is symmetric by the commutativity of the strong product.

Theorem 5.10: Let G = P, ® P, with a,b € N* both odd and a < b. Then, every minimum
feedback vertex set of G has size V(G) = | 5] - b.
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V1,1 V1,2 V1,1 V1,1

V2,2
V2.1 V2,1
, ; vg.1 v ,
3,2 3,2
V3,1 V3,1

G G —{v1,2,v22} —v31 G —{vi2,v22} — v32

Figure 5.6: G with the triangle of v, 1, v31 and vs, highlighted in blue and next to it the
graphs of removing either vs; or vs, in addition to vy ; and v, ; to show the subgraph relation.

Proof. First we show that [ 7] - b is a valid upper bound. Removing the set F = {v;; €
V(G) | iis even} with size | 7] - b separates the graph G into [ 5] disjoint, disconnected P},
copies, which are acyclic. Therefore, | 7| - b is an upper bound for the feedback vertex number
of G.

To show that | 7| - b is also a lower bound, we proceed by induction on a and b.

For the base case, let a = 1 and b > 1. Here the graph G is isomorphic to the path graph Py,
which is acyclic. Thus, the size of the minimum feedback vertex set is 0, which matches our
formula since L%J -b=0-b=0.

For the inductive step, assume that the statement holds for all strictly smaller graphs. That
is, for any graph of the form G’ = P, ® P,y with odd a’,b” where a’ < b’ and G’ is strictly
smaller than G, every minimum feedback vertex set F/ of G’ has size at least L%J b

Consider now a graph G = P, R P, with odd a, b, where a > 1 and a < b, and let F be a
minimum feedback vertex set of G.

Case: a <b. We can now distinguish two subcases based on the structure of F, since we
know from Lemma 5.9, that either all vertices in the second column, v; ; with i € [a] and
Jj =2, or all vertices of the second row, v; ; with i = 2 and j € [b], are in a minimum feedback
vertex set of G. We calculate the lower bound for both cases and show that in both cases the
feedback vertex set has size at least | 5| - b.

Subcase 1: vi; € F for everyi € [a]. Removing the vertices v;, for all i € [a] from
G separates the graph into a component isomorphic to P, and a component isomorphic to
P, ® Py_5. The path P, has an empty feedback vertex set and since a < b holds by assumption,
with a and b both odd, it follows, that the other component still has the property of a < b — 2.
By induction, we conclude that there is a minimum feedback vertex set F” of size | ] - (b —2)
in the second component and therefore, there is a feedback vertex set F = F' U {v;, | i € [a]}
ofsizea+ 5] -(b—2)forG. Asa+|5|-(b-2) > |5]-b e a>2[5] =a—1weknow that
this choice results in a feedback vertex set of size greater than | 7| - b, so the lower bound
holds in this case.

Subcase 2: v, ; € F for every j € [b]. Removing the vertices v, ; for all j € [b] from
G separates the graph into a component isomorphic to P, and a component isomorphic to
P,_, ® Py,. The path P, has an empty feedback vertex set and since a < b holds by assumption,
with a and b both odd, it follows, that the other component still has the property of a — 2 < b.
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5 Minimum Feedback Vertex Set

By induction, we conclude that there is a minimum feedback vertex set F’ of size I_“T_ZJ -bin
the second component and therefore, there is a feedback vertex set F = F' U {v,; | j € [b]}
of size b + L“T_ZJ b =1%] - bfor G. Thus, the lower bound holds tight in this case as well.

As we have shown that either of these cases is a minimum feedback vertex set of G and in
both cases the size of the feedback vertex set is at least | | - b, we conclude that | § | - b holds
in the case of a < b.

Case: a =b. Similar to the other case we know, that either all the second column or
second row vertices are part of a minimum feedback vertex set as shown in Lemma 5.9. As we
have a symmetric case, we can without loss of generality assume the second row of b vertices
in {vy; | j € [b]} being in a minimum feedback vertex set F. Removing these b vertices from
G separates the graph into two components, one isomorphic to P, and acyclic and the other
isomorphic to P,_, ® P, with a—2 < b. By induction this results in |[F| = b + |_‘ZT_2J b=5]D.

Thus, the lower bound of the size of a feedback vertex set on a graph G = P, R P, witha < b
is always | 5| - b. Since we also have an upper bound of | 5| - b by removing every second
row, we conclude that every minimum feedback vertex set of G has size V(G) = [ 5] -b. @

5.3 Strong Product of Tree and Path

In this section we generalize the graphs we look at to the strong product of an arbitrary tree
T and a path P,. Graphs such as G = T ® P, have a structure of ¢ layers isomorphic to T with
connecting edges between every two consecutive layers. Similar to the strong grid, vertices
with an edge in the factor graphs induce K; subgraphs in the product. We use this and the fact
that 7(Py) = Lg] to derive a lower bound for the feedback vertex number of G. As notation
for the vertices of G we use the notation (v, p;) with v € V(T) and p; € V(P;) for i € [£] to
refer to the copy of v in the layer corresponding to p;.

Lemma 5.11: Let T be a tree and G = T R P,. Further, let C be a minimum vertex cover of
T. Then, both F; = {(v,p;) € V(G) | v e C,p; € V(Pp)} and F, = {(v,p;) € V(G) | v €
V(T),p; € V(P,),i is even} are valid feedback vertex sets of G.

Proof. The proof is split into two parts, one for each of the two feedback vertex sets F; and F,.

First, we show that F; is a valid feedback vertex set of G. For each edge uvin T, as Cis a
vertex cover of T, at least one of u and v is in C. Therefore, for every edge uv in T and every
vertex p; in Py, with i € [¢], all the edges (u, p;) (v, p;), contained in the layers of G, and for
i € [¢—1] the edges (u, p;) (v, pi+1) and (u, pi+1) (v, p;), contained in the connections between
the layers of G, are removed by F;. The resulting graph G — F; is a forest of disjoint paths
isomorphic to Py, which is acyclic, so F; is a valid feedback vertex set of G.

We now show that F; is a valid feedback vertex set of G. For the path P, the minimum
vertex cover, Cp = {p; € V(P,) | i is even}, has size 7(P;) = |_§J and covers all edges of P,.
The graph G — F, is isomorphic to T ® P, — Cp, which is a forest of disjoint trees isomorphic
to T and thus acyclic, so F; is a valid feedback vertex set of G. a

Corollary 5.12: Let T be a tree and let G = T ® Py. Then, the minimum feedback vertex set of G
has size at most min{z(T) - ¢, |_§J -|V(T)|}.

Proof. This follows directly from Lemma 5.11 and the fact that t(P,) = |_§J. As F; and F,
are valid feedback vertex sets of G and |F;| = 7(T) - £ and |F;| = Lg] - |V(T)|, it follows that
V(G) < min{r(T) - ¢, | <] - [V(D)I}. a
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Theorem 5.13: Let T be a tree and let G = T ® P, be the strong product of T and a path of ¢
vertices. If € is even, then the minimum feedback vertex set has size t(T) - £. If ¢ is odd and T has
a perfect matching, then the minimum feedback vertex set has size | %] - |V(T)|.

Proof. Since Corollary 5.12 already shows an upper bound for the feedback vertex number of
G, we only show that the stated values are also lower bounds for the feedback vertex number
of G to conclude that they are the exact values. We use Lemma 5.3 and vertex disjoint Ky
subgraphs in G to derive a lower bound for the feedback vertex number of G. First we prove
the case of ¢ even and then the case of £ odd and T having a perfect matching.

Case 1: £ is even According to the theorem of Kénig the number of edges in a maximum
matching of a bipartite graph H is equal to the number of vertices in a minimum vertex
cover of H [K6n31]. Therefore, for a tree T with a minimum vertex cover of size 7(T), there
is a maximum matching with exactly 7(T) vertex-disjoint edges. As we know, any edge
uv in T and any edge p;p;+1 in P, with i € [¢ — 1] results in a K subgraph of G with the
vertices (u, p;), (U, pi+1), (V, pi), (v, pi+1)- Since Py with even ¢ has g vertex-disjoint edges and
T has 7(T) vertex-disjoint edges, there are g - 7(T) vertex-disjoint K4 subgraphs in G. As
per Lemma 5.5, a K4 has a minimum feedback vertex set of size 2, resulting in a minimum
feedback vertex set of size at least 2 - g -7(T) = £ - 7(T) vertices for G. So in this case it holds
that V(G) > ¢(T) - £ and by Lemma 5.11 we also know that F; = {(v,p;) e V(G) | ve C,p; €
V(P;)} for a minimum vertex cover C of T is a valid feedback vertex set of G with size 7(T) - .
Thus, it holds that V(G) = 7(T) - ¢ for even ¢ and F; is a minimum feedback vertex set of G in
this case. This is visually shown in Figure 5.7.

Figure 5.7: A minimum feedback vertex set in orange on the product of a tree without perfect
matching and an even path with a perfect matching marked in blue.

Case 2: ¢ is odd and T has a perfect matching Similar to the first case, we know
that for a tree T with a minimum vertex cover of size 7(T) there is a maximum matching
with exactly 7(T) vertex-disjoint edges. Since T has a perfect matching, 7(T) = 3 where
n = |V(T)|. For odd ¢ the path P; has |_§J vertex-disjoint edges. It follows that there are |_§J 5
vertex-disjoint K4 subgraphs in G. As per Lemma 5.5 again, a minimum feedback vertex set of
G has at least size 2- |_§J g = |_§J -|V(T)|. So in this case it holds that V(G) > |_§J -|V(T)| and
since by Lemma 5.11 we also know that F, = {(v, p;) € V(G) | v € V(T), p; € V(P,), i is even}
is a valid feedback vertex set of G with size ¢ (P,) - |V(T)| = |_§J - |V(T)|. Thus, it holds that
V(G) = |_§J - |[V(T)| for odd ¢ and trees T with a perfect matching, and F, is a minimum
feedback vertex set of G in this case. This is visually shown in Figure 5.8.

a
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Figure 5.8: A minimum feedback vertex set in orange on the product of a tree with a perfect
matching marked in blue and an odd path.

With this theorem we have shown that for even ¢ and for odd ¢ with T having a perfect
matching, a minimum feedback vertex set of G = T ® P, can be constructed in constant time
from the minimum vertex cover of one of the factor graphs.

We can even generalize this result to the case of B being an arbitrary bipartite graph instead
of a tree in the case of £ even.

Corollary 5.14: Let B be a bipartite graph and let G = BR P, be the strong product of B and an
even path of { vertices. Then, the minimum feedback vertex set of G has size T(B) - {.

Proof. This follows directly from Theorem 5.13 and the fact that we only used the theorem of
Koénig for the case of ¢ even, which holds for all bipartite graphs. a

This is especially interesting since the minimum feedback vertex set problem is NP-hard
on bipartite graphs [Yan81], but for the strong product of a bipartite graph and an even path,
the minimum feedback vertex set can be computed in polynomial time.

The cases of odd ¢ and trees T without a perfect matching are more complex. In Figure 5.9
we see that for an odd path and a tree without a perfect matching, the minimum feedback
vertex set of G = T ® P, does not necessarily have size V(G) = min{z(T) - ¢, Lg] -|[V(T)|}. In
such cases, the optimal solution may require a more complex combination of vertex removals
across layers, as seen on the rightmost example in Figure 5.9, and the simple construction of
taking vertex covers or entire layers is a valid approximation, but may not yield the minimum
feedback vertex set.

< <
p . 2 ) < = \‘3 ® . 4
N N>
< <
[ ()
N N
< «
D AN R
Figure 5.9: A graph G = T ® P, with odd ¢ and a tree T without a perfect matching. On the
left, two different feedback vertex sets of size 7(T) - £ and |_§J -|V(T)| are shown in blue. On

the right, a minimum feedback vertex set of size 9 is shown in orange, which is smaller than
both of the previous feedback vertex sets.
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5.3 Strong Product of Tree and Path

5.3.1 Caterpillars

To further understand the case of odd ¢ and trees T without a perfect matching, we look at
caterpillars.

First, we present a sufficient condition for a caterpillar to have a perfect matching, which is
also the “if” direction of Remark 6.19 in [GHSW26]. We provide a proof for this condition,
which is not included in the paper, and then show that if this condition is not met, there is a
leaf-to-leaf odd path in the caterpillar, which we use to show a lower bound for the feedback
vertex set of the strong product of such a caterpillar with an odd path. A caterpillar with
a perfect matching is shown in Figure 5.10 and a caterpillar without a perfect matching is
shown in Figure 5.11.

— e

Figure 5.10: A caterpillar with a perfect matching. The matching edges are shown in blue.

Lemma 5.15: Let T be a caterpillar with the spine S. T has a perfect matching if
1. every vertex has degree at most three and

2. if the degree three vertices of T are deleted from S, the subpaths of S that remain (if any)
each have an even number of vertices.

Proof. Let T be a caterpillar with the spine S, with every vertex having degree at most three
and with the property that if the degree three vertices of T are deleted from S, the subpaths of
S that remain (if any) each have an even number of vertices. Let B be the set of degree three
vertices in T. We show that there is a perfect matching M of T.

Since the degree of every vertex in T is at most three, every vertex in B has exactly one leaf
neighbor. For every vertex v € B, let [, be the unique leaf neighbor of v and let each vI, be in
the set M.

Let S, Sz, ..., Sk be the subpaths of S that remain after deleting the vertices in B from
S. Since the degree three vertices of T are deleted from S, the subpaths S, S,, ..., S, are
vertex-disjoint. For each subpath S; with the vertices sy, s, . . ., S2,, where m € N* and sy, sop,
are the endpoints of S;, there is a perfect matching M; that matches si with si.; for every odd
ke [2m-1].

Therefore, there is a perfect matching M of T that is the union of the perfect matchings M;
on the subpaths Sy, S, . . ., Sk and the matching M; of the vertices in B with their unique leaf
neighbors. a

Lemma 5.16: Let T be a caterpillar with the spine S that does not satisfy the conditions of
Lemma 5.15. Then, T contains a leaf-to-leaf odd path Q = (q1,q2, - - - Q2m+1) for some m € N*
such that the inner vertices of Q, namely qs, . . ., gam—1, have degree exactly two in T.

Proof. Let T be a caterpillar with the spine S.
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Figure 5.11: A caterpillar without a perfect matching. A maximum matching is marked in
blue. The odd path Q is shown in orange.

If there is a vertex v in T with degree at least four, then v has at least two leaf neighbors.
Thus, there is a path Q = (g1, v, g3) between these two leaf neighbors. Here, Q has an odd
number of vertices of 3, with m = 1. Since there are no vertices between g, = v and g, = v,
the condition on the inner vertices holds.

Assume every vertex in T has degree at most three and let B be the set of degree three
vertices in T. Let S’ = (sy,. .., sx) be a subpath of S that remains after deleting the vertices of
B and has an odd number of vertices, k € IN*. Since the vertices of §” are on the spine but not
in B, they have degree at most two in T. The subpath S’ is bounded by vertices u,w € B on
the spine, or one or both of the endpoints of S are the endpoints of S.

In the first case, because u, w € B, they each have exactly one leaf neighbor, say [, and [,,.
We define Q as the path (I, u,s1, . .., Sk, W, [,,), which is a path between the leaf neighbors of
u and w. An example of this case is shown in Figure 5.11 with the path Q in orange. Because
S’ has k vertices, where k is odd, Q has k + 4 vertices, which is also odd. By the definition,
the vertices strictly between u, which is gz, and w, which is gz, are exactly the vertices of S,
which have degree two in T.

In the second case, if one of the endpoints of S” are the endpoints of S, since the spine S
is maximal, the endpoints of S are leaves in T. Assume without loss of generality that s; is
an endpoint of S’ and S and thus a leaf in T and that the other endpoint sy,+1 of S’ is not an
endpoint of S. Then, we define Q as the path (sy, ..., sk, w, 1,,), where w € B is the neighbor
of sym+1 on the spine. This Q is a leaf-to-leaf odd path with k + 2 vertices.

Similarly, if both endpoints of S” are endpoints of S, then both are leaves in T and Q = 5’ is
a leaf-to-leaf odd path of k vertices.

In all cases, the inner vertices of Q, gs, . . ., g2m—1, are exactly the vertices of S, which have
degree two in T. a

Theorem 5.17: Let T be a caterpillar graph and P, be an odd path. Then, G = T R Py has a
minimum feedback vertex set F of the following form:

1. If T has a perfect matching, F =V (T) x {v; | i € [£],i is even}.

2. If T does not have a perfect matching, let Q be the shortest odd path in T, with ver-
tices q1, - . ., Qam+1, where m € IN* and q1, Qam+1 are leaves in T and all inner vertices
g3 - - -» Q2m—1 have degreetwo inT. Then, F = Fg UF’, where F’ is the union of a minimum
feedback vertex set for each of the components of (T — Q) ® Py, and

_MHailie[2m+1],iiseven} X V(P) ift>2m+1,
B V(Q) x{v;|ie€[t],iiseven} ift <2m+ 1.
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Proof. We prove the validity of F by induction on the size of T.

In the base case that T has a perfect matching, the set F = V(T) X {v; | i € [£],iis even} is
a valid feedback vertex set of G. The validity and optimality of F follows from Lemma 5.11
and Theorem 5.13 as a caterpillar is a tree.

In the inductive step, if T does not have a perfect matching, by Lemma 5.16 T contains
a leaf-to-leaf odd path Q whose internal vertices gs, . .., gam-1 have degree two in T. Let
Q be the shortest such path in T with the vertices q1,¢>, ..., q2m+1 Where m € N* and
q1, Q2m+1 are leaves in T. If Q consists of three vertices, because q; is a vertex of degree at
least four on the spine of T, then removing the vertices of Q from T results in at most two
connected components, corresponding to spine neighbors of ¢q; and more possible single
vertex components if g; has more than two leaf neighbors. We do not have to consider the
single vertex components as for 2m + 1 = 3 with £ > 1, the set Fy already contains all vertices
of {q2} X V(Pp). If Q consists of more than three vertices, removing the vertices of Q from T
splits T — Q into at most two connected components, as only g, and ¢,,, can have neighbors
in T — Q and neither g, nor ¢, can have multiple leaf neighbors since Q is the shortest odd
leaf-to-leaf path in T. By the inductive hypothesis, the smaller caterpillar components have
explicitly constructed valid feedback vertex sets. Let F” be the union of these valid feedback
vertex sets for (T — Q) ® P,.

From Theorem 5.10, Fg is a valid feedback vertex set for Q ® P;. To show F =Fp U F' is a
valid feedback vertex set of G, it suffices to verify that no cycle spans across the partition into
QrP,—Fpand (T-Q)R P, — F'.

If £ > 2m + 1, Fp fully contains the columns {g2, g2m} X V(P). Therefore, the entirely
removed columns act as a barrier, leaving no remaining vertices at the designated attachment
points gz and g, in Q ® P, — Fg. Thus, no edges exist that connect the two subgraphs.

If £ < 2m+1, Fg contains all even layers V(Q) x{v; | i € [£],iis even}. Letu € V(T -Q) be
a neighbor of g, or gz2y,. By the inductive construction of F, the connection vertices u in T — Q
are either part of an odd path in their component of T — Q that fulfills the case of £ > 2m + 1
and thus, {g2, @2m} X V(P;) € F’, or the odd path in T — Q that contains u fulfills the case of
¢ < 2m+ 1 or does not exist and thus {u} X {v; | i € [£],iis even} € F’. Hence, any remaining
vertices in the columns g, X V(P;), gam X V(Pr), and their corresponding neighbor columns
in T — Q strictly belong to the odd layers of P,. Since any valid feedback vertex set in the
construction does not leave any path between distinct vertices in {u} X {v; | i € [£],i is odd}
the edges between Q ® P, — F and (T — Q) ® P, — F’ are not part of any cycle in G — (Fp UF’).
Therefore, Fp U I’ is a valid feedback vertex set of G.

We now prove the minimality of F. In the base case that T has a perfect matching, we know
that F is a minimum feedback vertex set of G by Theorem 5.13. In the inductive step, if T does
not have a perfect matching, we know that Fg is a minimum feedback vertex set of Q ® P,
by Theorem 5.10. We also know that F’ is a minimum feedback vertex set of (T — Q) ® P; by
the inductive hypothesis. By Lemma 5.3, any feedback vertex set of G must contain at least
|[Fol + |F’| vertices, so F is a minimum feedback vertex set of G. a

5.3.2 Structural Properties of General Trees

We now try to apply the insights from caterpillars to general trees. First we show a more
general version of Lemma 5.16. For this we use a construction comparable to the Dulmage-
Mendelsohn decomposition of a bipartite graph [DM58].
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Theorem 5.18: Let T be a tree without a perfect matching. Then, there exists an induced
subgraph T’ of T, with |V(T")| odd, such that for every two leaves Iy, I, in T’, the path from l; to
I, in T is odd and all vertices in T’, adjacent to vertices in T — T’, are part of a minimum vertex
cover of T'.

Proof. Since T does not have a perfect matching, let M be a maximum matching of T. As M is
not perfect, there is at least one vertex r in T that is not matched by M. We use r as a root
and grow the tree T’ from r by exploring all maximal matching-alternating paths in a search
starting from r.

Specifically, while performing the matching-alternating breadth-first-search we partition
the vertices of T’ into the set X with even distance to r and Y with odd distance to r. In
particular r is in X and all direct neighbors of r are in Y. Since r is not matched in T/, by
construction for any edge uvin T’ ifu € X andv € Ythenuv ¢ Mandifu € Yandv € X
then uv € M.

We now verify that the subtree T’ has all the stated properties. First we show, that |V (T")]
is indeed odd, using the matching in T’. We verify that every vertex in Y is matched in T’ and
thus matched to a unique vertex in X \ {r}. Assume, for the sake of contradiction, that there
is a vertex v € Y that is not matched in T’. In this case the path from r to v is an augmenting
alternating path, meaning that switching the matched and unmatched edges along this path
would yield a larger matching than M in T, which is a contradiction to the maximality of M.
Therefore, every vertex in Y is matched in 7" and since the search-construction of 7" would
continue along the next matched edge from v, every vertex v € Y is matched to a unique
vertex in X \ {r}. Since r is not matched, we have | X| = |Y|+1, so |V(T’)| = |X|+|Y| = 2|Y|+1
which is odd.

To determine the distance of the leaves in T’ we look at the partition they are part of. Since
we confirmed that every vertex in Y is matched and reached from r via an unmatched edge,
every vertex v € Y has at least one child in T’ that it is matched to. Therefore, no vertex in Y
can be a leaf in T” and all leaves of T” are in X. Since T’ is bipartite with the bipartite sets
X, Y, the path between any two vertices in X, like two leaves, has an odd number of vertices.

We now show that all vertices in T’ adjacent to vertices in T — T” are part of a minimum
vertex cover of T. To do this, we first show that all vertices in 77 adjacent to vertices in T — T’
are in Y. For this, let u € X and assume, for the sake of contradiction, that u is adjacent to a
vertex w in T — T’. Since u € X is reached from r via a matched edge, the edge uw cannot be
in M. This is also true in the case that u is r, since r is not matched. This would mean that w
is reached from r via an unmatched edge, so w would be part of T’ and Y in particular, and
thus not in T — T’, which contradicts the assumption. Therefore, all vertices in T” adjacent to
verticesin T —T" arein Y.

In this bipartite graph T” with the bipartite sets X, Y, with |X| = |Y| + 1, where every vertex
in Y has a unique matched neighbor in X and another neighbor in X via an unmatched edge,
the set Y is a minimum vertex cover since every edge in the maximum matching has to be
covered by at least one vertex and the vertices in Y are sufficient to cover all edges in T’. Since
all vertices in T” adjacent to vertices in T — T’ are in Y and Y is a minimum vertex cover of T”,
all vertices in T’ adjacent to vertices in T — T’ are part of a minimum vertex cover of T".

This concludes the proof that 77 has all the stated properties. a

An example of the construction of the tree T” in Theorem 5.18 is shown in Figure 5.12.
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gt N

r

Figure 5.12: Odd alternating subtree T” highlighted in orange of a tree T with the matching
M marked blue.

A useful property of the tree T’ is that all vertices in Y have degree at most two in T".
Seeing this is straightforward, since all vertices in Y are reached from r via an unmatched
edge and are matched to at most one vertex in X via a matched edge, so they cannot have
more than two neighbors in T’. This allows us to apply arguments shown before to such trees.

In the following we refer to the tree T” with the properties stated in the previous theorem
as an odd M-alternating subtree of T with respect to the maximum matching M of T and with
the bipartite sets X and Y with |X| =m + 1 and |Y| = m and the root r in X.

We first show that for an odd M-alternating subtree T’ of T, we can modify the maximum
matching M of T to guarantee that the root r of T’ is a leaf in T’, which is useful for the later
analysis of the minimum feedback vertex set of T’ ® P;.

Lemma 5.19: Let T be a tree without a perfect matching M and let T’ be an odd M-alternating
subtree of T with the bipartite sets X and Y as described in the previous theorem. If the unmatched
rootr of T' is not a leaf in T, then for any leafl in T" with the path L fromr tol inT, there is a
maximum matching M’ of T such that MNE(T—L) = M'NE(T—-L) and M’ NE(L) = E(L)\M
making | the unmatched vertex in T’ instead of r.

Proof. Let T be a tree without a perfect matching M and let 7’ be an odd M-alternating subtree
of T with the bipartite sets X and Y as described in Theorem 5.18. Let r be the unmatched
root of T’ and let I be a leaf in T” with the path L from r to / in T.

We show that switching the matched and unmatched edges along the path L yields a
maximum matching M’ of T. Since L is an odd path in T between two vertices in X, it has an
even number of edges and thus an odd number of vertices. Since r is unmatched in M and [ is
aleaf in T’, the edges of L alternate between unmatched and matched edges in M. Therefore,
switching the matched and unmatched edges along L yields a new matching M’ of T that
matches [ and leaves r unmatched. All other vertices on L remain matched in M’ so the size
of M’ is the same as the size of M, making M’ a maximum matching of T. Moreover, the tree
T’ is still an odd M’-alternating subtree of T with the same vertices and the same bipartite

sets X, Y but with the new unmatched vertex [ as the root instead of r. a
T new root T
| @———o—e=——e —o —@¢—o @
o 0 —O6—0 0 o 0 ——0 0
r

Figure 5.13: Odd alternating subtree T’ of a tree T with the matching M on the left and M’
on the right with the path L highlighted in orange and the matching edges colored blue.

This fact is also visually illustrated in Figure 5.13. We note that for an odd M-alternating

subtree T” of T, with the root r in X, the tree T’ — r has a perfect matching, since r is the only
unmatched vertex in T”.
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We now show lower bounds on the size of the minimum feedback vertex set of T’ ® P, for an
odd M-alternating subtree T’ of T. Note that T” ® P; is comparable to the strong product of an
odd path and an odd path, which we analyzed in Theorem 5.10. Comparable to the strong grid,
we analyze the two cases of 2m + 1 > £ and 2m + 1 < ¢ separately, where |V (T")| = 2m + 1.

We first show some helping lemmas that we later use in the proof of the lower bound.

Lemma 5.20: Let T’ be an odd M-alternating subtree of T with the maximum matching M and
|[V(T’)| = 2m + 1 where m € N*. Also let P; be an odd path with ¢ vertices and let X and Y be
the bipartite sets of T’, with |X| = m+ 1 and |Y| = m. Let r be the unmatched root and leaf of T’
in X and let v € Y be the unique neighbor of r in T’. Then, there exists a minimum feedback
vertex set of T’ ® Py that contains either all vertices in V(T') X {p,} or all vertices in {v} X V(P;).

Proof. We know that T’ has at least two leaves, since T” is a tree with at least three vertices.
By Lemma 5.19 we can assume that the unmatched root r of 7’ is a leafin T’. Let v € Y be
the unique neighbor of r in T” and let w € X be the unique neighbor of v in T’ that is not r.
The vertices (7, p1), (v, p1), (r, p2) and (v, p;) induce a Ky subgraph in T’ ® P,. This part of the
graph is similar to the vertices vy, v1 2, V21 and v, in the strong product of two odd paths as
analyzed in Lemma 5.8. Thus, we can conclude that there exists a minimum feedback vertex
set of T’ ® P, that contains either both vertices (r, p2) and (v, p,) or both vertices (v, p;) and
(v, p2)-

More specifically, in the case that (v, p;) and (v, p;) are in the minimum feedback vertex set,
by Lemma 5.9, we can conclude that all vertices in {v} X V(P;) are in the minimum feedback
vertex set.

The other case that (r, p;) and (v, p;) are in the minimum feedback vertex set is more
complex as we are not working along the path factor, but the tree T’. However, we can still
conclude that all vertices in V(T’) X {p,} are in the minimum feedback vertex set.

To see this, we first show that (w, p;) is also in a minimum feedback vertex set of T’ ® P, if
(r, p2) and (v, p2) are in a minimum feedback vertex set of T’ ® P,. This follows from the fact
that the vertices (v, p1), (w, p1), (v, p2) and (w, p,) also induce a K4 subgraph in T’ ® Py, and as
the neighborhood of (w, p,) in T’ ® P; is a superset of the neighborhood of (v, p1) and (w, p1),
if (r, p2) and (v, p2) are in a minimum feedback vertex set of T’ ® P, then there must also be a
minimum feedback vertex set of T”® P, that contains (7, p,), (v, p2) and (w, p2). Since we know
that T’ — r has a perfect matching, the subgraph induced by the vertices V(T’ —r) X {p1, p2}
can be partitioned into m disjoint K4 subgraphs, each having a minimum feedback vertex set
size two. The set of vertices in V(T”) X {p,} contains exactly two vertices in each of these Ky
subgraphs and also contains all vertices in the subgraph induced by V(T’ —r) X {p1, po} with
connecting edges to the remaining graph, except for (v, p;), which is not necessary as (r, p2)
is also in the minimum feedback vertex set.

Therefore, if (r,p;) and (v, ps) are in a minimum feedback vertex set of T’ ® P, then
there must also be a minimum feedback vertex set of T’ ® P, that contains all vertices in

V(T") X {p2} a

We use the previous lemma to show the following lower bound on the size of the minimum
feedback vertex set of T’ ® Py for an odd M-alternating subtree T’ of T.

Theorem 5.21: Let T’ be an odd M-alternating subtree of T with the maximum matching M
and |V(T")| = 2m + 1 where m € IN*. Also let P; be an odd path with € vertices and let X and Y
be the bipartite sets of T', with |X| = m + 1 and |Y| = m. Then, the minimum feedback vertex set
of T' ® P, has size exactly min{ |_§J -(2m+1),m- t}.
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Proof. We prove the lower bound only, since the upper bound follows from Lemma 5.11 as T’
is a tree.

We prove the lower bound by induction on m and £. For one base case, assume ¢ = 1. Then,
T’ ® P, is isomorphic to T” and V(T’) = 0 since T’ is a tree, so the base case holds and the
minimum feedback vertex set has size 0 = min{ L%J -(2m + 1), m - 1} as stated. In the other
base case, assume m = 0 so that 2m + 1 = 1. Then, T’ ® P, is isomorphic to P, and V(P;) = 0,
also matching the lower bound of min{ ng -1,0 - £} = 0 as stated.

In the inductive step let T’ be an odd M-alternating subtree of a tree T with the maximum
matching M and let £ > 3 odd and |V(T’)| = 2m + 1 > 1. Assume that the lower bound holds
for any strong product of an odd matching-alternating tree T’ of size 2m’ + 1, and a path Pp
with odd ¢, that is a strict subgraph of T’ ® P,.

By Lemma 5.19 we can assume that the unmatched root r of T’ is a leaf in T’. Let v € Y be
the unique neighbor of r in T".

From Lemma 5.20, there exists a minimum feedback vertex set of T’ ® P, that contains
either all vertices in V(T’) X {p,} or all vertices in {v} X V(P,) where v is the unique neighbor
of the unmatched root r of T”.

Case 1: The vertices in V(T’) X {p,} are in the minimum feedback vertex set.
Removing the vertices in V(T’) X {p, } from T’ ® P, separates the graph into two components,
one being isomorphic to T” with the vertex set V(T’) X {p;} and the other induced by the
vertices V(T’) X {ps, ps, - -, pr}. Let T” be the induced subgraph of T’ with the vertex set
V(T"”) =V(T') X (V(P¢) \ {p1, p2})- The graph T” is isomorphic to T’ ® P,_, so it is a strict
subgraph of T’ ® P, and thus by the inductive hypothesis, the minimum feedback vertex set
of T” has size at least min{ I_%J -(2m+1),m - (£ — 2)}. Therefore, in this case the minimum
feedback vertex set of T’ ® P, has size at least 2m + 1 + min{ L%J -C2m+1),m-(t-2)} =
min{ Lg] -(2m+1),m- £ + 1} matching the lower bound in the first case. Since m-£+1 > m- ¢,
this lower bound is at least min{ Lg] -(2m+1),m- t}.

Case 2: The vertices in {v} X V(P,) are in the minimum feedback vertex set. Let
T” be the induced subgraph of T’ with the vertex set V(T”") = (V(T’) \ {r,v}) X V(P).
The graph T" is isomorphic to (T’ — {r, v}) ® P, which is a strict subgraph of T’ ® P, and
thus by the inductive hypothesis, the minimum feedback vertex set of T” has size at least
min{LéJ -(2m —1),(m — 1) - ¢£}. This results in a feedback vertex set size of at least £ +
min{l_gj -2m-1),(m-1)-£} = min{l_%] -(2m + 1) + 1, m - £} matching the lower bound
in the second case. Since L%J -C2m+1)+1> |_§J - (2m + 1), this lower bound is at least
min{|_§] -(2m+1),m- t}.

Therefore, since by Lemma 5.20 at least one of the two cases must apply for a minimum
feedback vertex set of T’ ® Py, and both cases yield a lower bound of at least min{ |_§J -(2m+
1), m - £}, the lower bound is confirmed. Together with the upper bound from Lemma 5.11,
this concludes the proof of the theorem. a

Corollary 5.22: Let T’ be an odd M-alternating subtree with |V(T")| = 2m + 1 and P; an odd
path with £ = 2k + 1. Then the minimum feedback vertex set of T’ ® P, strictly follows one of
two structural constructions, depending on the initial size ratio of 2m + 1 and ¢:

1. If2m+1> ¢, orm > k, then (2m+ 1)k < m(2k + 1), meaning the construction containing
all vertices on even layers is strictly smaller.
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2. If2m+1 < t,orm < k, thenm(2k +1) < (2m+ 1)k, meaning the construction containing
all vertices in the m columns corresponding to the vertex cover Y of T’ is strictly smaller.

3. If2m + 1 = ¢, both constructions yield the exact same size of m - £ = Lg] -(2m + 1), so
both constructions are optimal.

Furthermore, as each structural reduction step recursively reduces either k or m while leaving the
other constant, the strict inequality is preserved throughout all inductive subproblems. Thus, an
optimal feedback vertex set never requires alternating between layers and columns.

For a tree T without a perfect matching, that contains a single unmatched vertex in a
maximum matching, and thus a single odd M-alternating subtree T’, the previous theorem,
combined with the result on trees with a perfect matching, already gives a complete char-
acterization of the minimum feedback vertex set of T ® P,. However, for a tree T without a
perfect matching that contains multiple unmatched vertices in a maximum matching, and
thus multiple odd M-alternating subtrees T/, T;, ..., T, for r > 2, this proof only holds if no
odd M-alternating subtrees overlap.

5.3.3 Dynamic Programming Approach for General Trees

On all previous results and empirical experiments on the minimum feedback vertex set on
the strong product of a tree and an odd path T ® P, on programmatically generated random
instances, for a vertex v € V(T), we observed that a minimal feedback vertex set F of G
either contains all vertices in the column {v} X V(P,), it contains the vertices in the even
layers {v} x {p; € V(P,) | i is even}, or it contains no vertices in the column {v} X V(P;). We
conjecture that this observation holds for any tree T and any odd path P,.

Conjecture 5.23: Let T be a tree and P, be an odd path. Let G = T ® P,. Then, there exists a
minimum feedback vertex set F of G such that for any vertex v € V(T), one of the following
holds:

1. {v}xV(P,) CF,
2. {v}xV(P)NF=A{v}x{p; € V(P) | iiseven}, or

3 (W} xV(P)NF =0.

Assuming the correctness of this conjecture, we can compute the minimum feedback vertex
set of G = T ® P, efficiently using dynamic programming. By rooting the tree at an arbitrary
vertex r, we process the tree from the leaves to the root. For each node v € V(T), we compute
the minimal cost of the subtree rooted at v given that v takes state S € {all, even, none}. We
define the cost functions as follows:

c(vyall) =t + Z min{c(w, all), c(w, even), c(w, none)}
we Children(v)

4
c(v,even) = | =] + Z min{c(w, all), c(w, even)}
2 we Children(v)

c(v,none) =0+ Z c(w,all)

we Children(v)
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For a leaf node v, the children set is empty, yielding the base costs c¢(v, all) = ¢, c(v, even) =
|_§J, and c(v, none) = 0. The overall size of the minimum feedback vertex set for the entire
graph is then given by min(c(r, all), c(r, even), c(r, none)). Since computing the cost for each
node relies only on the states of its children, assuming the conjecture holds, this dynamic
program computes a minimal feedback vertex set size in linear time.

5.4 Strong Product of Trees

In the following, we consider the strong product of two trees T} and T,. G = Ty ® T, has
a structure that can be interpreted as |V(T;)| copies of Ty with additional edges between
neighboring copies of T; that come from the edges in T, or equivalently as [V (T7)| copies of
T, with additional edges between neighboring copies of T, that come from the edges in T;.

We generalize previous results on the strong product of a tree and a path to the strong
product of two trees. We first show that the minimum feedback vertex set of G has size
at most min{z(Ty) - |V(Ty)|, 7(T2) - |V(T1)|} by showing that the sets F; = C; X V(T;) and
F, = V(T}) X C, are valid feedback vertex sets of G, where C; is a minimum vertex cover of T;
and C, is a minimum vertex cover of T,.

Lemma 5.24: Let T; and T, be two trees and let G = T) R T. Let C; be a minimum vertex cover
of Ty and C; be a minimum vertex cover of T,. The sets F; = C; X V(1) and F, = V(T;) X C, are
valid feedback vertex sets of G.

Proof. First we show that F; is a valid feedback vertex set of G. Let uv € E(T;) be an edge
in T;. By definition, the vertex cover C; of T contains at least one of the two vertices u or
v. Therefore, in G = T} R T, for any edge of the form (u,t)(v,t’) € E(G) with u,v € V(Ty)
and t,t’ € V(T,) where t and t’ are either the same vertex or adjacent in T, at least one of
the vertices (u, t) and (v, t’) is in F; since either u or v is in C;. The only remaining edges in
G — F; are of the form (u, t)(u, t") where ¢ and ¢’ are adjacent in T5, so the remaining graph is
a forest of trees isomorphic to T, and thus contains no cycles.

The validity of F, as a feedback vertex set of G follows by symmetry, since the same
argument applies with the roles of Ty and T, swapped.

Since we have shown, that both G — F; and G — F, are acyclic, both F; and F, are valid
feedback vertex sets of G. a

Corollary 5.25: Let T; and T, be two trees and let G = T} ® T. Then, the minimum feedback
vertex set F has size at most min{z(Ty) - |V ()|, =(Tz) - |V (T1)|}.

Proof. This follows directly from Lemma 5.24, since the size of F; is 7(Ty) - |V(T2)| and the
size of F, is 7(Ty) - |V (T7)|. a

In the case that one of the trees T; and T, has a perfect matching, the upper bound from
Corollary 5.25 is tight and thus gives the exact size of the minimum feedback vertex set of G.
We only show the case for T; having a perfect matching, since the other case is symmetric.

Theorem 5.26: Let Ty be a tree with a perfect matching and T, be any tree and let G = T{ ® T,.
Then, G has a minimum feedback vertex set of size |V (Ty)| - 7(T3).

Proof. The size of a maximum matching of a tree T is 7(T) according to the theorem of Kénig,
meaning that there are 7(T) vertex-disjoint edges in a tree T [K6n31].
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Thus, similar to the strong product of a tree and a path, G has 7(T) - 7(T3) copies of Ky as
subgraphs. Since T has a perfect matching, 7(T;) = LZTOI Therefore, there are LZTOI -1(Th)
vertex-disjoint K4 subgraphs in G. As per Lemma 5.5, a K4 has a minimum feedback vertex set
of size 2, so any feedback vertex set of G must contain at least two vertices from each of these
K4 copies. Thus, any feedback vertex set of G contains at least 2- @ -(Ty) = |V(TY)| - 1(T3)
vertices. The upper bound from Corollary 5.25 gives a valid feedback vertex set of this size, so

the minimum feedback vertex set of G has size |V(T})| - 7(T2). a

Note that we only used the theorem of Kénig in the proof of the lower bound in Theo-
rem 5.26 [K6n31]. Thus, it holds for any bipartite graphs B; and B,. However, the same bound
does not hold as an upper bound if B; and B; are not acyclic. We therefore generalize the
lower bound to the following corollary.

Corollary 5.27: Let B be a bipartite graph with a perfect matching and let B, be any bipartite
graph. Then every feedback vertex set of G = By R B, has size at least |V (By)| - 7(Ba).

5.5 Strong Product of Three Paths

In the following, we consider the strong product of three paths P, P, and P,. A graph of
the form G = P, ® Py ® P, has a grid-like cuboid structure, as shown in Figure 5.14. Since
the strong product is commutative and associative, the order of the paths does not matter.
Thus, when specifying the parity of some of the paths, we may assign parities without loss of
generality. We use the following notation for vertices in such a graph. We denote by v; j «
fori € [x],j € [y], k € [z] the vertex in V(G) corresponding to the i-th vertex in Py, the j-th
vertex in P, and the k-th vertex in P,.

Figure 5.14: The cuboid structure of the graph P, ® P, ® P, (simplified by removing most
tensor edges).

Lemma 5.28: Let Py, P, and P, be three even paths. Then, the graph G = Py ® P, R P, contains

x Y z N c . .
5+ 5 * 5 pairwise vertex-disjoint copies of Ks.

Proof. By Lemma 5.4, the graph P, ® P, contains 3 - % vertex-disjoint copies of K4 as subgraphs.
Furthermore, P, has a partition into 7 vertex-disjoint copies of K; since P, is an even path.

By the definition of the strong product, for every edge viv; € E(Py ® Py) and every
edge wyw, € E(P;), the vertices (vy, wy), (v, w2), (v, 1), (v, wy) induce a K4 subgraph in G.
Thus, for any copy of Ky on the vertices {ai, az, a3, a4} in Py ® P, and any copy of K; with
vertices {by, by} in P,, the vertices corresponding to the Cartesian product of these two copies
{(ai,bj) | i € [4], j € [2]} induce a K3 subgraph in G.
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5.5 Strong Product of Three Paths

For that reason there are 7 - % - 5 vertex-disjoint copies of Kg in G, one for each distinct
triple of edges in the matchings. This is the maximum number of vertex-disjoint copies of Kg
in G since G has x -y - z verticesand ¥ - ¥ -2 -8 =x-y - z. a

Lemma 5.29: A minimum feedback vertex set of the complete graph Kg on 8 vertices has size 6.

Proof. Let K3 be the complete graph on the vertices v;,. .., vg. Since v;v; € E(K3) for every
i, j € [8] with i # j, any three distinct vertices v;, v;, v, with i, j, k € [8] pairwise distinct
induce a triangle in K3. Any two vertices v;, v; induce a single edge, which is acyclic. Therefore,
each minimum feedback vertex set of Kg contains exactly 6 vertices. a

Theorem 5.30: Let Py, P, and P, be three even paths. Then, every minimum feedback vertex

set of G = Py ® Py ® P, has size % - x -y - z and there is a minimum feedback vertex set of G
containing all vertices v; j i withi =x andk = z.

X

Figure 5.15: Construction of a minimum feedback vertex set of P, ® P, ® P, with x, y and
z even (simplified). The orange vertices form Fj, the blue vertices form F,, the union of the
minimum feedback vertex sets of the remaining P, ® P, copies in G — F;.

Proof. First we show that every feedback vertex set of G has size at least % -x-y-z By
Lemma 5.28, G has 3 - % - £ pairwise vertex-disjoint copies of Ks. As per Lemma 5.29, a
minimum feedback vertex set of Kg has size 6. Then, Lemma 5.3 yields a lower bound of

5 % 2= % - x - Y - z vertices for any feedback vertex set of G.

We now show that there is a feedback vertex set of G with size % -x-y-z. Let F; =
{vijk € V(G) | i € [x],j € [yl,k = 0 (mod 2)} be the set of vertices of G with even
k-index. The set F; has size Z - x - y and the graph G — F; is the disjoint union of % copies
of P, ® P,. By Theorem 5.6, we know that the minimum feedback vertex set of P, ® P, has
size V(Px ® Py) = % - x - y. Combining these feedback vertex sets for every copy of Py ® P, in
G — F; results in the set F, = {v; jx € V(G) | i =0 (mod 2),k =1 (mod 2)}. Both F; and F,
are displayed in Figure 5.15 with orange and blue vertices respectively. The set F = F; UF, is a
valid feedback vertex set of G with size 5 -x-y+%-V(Py®P,) = g-x-y+§-%-x-y = %-x-y-z.
F contains all vertices v; j ; with i = x and k = z since x and z are even. a

Theorem 5.31: Let P, and P, be even paths and let P, be an odd path. Then, every minimum
feedback vertex set of G = Py ® Py ® P, has size % x-y-(z— %) and there is a minimum feedback
vertex set of G containing all vertices v; j x withi = x.
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Figure 5.16: Construction of a minimum feedback vertex set of P, ® P, ® P, with x and y even
and z odd (simplified). The orange vertices form F; U F;, the blue vertices form the minimum
feedback vertex set F3 of G.

Proof. Similar to the previous case, we first show that every feedback vertex set of G has size
at least % x-y-(z— %) By Theorem 5.30, every minimum feedback vertex set of the subgraph
G’ = Py ® P, R P,_; of G with only even paths has size % -x -y - (z—1). The remaining graph
G=G-Gis isomorphic to Py ® P, and by Theorem 5.6 has a minimum feedback vertex set
size of % - x - y. Since G’ and G are vertex-disjoint subgraphs of G, by Lemma 5.3, the sum
of the lower bounds of the feedback vertex set sizes of G’ and G is a lower bound for the
feedback vertex set size of G. This results in a minimum feedback vertex set size of at least
%-x-y-(z—1)+%-x-y=§-x-y-(z—%).

To show that the bound is tight, we construct the feedback vertex set F’ = F; U F; of G’
similarly to Theorem 5.30. This set has size % -x -y - (z— 1) and in particular contains all
vertices v; jx with i = x and k = z — 1, which are the only vertices in G’, adjacent to the
vertices of G. Thus, there are no edges between the components of G’ and GinG - F and
any minimum feedback vertex set of G=PR Py in union with F” is a valid feedback vertex
set of G. Again by Theorem 5.6 the set F3 = {v; ;. € V(é) | i =0 (mod 2)} is a minimum
feedback vertex set of G and has size % In Figure 5.16 the sets F; U F, and F; are displayed
with orange and blue vertices, respectively. Therefore, F = F; U F, U F; is a valid feedback
vertex set of G with size % x-y-(z—-1)+ % ‘x-y= % -x-y-(z—%),whichisthusalsoa
minimum feedback vertex set of G. In particular, F contains all vertices v; jx withi =x. @

Theorem 5.32: Let P, and P, be odd paths and let P, be an even path. Then, every minimum
feedback vertex set of G = Py ® P, ® P, has size i ‘Y- (Bxz—-x—-z-1).

Proof. We first show that every feedback vertex set of G has size at least i ‘y-(3xz—-x—-2z-1).

To do so we look at two vertex-disjoint subgraphs of G. For this let G be the graph induced
by the vertices v; jx € V(G) withi =x andlet G’ =G — G=P R P, ® P, be the subgraph
induced by the remaining vertices. As x — 1 and y are even and z is odd, by Theorem 5.31,
every minimum feedback vertex set of G’ has size at least 3 - (x—1) -y - (z— 3). The graph G is
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~

G G

A
g

-1 : I

z—1

Figure 5.17: Construction of a minimum feedback vertex set of P, ® P, ® P, with y even and
x and z odd (simplified). The orange vertices form F; U F, U F3, a minimum feedback vertex
set of G’ = Py_; ® P, ® P, and the blue vertices form the minimum feedback vertex set Fy of

G=G-G.

isomorphic to P, ® P, with even y and odd z, so by Theorem 5.7, every feedback vertex set of
G has size at least % -y - z. The subgraphs G’ and G are vertex-disjoint, so by Lemma 5.3 every
feedback vertex set of G has size at least % (x=1)-y-(z— %) +15]y= i Y- (Bxz—x—2z-1).

To show that a valid feedback vertex set of G with size ;11 Yy -(Bxz—-x—-2z-1) = % c(x -
-y (z—1)+ L’%_lj - y exists, we use the construction of Theorem 5.31 for the subgraph
G’ = Px_1®P,®P,, which has a minimum feedback vertex set of size % (x=1)-y-(z— %) that in
particular contains every vertex v; j x with i = x — 1, which are the only vertices in G" adjacent
to vertices in G. This is also visible in Figure 5.17, where the orange vertices form F; U F, U F,
and the blue vertices form a minimum feedback vertex set of G. Therefore, a minimal feedback
vertex set F; of G with size %] - y together with this minimum feedback vertex set of G’ is a
valid feedback vertex set of G with size % (x-1)-y-(z— %) +13]1y= i Y- Bxz—x—-z-1)
and thus a minimum feedback vertex set of G. a

5.6 Strong Product of d Paths

We now generalize the approach of Section 5.5 to the strong product of d paths where at least
one path has an even number of vertices. The proof uses induction on both the number of
paths d and the number of odd paths k.

To do so, we first generalize the existence of vertex-disjoint complete subgraphs.

Lemmab5.33: Let Py, ..., Py, bed paths withx, ..., xq even. Then, the graphG = Py, R- - -RPy,
contains Hdm:1 I pairwise vertex-disjoint copies of Kya.

Proof. The proof is similar to the proof of Lemma 5.28. As there are %’ vertex-disjoint copies
of K in each path Py, for j € [d], every combination of these disjoint copies of K3 in the paths
forms a complete graph on 2¢ vertices in G. This results in Hflnzl = pairwise vertex-disjoint
copies of Kys in G. a
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Lemma 5.34: A minimum feedback vertex set of the complete graph K,a on 2¢ vertices has size
24 -2,

Proof. Let K,a be the complete graph on the vertices vy, ..., v,a. Since v;v; € E(Kya) for
every i, j € [2%] with i # j, any three pairwise distinct vertices v;, vj, i with i, j,k € [29]
induce a triangle in K,4. Any two distinct vertices v;, v; induce a single edge, which is acyclic.
Therefore, each minimum feedback vertex set of K,« contains exactly 24 _ 2 vertices. a

Theorem 5.35: Let Py, ..., Py, bed even paths withd > 3 and let G = Py, R --- R Py,. Then,
there exists a minimum feedback vertex set of G of size 22;2 -Hizl Xm = ZZ;Z -|V(G)| containing
all vertices vy, __;, withi; = 0 (mod 2) for at least one j € {2,...,d}.

.....

Proof. By Lemma 5.33, G has ]_[dm:1 2 pairwise vertex-disjoint copies of K,a. By Lemma 5.34,
a minimum feedback vertex set of K, has size 2¢ — 2. Thus, for each distinct copy of K,qs in
G, the feedback vertex set of G contains at least 29 — 2 vertices. This results in a lower bound
of (29 -2) - H x’" =22 _2 Hm -1 Xm vertices for any minimum feedback vertex set of G.

To show that there isa feedback vertex set of G with size 272 - []% _, x,, that fulfills the
additional property, we use induction on d.

For the base case of d = 3, the statement holds by Theorem 5.30, as the set F = {v; ;,;, €
V(G) | iz is even} U {v; ;,i, € V(G) | iz is even, i3 is odd} is a minimum feedback vertex set
of G = Py, ® Py, ® Py, with size % - X1 * X2 - X3. And since F contains all vertices v;, ;, ;, with at
least one of i, or i3 even, the required additional property holds.

For the induction step, let d > 3 and assume that the statement holds for d — 1 paths.
Let F; = {vi,,.i, € V(G) | id = 0 (mod 2)} be the set of vertices of G with even iz-index.
The set F1 has size %2 Hm | Xm and the graph G — F; is the disjoint union of % copies of
Py ®---RPy, . By the induction hypothesis, each of these copies has a minimum feedback

ig, Withi; =0 (mod 2) for at

vertex set of size zd = Hd _1 Xm containing all vertices v;,

.....

least one j € {2,. — 1}. We define the union of these feedback vertex sets for every copy
ofPXIIZI lZIdellnG—Fl as F, = {v;, i, € V(G) | ij = 0 (mod 2) for at least one j €
{2 1} ig=1 (mod 2)}. Then, F = Fl U F, is a valid feedback vertex set of G with size

(H L Xm) + . 2‘;,1;2 . Hfln_zll Xm = 2 _2 Hm | Xm. By the definition of F; and F,, F
contams all Vertlces Viy,..ig Withi; =0 (mod 2) for at least one j € {2,...,d} fulfilling the
required additional property. a

In the following, we give a general formula for the feedback vertex set size of the strong
product of d paths with k odd paths. To state the formula, we first show that there always
exists a valid partition of G into two simpler subgraphs.

Again by the commutativity of the strong product, we can order the paths such that the
even paths are the first d — k paths and the odd paths are the last k paths.

Lemma 5.36: Let Py, ..., Py, bed paths with d > 2 and let exactly k of these be odd paths,
where0 <k <d—-2.LetG =Py, R---RPy, andlet Py, ..., Py, , bethe even paths in G. Then,
there exists a minimum feedback vertex set of G containing all vertices v;,_;, € V(G) with i,
even for at least onea € {2,...,d — k}.

Proof. We prove the statement by induction on the number of odd paths k in G.

For the base case k = 0, all paths in G are even. By Theorem 5.35, there exists a minimum
feedback vertex set of G containing all vertices v;,__;, € V(G) that have an even index in at
least one even path, except for Py, which is the required property.
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5.6 Strong Product of d Paths

For the induction step, let 1 < k < d — 2 with Py, ,,,,..., Py, being the odd paths. Let
j=d—k+1and let Py, be the first of the odd paths. We partition G into two vertex-disjoint
subgraphs. The partition G induced by the vertices with maximal j-index i; = x;, and G’
induced by the vertices with i; < x; — 1. Both G and G’ contain at least two even paths, since
G has at least two even paths. Further, Gis isomorphic to the strong product of d — 1 paths
with k — 1 odd paths, and G’ is isomorphic to the strong product of d paths with k — 1 odd
paths, since x; — 1 is even. As both subgraphs have at least two even path factors, including
Py, and strictly fewer odd paths than G, we apply the induction hypothesis to both.

Thus, G has a minimum feedback vertex set F and G’ has a minimum feedback vertex set
F’, both containing all vertices that have an even i,-index for at least one of the even path
factors Py, and a # 1.

Let F=FUF’. As Jj — lis even, F’ and therefore F contains all vertices of G with an even
ij-index in particular. Thus, removing F from G entirely disconnects G from G’. Since G and
G’ are vertex-disjoint, by Lemma 5.3, F is a valid and minimal feedback vertex set for G with
the required property. a

Using this, we give the following recursive formula for the feedback vertex set size of the
strong product of d paths with k odd paths.

Theorem 5.37: Let Py, ..., Py, bed paths withd > 3, and let exactly k of these paths have an
odd number of vertices, where1 <k < d—1. LetG = Py, ®---R Py, and let Py,, ..., Py, , bethe
even paths in G with j =d —k + 1 being the index of the first odd path. Then, every minimum

feedback vertex set ofG has size V(Py, R - - - R Py, | RPy, 1 RPy, R--® Pe)+ V(PR R
Py, \RPIR Py, R Py).

Proof. We partition G into two vertex-disjoint subgraphs, G and G’. Let G be the subgraph of
G induced by the vertices v;,_;, € V(G) with maximal j-index i; = x;. Since this partition
restricts the j-th pathtoa single vertex, G isisomorphic to Py, ®- - ‘RPy, | RP|RPy; R- - -®Py, =

PyR---RPy, RPy R Py,. The remaining graph G’ = G — G is induced by the vertices
with ]—mdex ij < xj— 1, and is thus isomorphic to Py, ®-- R Py, R Py, 1 R Py, ®---®Py,

where the length of the j-th path is reduced by one, maklng it even.

Since G and G’ are vertex-disjoint, the sum of their minimum feedback vertex set sizes is a
lower bound for the feedback vertex set size of G by Lemma 5.3. Thus, V(G) > V(G’) + V(@) =
V(Py, - RPy,  ®Py, 1 RPy, R RPy)+ V(PR RP, RPRP, K- RPy,).

To show that this bound is tight, let F be a minimum feedback vertex set of G with size
V(Py,®--®Py  RPy, RB--RPy,).

The only edges connecting G and G’ in G are those between vertices with i ;= xj and
ij = xj — 1. Since x; is odd, the number of vertices of the j-th path in G’ is x; — 1, which
is even. By Lemma 5.36, there is a minimum feedback vertex set F’ of G’ that contains all
vertices with an even ij-index in G’.

Therefore, in G — F’, there are no edges between any vertex in G and any vertex in G’. As a
result, the union of F’ and F is a valid feedback vertex set for G with size V(P B RPy, R
ij,llszjHx-~-&de)+V(le|2|---|2|ij71xPllzP R Py,). a

x+1

This concludes the results for the feedback vertex number of the strong product of d paths
with k odd paths and thus also our results for the feedback vertex number on strong product
graphs in general.
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6 Conclusion

In this thesis, we considered various algorithmic problems on the strong product of graphs, in
particular with paths as at least one factor. The main focus was on the feedback vertex set
problem, where we derived bounds for the minimum feedback vertex set size of the strong
product of different simple graphs, in particular of paths and trees with and without perfect
matchings. We first looked at the strong product of two paths and then generalized our
approach to the strong product of trees and more than two paths.

This provides a starting point for further structural investigations. The first direction is to
explore whether these results or similar techniques map to subgraphs with removed edges,
such as the Cartesian product.

Question 6.1: How do the approaches and lower bounds for the feedback vertex set on the
strong product of paths relate to their Cartesian product counterparts and general subgraphs with
removed edges?

Note that Cartesian products are subgraphs of the strong product of the same factors, with
some edges removed. The second possible direction is to look at the strong product of other
more complex graphs, such as k-trees or others. It is important to note that in contrast to the
graphs we looked at in this thesis, those have a non-empty feedback vertex set in general.

Question 6.2: Can we determine exact bounds for the minimum feedback vertex set size of the
strong product of more complex graphs, such as k-trees?

In this thesis, we also contributed to a better understanding of the strong product of trees.
We did so by introducing exact formulas for T ® T, and T ® P, when at least one factor has a
perfect matching. We additionally derived bounds based on the odd paths in caterpillars that
lack perfect matchings. However, the general case for arbitrary trees remains open.

Question 6.3: What is the exact feedback vertex number of the strong product of two arbitrary
trees?

A natural generalization from trees and caterpillars are graphs with bounded treewidth.
The vertex cover problem is fixed-parameter tractable for bounded treewidth graphs, which
raises the question of whether this can help to efficiently bound the minimum feedback vertex
set for the strong product of a bounded treewidth graph and a path.

Question 6.4: Can we exploit the tractability of vertex cover on bounded treewidth graphs
to efficiently bound the minimum feedback vertex set for the strong product of any bounded
treewidth graph and a path?

Finally, similar to our approach for the strong product of multiple paths, the strong product
of more than two completely different graphs could be looked into as a final open problem
for future research.

Question 6.5: Can we determine the minimum feedback vertex set size of the strong product of
more than two different graphs?
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